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ABSTRACT. In this paper, we introduce the concepts of g—fusion frame and K — g—fusion frame in Hilbert
C*—modules and we give some properties. Also, we study the stability problem of g—fusion frame. The

presented results extend, generalize and improve many existing results in the literature.

1. INTRODUCTION AND PRELIMINARIES

Frame theory is recently an active research area in mathematics, computer science, and engineering with
many exciting applications in a variety of different fields.

A frame is a set of vectors in a Hilbert space that can be used to reconstruct each vector in the space from
its inner products with the frame vectors. These inner products are generally called the frame coefficients of
the vector. But unlike an orthonormal basis each vector may have infinitely many different representations
in terms of its frame coefficients.

Frames for Hilbert spaces were introduced by Duffin and Schaefer [1] in 1952 to study some deep problems

in nonharmonic Fourier series by abstracting the fundamental notion of Gabor [2] for signal processing.
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Hilbert C*-modules is a generalization of Hilbert spaces by allowing the inner product to take values in
a C*-algebra rather than in the field of complex numbers.

Many generalizations of the concept of frame have been defined in Hilbert C*-modules [3,5,9-13].

In the following, we recall some definitions and results that will be used to prove our mains results.

Let A be a unital C*—algebra, let J be countable index set.

Throughout this paper H and K are countably generated Hilbert A—modules and (/C;) ey is a sequence
of closed Hilbert submodules of K.

For each j € J, End%(H,K;) is the collection of all adjointable A—linear maps from #H to K;, and
End* (M, M) is denoted by End’(H).

Definition 1.1. [6]
Let A be a unital C*-algebra and H be a left A-module, such that the linear structures of A and H are
compatible. H is a pre-Hilbert A-module if H is equipped with an A-valued inner product (.,.) : H X H — A,

such that is sesquilinear, positive definite and respects the module action. In the other words,

(1) (f,f) >0 forall f € H and (f, f) =0 if and only if f = 0.
(ii) {(af 4+ g,hy =alf,h) + (g, h) for alla € A and f,g,h € H.
(iii) (f,g9) = (g, f)" for all f,g € H.
For f € H, we define ||f|| = ||(f, )||2. If H is complete with ||.||, it is called a Hilbert A-module or a Hilbert
C*-module over A. For every a in a C*-algebra A, we have |a| = (a*a)? and the A-valued norm on H is
defined by |f| = (f, f)% for f € H.
Define 1*((K;)jes) by
P((Ky)jen) = {(Fi)iea s 15 € K 11> (F5n F)ll < oo}
Jj€ed
With A—wvalued inner product is given by
((Fi)jeas (gi)ies) =D _(Fir9i)s
J€T

I2((Kj)jes) is a Hilbert A—module.

Lemma 1.1. [7] Let T € End%(H,K) and H,K are Hilberts A—modules. The following statemnts are
multually equivalent:
(i) T s surjective.
(ii) T* is bounded below with respect to the norm, i.e., there is m > 0 such that ||T* f|| > m||f]|| for all
fekx.
(iil) T* is bounded below with respect to the inner product, i.e, there is m > 0 such that (T*f, T*f) >
m'(f, f) for all f € K.
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Lemma 1.2. [7] Let H be a Hilbert A-module over a C*-algebra A, and T € End* (M) such that T* =T.
The following statements are equivalent:
(i) T is surjective.
(ii) There are m, M > 0 such that m| f|| < |Tf|| < M||f|l, for all f € H.
(iii) There are m’, M’ > 0 such that m'(f, f) < (Tf, Tf) < M'{f, f) for all f € H.

Lemma 1.3. [4] Let H and K are two Hilbert A-modules and T € End*(H,K). Then:

(i) If T is injective and T has closed range, then the adjointable map T*T is invertible and
(T D)=~ <77 < |7
(ii) If T is surjective, then the adjointable map TT* is invertible and
I(TT*) =M= <77 < |7
Lemma 1.4. /8] Let H be a Hilbert A-module. If T € End’ (M), then
(TF,Tf) <ITI*(f f),  VfeH.

Lemma 1.5. [14] Let A be a C*—algebra, E, H, K be Hilbert A-modules. Let T € End%(E,K) and
T € Endy(H,K). If R(T*) is orthogonally complemented, then the following statements are equivalent:
(i

) R(T") € R(T).
(i) T
)
)

(T')* < XT'T* for some A > 0.
(iii) There exists a positive real number pn > 0 such that |(T)* f|| < pl|T*f||, for all f € K.
(iv) There exists a solution X € End*(H,E) of the so-called douglas equation T =TX.

2. K — g—FUSION FRAMES IN HILBERT C*—MODULES

We begin this section with the following lemma.

Lemma 2.1. Let (W;)jes be a sequence of orthogonally complemented closed submodules of H and T €
End*y(H) invertible, if T*TW; C W; for each j € J, then (TW;),cs is a sequence of orthogonally comple-

mented closed submodules and Py, T* = Py, T Prw, .

Proof. Firstly for each j € J, T : W; — TW; is invertible, so each TWj is a closed submodule of H. We
show that H =TW, & T(le). Since ‘H = T'H, then for each f € H, there exists g € H sutch that f =Tg.
On the other hand g = u + v, for some u € W; and v € WjJ-. Hence f = Tw 4+ Tv, where Tu € TW; and
Tv € T(W;-) plainly TW; N'T(W;-) = (0), therefore H = TW; & T(W}"). Hence for every g € W;, h € Wi
we have T*Tg € W; and therefore (I'g,Th) = (I'"*Tg,h) = 0, so T(W;") C (T'W;)* and consequentely
T(WJ-J-) = (TW;)* witch implies that TW; is orthogonally complemented.
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Let f € H we have f = Prw, f + g, for some g € (TWj)J-7 then T*f = T*Prw, f +T"g. Let v € W;
then (T™*g,v) = {(g,Tv) = 0 then T*g € WjL and we have Py, T*f = Pw,T*Prw,f + Pw,T"g, then
Pw, T* f = Pw,T" Prw, f thus implies that for each j € J we have Py, T* = Pw,T" Prw,. O

Now we define the notion of K — g—fusion frame in Hilbert C*—modules.

Definition 2.1. let A be a unital C*—algebra and H be a countably generated Hilbert A—module. let (Uj)je.]

be a family of weights in A,i.e.,each v; is a positive invertible element frome the center of A. Let (Wj)jeJ
be a collection of orthogonally complemented closed submodules of H. Let (ICj)jEJ a sequence of closed
submodules of K and A; € Endy(H,K;) for each j € J. we say A = (W, Aj,v;) ey is g—fusion frame for
H with respect to (KC;) ey if there exist real constants 0 < A < B < oo such that
A(f, ) <D A P, £, M Pw, f) < B{f. f), Ve
Jjed
The counstants A and B are called the lower and upper bounds of g—fusion frame, respectively. If A = B
then A is called tight g—fusion frame and if A = B =1 then we say A is a parseval g—fusion frame. if the

family A satisfies

> A Pw, f,AjPw, f) < B(f f),  YfEM.

j€eJ

Then it is called a g—fusion bessel sequence for H with bound B.

Lemma 2.2. let A = (W}, Aj,v5)je5 be a g—fusion bessel sequence for H with bound B. Then for each

sequence (fj)jes € *((Kj)jes), the series 3 ey viPw, A f; is converge unconditionally.
Proof. let 1 be a finite subset of J, then

1> viPw, A £l = ‘Sup 10 v Pw, A £5,9)|]

jEI |9H=1 jel
1 1
<Y (5 IIE sup 1D v (AP, g, A P, 9)]|2
jel gll=1 " jer
<VBIDY (f Il
jel
And it follows that ) jes viPw, Aj f; is unconditionally convergent in H. O

Now, we can define the synthesis operator by lemma 2.2

Definition 2.2. let A = (W;,Aj,v;)je5 be a g—fusion bessel sequence for H. Then the operator Th :
12((Kj)jes)) — H defined by

Ta((fi)jes) = > _viPw, N5 f5,  Y(f)jes € P((K))jea)-

JjEJ
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Is called synthesis operator. We say the adjoint T\ of the synthesis the analysis operator and it is defined by
Ti:H — 12((Kj)jes) such that

Tx(f) = (viAjPw,(f))jes,  VfEH.

The operator Sp : H — H defined by
Saf=TATif =) vjPw,N;A;Pw,(f),  VfeH.
JjEJ
Is called g—fusion frame operator. It can be easily verify that
(2.1) (Safs )= v {AiPw, (). A Pw, (), VfeH
Jj€J

Furthermore, if A is a g—fusion frame with bounds A and B, then

A ) < Saf f) < B(f. ), VfeMH.

It easy to see that the operator Sy is bounded, self-adjoint, positive, now we proof the inversibility of S .
Let f € H we have
" 1
ITA(OI = 11038 P, () jeall = 11D 03 (A P, (), Ay P, ()2
Jjed
Since A is g—fusion frame then
1 .
VAI[(F DIIZ < 1T

Then

VAJIfI < TR A

Frome lemmal.1, Ty is surjective and by lemmal.3, T\TX = Sp is invertible. We now, Aly < Spx < Bly
and this gives B~y < SXl < AL
Definition 2.3. Let A be a unital C*—algebra and H be a countably generated Hilbert A—module. let (”j)jeJ

be a family of weights in A,i.e.,each v; is a positive invertible element frome the center of A, let (W;)._; be a

Jjed
collection of orthogonally complemented closed submodules of H. Let (’Cj)jeJ a sequence of closed submodules
of K and Aj € End’y(H,KC;) for each j € J and K € Endy(H). We say A = (W;,Aj,v;)jes is K —g—fusion
frame for H with respect to (K;);ey if there exist real constants 0 < A < B < oo such that

(2:2) A £, K F) < S 030 P £ A P, £) < BUL ), VF €.

jed

The constants A and B are called a lower and upper bounds of K — g—fusion frame, respectively. If the
left-hand inequality of (2.2) is an equality, we say that A is a tight K — g—fusion frame. If K = Iy, then A

is a g—fusion frame and if K = Iy and A; = Py, for any j € J, then A is a fusion frame for H
g J j yJ
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Example 2.1. Let H be a Hilbert C*—module with dimensional 3 and let {e1,eq,e3} be standard basis.
We define the operator K on H by

Kei =ey, Key=¢e3, Kez=e;3;

Suppose that W; = K; = span{e;} where j =1,2,3. Let
Aja = (x, ¢5)e;,
it is clear that (Wj,Aj,1) e is a K — g—fusion frame for H.
Remark 2.1. If A = (W;,A;,v))es is K — g—fusion frame for H with bounds A and B, then we have
(2.3) AKK* < Sy < Bly,
From inequalities (2.1) and (2.3), we have

Lemma 2.3. Let K € Endy(H) and A = (W;,Aj,v;)c5 be a g—fusion bessel sequence for H. Then A is
K — g—fusion frame for H if and only if there exist a constant A > 0 such that AKK* < Sjp, where Sy is

the frame operator for A.

Theorem 2.1. Let K € Endy(H), and A = (Wj, Pw,,v;)jcs be a g—fusion bessel sequence for H with

frame operator Sy such that R(S,%) is orthogonally complemented. Then A is K — g—fusion frame for H if
and only if K = SEM for some M € End*(H).

Proof. Suppose A is a K — g—fusion frame for H, then there exist A > 0 such that AKK* < Sy, and Sy is

1
self-adjoint and positive thus S3 is self-adjoint and positive, so we have

1
KK*< —
A

ol

SIS

1
By lemmal.5, there exists some M € End’ (#) such that K = S3 M.
Suppose that there exists an operator M € End’(H) so that K = S M. From Lemmal.5 , we know

that AKK* < Sp for some constant A > 0, from Lemma2.3, A is a K — g—fusion frame. (]

Theorem 2.2. IfU € End%(H) and A is a K — g—fusion frame for 1, and R(U) C R(K) such that R(K*)

is orthogonaly complemented. Then A is U — g—fusion frame for H.
Proof. By Lemmal.5, 3A > 0: UU* < AKK*, then for each f € H we have
(UL, Uf) =(UUf, f) < (AKK"f, f) < MK f, K™ f).

It follows that,

A v ) < SR Pu £ AP, ), V€M

A ,
jel
So A is a U — g—fusion frame for H. |
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Theorem 2.3. Let A = (W;,Aj,vj)c5 and T’ = (V;,T,u;)jes be two g—fusion bessel sequence for H with
bounds By, and By, respectively. Suppose that T and Tt are their synthesis operators such that TtTy = K*
where K € End*%(H). Then, both A and I' are K and K* — g—fusion frames, respectively.

Proof. Let f € H, we have
(K*f, K*f) = (TvTi £, TeTx f) < ||To|*(Tx f, Ti f) < B2 Y 03 (A Pw, f, A; Py, f).

jel

So,

By YK f,K*f) < ZUJ?(AjPij, A; Py, f).
JjEJ
Thus A is K — g— fusion frame for H. Similarly, I' is K* — g—fusion frame for ‘H with the lower bound
Bt 0

Theorem 2.4. Let K € End%(H) and A = (Wj,Aj,vj)jc5 be a g—fusion bessel sequence for H, with

synthesis operator Ta of A. Suppose that R(TY) and R(K*) are orthogonaly complemented, the following

statements hold:

(1) If A is a tight K — g—fusion frame for H, then R(K) = R(Th).
(2) R(K) =R(Tr) if and only if there exist two constants 0 < A < B < oo such that:

AK LK) <3 0X (NP, £, A P, f) < BIK*[,K*f),  VfeH.
jeJ

Proof. (1) Suppose that A is a tight K — g—fusion frame for H, then there exixt A > 0, such that for each
feH

A(K*f.K*f) =Y v} (A Pw, f, A;Pw, f)

Jjel
= ((viA;Pw, f)jes, (vjA; Pw, f)jes)
= (IR S, TX )
Then
(AKK™f, f) = (TATX [, f)-
So
AKK* = T\T%.
Then by lemmal.5 , R(T)) = R(K)

(2) Suppose that R(K) = R(Ty), by lemmal.5 there exist two constants A, B > 0 such that

AKK* <T\Tx < BKK™*.
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Which implies that for each f € H

AKK™f, f) < (TATXf, f) < B{KK™f, f).

Therefore

A(K*f, K f) <> w3 (M Pw, f, A Pw, f) < B(K* f, K* f).
JjeJ

Suppose that there exist two constants A, B > 0 such that for each f € H

A(K K7 f) <03 (AP, £, A P, f) < B(K™ [, K" f).

jel
Then
A(KK"f, ) < (TATxf, f) < B{KK™f, f).
So
AKK* <T\Ty < BKK*.
Since by lemmal.5 , R(Ty) = R(K). O

Theorem 2.5. Let U € End’(H) be an invertible operator on H and A = (W;, Aj,vj) e5 be a K —g—fusion
frame for H for some K € End’(H). Suppose that U*UW; C W;,Vj € J. ThenT' = (UW;, A; Pw,U*,v;)je3
is a UKU* — g—fusion frame for H.

Proof. Since A is a K — g—fusion frame for ‘H, 3 A, B > 0 such that
A(K*f, K f) <) o2 (A Pw, (), AjPw, (f)) < B(f. f),  VfeH.
JjeJ

Also, U is an invertible linear operator on #, so for any j € J, UWj; is closed in H. Now, for each f € H,

using lemma2.1, we obtain

> oA Pw, U Puw, (), A Pw, U Puw, (£)) = Y _ v (A Pw,U*(f), A Pw, U™ (f))
jeJ jed

< BUf,U*f)

< B||UII*(f, f)-
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On the other hand, for each f € H

A(UKU*)* f,(UKU*)*f) = AUK*U* f,UK*U" )
< A||UHK*U* f, K*U*f)

<[|UIP S oA Pw, U*(f). Ay Pw, U*(f))

jel
<|U|)? ZU]2<AjPWj U*Pyw, (f), NjPw,U* Puw, (f)),

jel

Then

A %\ k *\ % * *
HUHQ«UKU ) [ (UKU")* f) SZU?<AjPWjU Puw, (f), AjPw,U* Puw,(f))

jel

Therefore, I' is UKU* — g—fusion frame for H. |

Theorem 2.6. Let U € End(H) be an invertible operator on H and T' = (UWj;, AjPw,U*,v;) e5 be
a K — g—fusion frame for H for some K € End%(H). Suppose that U'UW; C W;, Vj € J. Then
A= (W;,Aj,vj)jes is a UL KU — g—fusion frame for H.

Proof. Since I' = (UW}, AjPw,,v;) ey is K — g—fusion frame for #, for all f € H, 3 A, B > 0 such that
A(K*f,K*f) <> 0N Pw,U* Pyw,, Aj P, U* Puw,) < B({, ).
jeJ

Let f € H, we have

A(UT'KU)* f,(UTTKU)* f) = AU*K*(U ") f, U K* (U )" )

< A||UF|P(EHUN f, KX (U f)

<UD v (A Pow,U* Pyw, (U™ f, A P, U Puw, (U1)* f)
jelJ

<P w2 (A P, USU )" f, A P, U (U f)
jeJ

= |[UI* Y v} (A Puw, f, A Pw, f)-
jelJ

Then, for each f € H, we have

A

TR U KDY £ (U7 KUY f) < 37 00 P, £ Ay P ).

JjEJ
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Also, for each f € H, we have

Z%Z(Ajpwjf, APy, f) = ZU?<AjPWjU*(U71)*f, APy, U*(UY)* f)
JjeJ jeJ

= Zv_]2'<AjPWjU*PUWj(U71)*f7 APy, U* Pyw, (U™ f)
j€d

S B(UTH fUTH )

< BIlUTY*(f. f)-
Thus, A is a U1 KU — g—fusion frame for H. O
Theorem 2.7. Let K € End(H) be an invertible operator on H and A = (W, Aj,v;j)jes be a g—fusion
frame for H with frame bounds A, B and Sy be the associated g—fusion frame operator. Suppose that for

all j € J, T*TW; C W;, where T = KS;l. Then (KSXlw‘j,AjPWjSXlK*,’Uj)jej is a K — g—fusion frame

for H with the corresponding g— fusion frame operator KSXlK*,
Proof. We now T = KS, ! is invertible on H and T* = (KS;')* = S, ' K*. For each f € H, we have
(K*f, K" f) = (SaSx ' K™ f,SaSy ' K™ f)
< [ISall*(Sy K f, 8 K f)
< BXSy'KU .Sy TKT ).
Now for each f € H, we get

> vi (A Pw, T Pryw, (), A Pw, T" Pryw, (1)) = Y 03 (A; P, T*(£), A Pw, T*(f)
Jj€J jeJ

< BT LT )
< BITIP(. )

< BIS; PIKIP, £)
< DIEIP 1.

On the other hand, for each f € H, we have

ZU]2‘<AjPWjT*PTWj(f)7AjPWjT*PTWJ'(f)) = ZUJ2’<AjPWjT*(f>7AjPWjT*(f»
jel el

> AT f, T* f)
= A(S'K*f, ST K*f)

A * *
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Thus (KSy'W;, AjPw, Sy K*,v;)jes is a K — g—fusion frame for H.

For each f € H, we have

ZU?PTWi (A P, T)" (A P, T") Prw, | = ZUJZPTVVJ'TPWJA;(AjPWiT*)PTW7f

JjeJ JjeJ
- Z (Pw,T* Prw,)* NjA;(Pw, T* Prw;) f
JjeJ
72 V3T Py, N5 A Py, T* f
JjeJ

=T v3Pw, NiA;j Py, T* f)
JjeJ

— TSAT*(f) = KSy'K*(/)-
This implies that K SglK * is the associated g—fusion frame operator. |

Theorem 2.8. Let A = (W;,Aj,v;)jes be a K — g—fusion frame for H with bounds A, B and for each

jeJ, T; € End%(K;) be invertible operator. Suppose

0<m= sup||T\|

IIT 17571
If T € End%(H) is an invertible operator on H with KT = TK and T"TW; C W;, Vj € J then T’ =
(TW;, TjA; Py, T*,v5) jes is a K — g—fusion frame for H.

Proof. Since T and Tj(for each j € J) are invertible, so

< |(TYHHT*K* f, T*K* ),

(f, ) =TT £, T 1Ty f)
< T HIH T 1, Ty )
For each f € ‘H, we have
Z VI TN Pw,T* Prw, f, TjA; Pw,T* Prw, f) = Z VHTA; P, T f, Ti A P, T f)
Jjed JjeJ

<Y TIP3 (A, P, T f, Ay P, T f)
jel

< M? Z v} (A Py, T* f, A; Py, T* f)
jeJ

< M2B(T*f,T*f)

< M?B||T||*(f, f)-
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On the other hand, for each f € H, we have
jEeJ jeJ
>y T 1H2 v (A Py, T* f, A Py, T* f)
j€EJ
>m® Y v} P, T* f,A; Py, T" f)

j€eJ
> mPA(K*T* f, K*T* f)
24
> i D)

Thus, I'' is a K — g—fusion frame for H
In this theorem we give a necessary and sufficient condition for a quotient operator to be bounded

Theorem 2.9. Let K € End%(H), and A = (Wj,Aj,v))e5 be a K — g—fusion frame for H with frame
operator Sp and frame bounds A and B. Let U € End’(H) be an invertible operator on H, and U*UW; C

W,,¥j € J. Then the following statements are equivalent
(1) T = (UW;,AjPw,U*,vj)jey is a UK — g—fusion frame
(2) The quotient operator [(UK)*/S/% U*] is bounded
(3) The quotient operator [(UK)*/(USAU*)2] is bounded
Proof. (1) = (2) Since I' is K — g—fusion frame then there exist A, B > 0 such that for each f € H

Z (N Pw,U*Pyw, f,AjPw,U* Puw, f) < B(f, f)

A((UK)* f
JjeJ
For each f € H we have
> w3 {(A;Pw,U" Pyw, f, A Pw,U* Puw, f) = > _ 03 (A Pw,U* f, A; Py, U" f)
Jjel jel
= (SAU £, U™ )
= (SRUf,S{U™ ).
Then
A(UEK)"f,(UK)"f) < (S{(U"[), S (U [)).
We define the operator: T : R(SE U*) > R((UK)*) b
= (UK)*f, VfeH.

T(SIU"f)
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T is linear operator and Ker(S[% U*) € Ker((UK)*). Thus T is well-defined quotient operator. Therefore
for each f € H

IT(SzU )|

—~

I(UK)"f]]

I(SZU*f,SzU*f)]|?

IA

NIy

1

S2U* 1|,
isto )

<

N

So T is bounded.
(2) = (3) Suppose that the quotion operator [(UK)*/SE U*] is bounded. Thus for all f € H, 3C >0
such that
(UK)"fl] < ClISRU ]
< CI(SFUf,SRU |7
< CI(USAU* [, f)|*
< CI((UKU")? f,(UKU*)% f)[|?
< O||(USAU)E £]].

Hence the quotient operator [(UK)*/(USyU*)2] is bounded.
(3) = (1) For each f € H, we have

> w3 {(A;Pw, U Pyw, f, A Pw,U* Puw, f) = > _ 03 {(A;Pw,U" f,A; Py, U" f)
jeJ jeJ

> A(K*(U™f), K*(U" )

— A(UK) T, (UK)" ).
On the other hand for each f € H

Z v} (A Pw,U* Pyw, f, Ay Pw,U* Pyw, f) = Z V(A Py, U" f, APy, U" f)
JjeJ JjeJ

<BUf,U"f)

< B||UI*(f, £)-

Hence I' is a UK — g—fusion frame for H. O

Studying g—fusion frame in Hilbert C*-modules with different C*-algebras is interesting and important.
In the following, we study this situation.

In the next theorem we take K; C H for each j € J.
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Theorem 2.10. Let (H, A, {.,.)4) and (H,B,{.,.)) be two Hilbert C*—modules and ¢ : A — B be a
x—homomorphism and 0 be a map on H such that (0f,09) = ¢({f,g)4) for all f,g € H. Also, suppose that
A= (W;,Aj,v5)je5 is a g—fusion frame for (H, A, (., .)a) with g—fusion frame operator S4 and lower and
upper g—fusion frame bounds A, B respectively. If 0 is surjective and OA; Py, = A; Py, 0 for each j € J, then
A = (W;,Aj,0(v5))jes is a g—fusion frame for (H,B,(.,.)g) with g—fusion frame operator Sg and lower
and upper g—fusion frame bounds ¢p(A), ¢(B) respectively, and (Sg0f,09)s = ¢({Saf,9)A)-

Proof. Let g € H then there exists f € H such that 8f = g. By the definition of g—fusion frame we have

A{f, fla < va-(/\jpwjf, AjPw, f)a < B(f, f)a.

jeJ

Then

S(A(f, £)a) <Y d(v] (A Pw, f, AP, f).a) < $(B(f, f).a)-

jel

By the definition of *—homomorphism we have

AG((f, ) a) <D (0] d((A; Pw, f, AP, £).a) < Bo((f, f)a).

JjEJ

By the relation betwen 6 and ¢ we get

A0F,0f)5 <Y d(v5)*(0A; Pw, f,0M;Pw, f)s < B(OS,0)5.

jel
Then

AOF,01)5 <Y &(v;)* (NP, 0f, AP, 0f)5 < B(0F,0f)5.

jed

So, we have

Alg,9)5 < Z¢(Uj)2<AjPngaAjPng>B < B(g,9)s, Vg € H.
jel
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On the other hand we have

$((Satf,9)a) = (O v;Pw,A;A; P, f, 9)4)
jeJ

= Z¢(U?<Ajpw7 AP, g) 4)
jeJ

=" 6(v;)*(0A; Pw, f,0A; Py, g)5
jeJ

=" 6(v;)*(A; Pw,0f,A; Pw,09)5
jeJ

= ¢(v;)*(Pw,AjA; P, 0f,09)5
jeJ

= (> ¢(v;)* Pw,AjA; P, Pw,0f,09) 5
jed

= (Spbf,09)5.

3. STABILITY OF G-FUSION FRAMES IN HILBERT C*—MODULES

Frome Theorem 2.7 if A = (W;,A;,v,) es is a g—fusion frame for 7 with associated frame operator Sy,
such that SXZWj C Wj, for all j € J then A = (SK1Wj,AjPWjSX1,Uj)jGJ is called the canonical dual

g—fusion frame of A. The frame operator S; of A is described by, for each f € H

Si(f) = ZUJZPS;IWj (AjPWjSXl)*(AjPWjSXl)PSX1Wj f)

jeJ

- ZUJZ‘PS,(IWjSXlPWgA;Aj(PstglpsA*le)(f)
jeJ

= > 03 (Pw, 83 Ps gy, ) A5 A (P, 83 Py, ) (f)
jeJ

=Y vl (Pw, Sy ) A A P, S (f)
jeJ

=> WIS P, AN P, Sy (f)
jelJ

=81 0P, AsA; P, S (f)

jelJ

=S N SA(S ) = S HA)-

Theorem 3.1. Let A = (W;,Aj,v)je5 and T = (V;,T;,05)je5 be two g—fusion frames for H with lower
frame bounds A and C, respectively. Suppose that SKQWj C W; and SEQVJ- C V;, V5 € J. If there exist real
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constant D > 0 such that for all f € H

1> 03 (A Pw, £, A5 Pw, f) = > 3 (T Py, £,T; Py, I < DI -

JjeJ jedJ
Then for all f € H
D
1D 03 (A, Py )= D vl Py (). TPy (N &1 DI
jed jed

Such that Wy = Sy'W;, Aj = AjPy, Sy ', V; =S¢ 'V, T; =T, Py, Sp
Proof. We have for every f € H

ISa = Srll = sup [[((Sa = Sp)f, F]

I £11=1
= H?ﬁpl I[{Safs f) = (S f, Ol
= sup ||Y v}{A;Pw, f.A;Pw, f) — > v3(I;Py,f.T; Py, f)|| < D.
IFll=1 527 jel
Therefore,
IS = S < IS IISa = SellllSeH < = D
A AC”

And for all f € H

Y VHA P, Sy P vy f A P, Sy Ps vy f) = Y v (A P, Sy f Ay Py S )

JjeJ jeJ
=D v} (Pw, AjA P, S £, 851 )
JjeJ
= () viPw, AN P, (S ), SX )
jed
= (SA(Sy1):S7H)
= (f.85'f).

Similarly we have for all f € H

Y TPy S Psory, [T Py, Syt P vy f) = (£, S5 )
Jjed

Then

1> v (AP, 83 Ps v fo A P, Sy Ps oy f) = D (D3 Py, S5 Po oy f.T Py Sp Py |

Jjed j€J
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= [|(f,Sx"f) = (£. S ]
= [1{f, (Sx" = SNl

< [18y" = Sp 1P

D
< GIEDI

Now we give a characterazation of g—fusion frames for Hilbert A—modules.

Theorem 3.2. Let H be a Hilbert A—module over C*—algebra. Then A = (W;, Aj,v;) ey is a g—fusion

frame for H if and only if there exist two constants 0 < A < B < oo such that for all f € H

AN DI D v (AP, £, 85 Pw, Al < B DI

JjEJ

Proof. Suppose A is g—fusion frame for H, since there is (f, f) > 0 then for all f € H,

AN DI 11D o3 (g P, £ AP, )1 < B Pl

JjeJ

Conversely for each f € H we have

1> v (A P, £ Ay P, D)1 = 11 (v g P, £ P, £

JjeJ jEJ
= |[{(vjA;Pw, f)jess (v;A; Pw, f)ienl|
= |I(v; A Pw, f)jeal .
We define the operator L : H — 1((K;)jes) by L(f) = (vjA;jPw, f)jes, then
IL(HIP = ll(v;As P, jeal® < BIIfII%.

L is A—linear bounded operator, then there exist C' > 0 sutch that

(LU, L(H) <O, 1), Vfeh.

So
> A Pw, f. A Pw, f) < C(f. f),  YfEH.

Jj€J

Therefore A = (Wj, Aj,v;),es is g—fusion bessel sequence for H. Now we cant define the g—fusion frame

operator Sy on H. So

> w3 (A; P, f. AP, f) = (Suf.f),  VfEH.
jed
Since Sy is self-adjoint and positive, then

(SEESEf) = (Saf.f),  VfeH.
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That implies
AP < ISELSIHN < BIKA NI, Ve

Frome lemmal.2 there exist two canstants A/7 B’ > 0 such that

AU ) < (SELSIN<BUL.f).  VfeH

So
AL L) <3 0N Pw, £, A Pw, ) <B(f. f),  VfeH.
j€d
Hence A is a g—fusion frame for H. a

Theorem 3.3. Let A = (W;,A;,v,)e5 be a g—fusion frame for H with frame bounds A and B. IfT =
(W;,T,v5)es is g—fusion bessel sequence with bound M < A, then (W;,A;j +T'j,v;)jey is g—fusion frame
for H.

Proof. Let f € H, we have

1Y w2 (A; +T5)Pw, £, (A + 1) P, I = [I(v;(A; +T5) Pw, fjeall
jeJ

< (A Pw, fjeall + 11(v; T Pw, fjel|

1 1
<D VA Pw, £, Pw, HII2 + (1D v} (T P, £,T, P, £)1]2
el el

< VBI|fll+ VM1l
< (VB+VM)||f]|.

On the other hand, for each f € H

1S " 02 +T5) Pw, £, (A +T3) P, HIIZ = [[(v; (A +T3) Pw, fseall-
jed

> |[(vi A Pw, f)jeall = [[(v; T Pw, f)jesll

> ||ng2-<AjPij,AjPij>||% — 1> w3 (T Pw, £,T;Pw, )|

j€EJ JjeJ
> VA||f|| - VM]|f]]
> (VA= VM)||fII

So,

(VA= VM2 < 1Y vH (A +T)Pw, £, (A + D) Pw, DIl < (VB VMP|IIP, Ve H

JjEJ

Hence (W, A; +T';,v;j)jey is g—fusion frame for #. |
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Theorem 3.4. Let (W;,Aj,v;)jes be a g—fusion frame for H with frame bounds A and B. And T'; €
Endy(H,K;), Vj € J. Then the following statements are equivalent:
(1) (W;,T,v;)jes is g—fusion frame for H.
(2) There exist a canstant M such that Vf € H we have:
1> v (A =T5) Pw, f, (A; = T) P, I < Mmin(|| Y o3 (A; Pow, £, A P, £,
jel jel

|‘ZU]2'<FjPijaFjPij>|‘)'

Jj€eJ
Proof. (1) = (2) Let (W;,T';,v;)jes be a g—fusion frame for H, with frame bounds C' and D, then for

any f € H, we have

1D w3 (A = T5) P, £.(Ay = T3) P, I = [1(03(A; = T5) P, el

jed
< (A Pw, f)iesll + || (vl Pw, f)jesll

<32 Pw, £, A P, D112 + 1> 03T, Pw, f.T;Pw, )2

jedJ JjeJ
< (|33 (A;Pw, £, A Pw, f)]I* + VDI|f]]
jedJ

VD

s|\Zv§<AjPij,AjPij>H%+fu

3" w2 (A; P, f. AP, £

JjeJ JjeJ
V2 ||Z (AjPw, f. APy, )|
Jj€eJ
Similary, for each f € H, we can obtain
1 B 9 1
1Y 03 (A =T) P, f, (A = T)Pw, )l < (1+ 5)\|Zvj<Fijjf7Fijjf>|l2~
JeJ jEJ

We put M = min((1 + \/g)Q7 (1+ \/g)z)

(2) = (1) We have for each f € H
VA <11 03N Pw, £, A Pw, )]
jEJ

< |(v;A; Pw, f)jesll
< |[(v;(Aj = T5)Pw, fiesll + |(v;T Pw, f)jesll

< VMY 30 P, £.0 P, HIIE + (1D 030, Pw, £.0 Py, )12

j€eJ Jj€eJ

< (VM + DI Y 3T Pw, £,T;Pw, )2

JjeJ
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And we have Vf € H

1
1> 02T P, £,T P, )17 = (03T Pov, £ el

JjeJ
< (A Pw, f)iesll + 1(v; (A5 — T5) f)jesl|
jel jel
< (VM A+ 1)1 Y v (A Pw, £, A Pw, £ 2
jeJ

< (VM + 1)VBJ|f||-

So
IFIP <11) v Pw, f,TiPw, Al < (VM +1)°B||f|]?,  VfeH.
eyl I3 0P P ) < bl

Hence (W;,T';,v;) ey is g—fusion frame for . a

4. PERTURBATION OF K-G-FUSION FRAMES

Perturbation of frames has been discussed by Casazza and Christensen. In this section, we present a

perturbation of K — g—fusion frames. first we give a characterazation of K — g—fusion frame for Hilbert

A—modules.

Theorem 4.1. Let K € End’(H). Suppose that the operator T : H — 12((K;);es) is given by T(f) =
(viAjPw, f)jes, Vf € H, and R(T) is orthogonally complemented. Then A = (W;,Aj,v5)je5 is K —g—fusion
frame for H if and only if there exist constants 0 < A < B < oo such that
(4.1) A FIP < 11D o3 (A P, fo A P, O < BILFIZ, Vf €.

JjEJ
Proof. If A is K — g—fusion frame for H, then the equation (4.1) is satisfies. Conversly, we have for each

(fj)jes € ZQ((IC]‘)]'GJ) and any finite I C J

||ZUJPW3 (Il = bup IKS ZUJPWJA]JCW Nl

jEI HQH jGI
= sup ||Z fisvii Pw, g)l|
lloll=1 4o
< sup ||Z T3 IIZ 11D 03 (A P, g) |2
Hg‘ jEI ]GI
1
<VBIID (fi. )l
Jel

Then >, vjPw,;Aj f; converge unconditionally in H, and we have Vf € H, V(f;) es € 2((Kj)jes)

(TF, (f)ses) = (A P, fiea, (Fi)iea) = Y (il Pw, £, f3) = (£, > vi P, A f)

JjeJ jeJ
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So T'is adjointable and T™((f;)je1) = >_ ey v Pw, A} f; also frome (4.1) we have

2
1K I < ZITAP, v e
By lemmal.5, there exist v > 0 such that K K* < vT*T, then
(KK*f, f) <v(Tf,Tf), VfeH.

Therefore

LUK LK) < SR P £ A P 1), VT EH.
JjEJ

And we have for each f € H, (Tf,Tf) <||T|[*(f, f), then

D v (NP, fo A Pw, ) S IITIPE ), YF €t

j€J

And the proof is completed. U

Theorem 4.2. Let A = (Wj,Aj,v5)je5 be a K — g—fusion frame for H with frame bounds A, B and let
I; € Endy(H,K;), for all j € J. Suppose that T : H — 1*((K;)jes) define by T(f) = (u;T; Py, f)jes,

VfeH. And R(T) is orthogonally complemented, such that for each f € H

1((vjA; Pw, — u;T5 Py, ) fjesll < Mall(viA; Pov, fjesll + Aal[(uiT5 Py, f) jesl] + €l [ K f]].
where 0 < A1, A2 < 1 and € > 0 such that € < (1 — A\)VA.
Then T' = (V;,Tj,u;)jes is a K — g—fusion frame for H.

Proof. We have for each f € H

1
1> ul (T Py, £, T3Py, )12 = [[(u;T Py, )]
JjeJ

= (T3 Py, £); + (v A Pw, £); — (v A Pw, )5
< [[(Cuy T Py =038 Pov, ) )11+ 11038 Pov, ;]
< (M + D10 A Pw, £l + Aol (u; D Py, ;1] + €l [ £
So
(1= M) (T3 Py, ;1 < Aa + DVBIIf]] + €l [ K £1].

Then
(AL + DVBIIf + el K* £
1— Xy

<(A1+1>x/§+eIIKII
- 1— X

|[(u; T Py, f)il] <

A
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Hence

A *
1w g Py ) < (BB e

jel
On the other hand for each f € H

1
1> w3 (T Py, £, TPy, A7 = ||(u; TPy, £,
jed

= |[((w;T; Py, —viAjPw,)f); + (viNj Pw, f);l|
> ||(vi Ay Pw, £l = [[((u; D5 Py — v A Pw; ) £l
= (1= 2)[I(v; A Pw, ;1] = Aall(u; T Py, )| — €l K™ ]

Hence
(]. — )\1)\/2 — €

2 K* 2.
Il

1> w305 Py, £.T5 Py, F)I| > (
jeJ

]
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