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Abstract. The objective of this paper is to generate two results in probabilistic 2-metric space by
using the concepts of conditionally sequential absorbing mappings and pseudo reciprocally continuous
mappings. These results stand as generalizations of the theorem proved by V. K. Gupta, Arihant Jain

and Rajesh Kumar. Further these two outcomes are justified by supporting examples.

1. Introduction

The metric space notion was introduced by Fréchet [4]. Afterwords many generalizations came into
existence one such prominent one was Banach contraction principle. Gahler [5] used the notion of 2-
metric space as generalization of metric space. Golet [6] presented the concept of probabilistic 2-metric
space as generalization of 2- metric space and gave some fundamental concepts like convergence,
continuity. Dwelling of fixed point results has got importance for researchers due to the newly emerging
platforms like 2-metric space, fuzzy space, menger space and 2-menger space etc. In this aspect
many fixed point theorems came into the light by using the concepts like compatibility, continuity and
contraction. The notion of compatibility was coined in metric space by Jungck and B. E. Rhodes [9].
The weaker form of compatibility as weakly compatible mappings in 2-Menger space used V. K. Gupta

et al. [7] and obtained some results. Further Abbas and B. E. Rhodes [1] by using the concept of
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occasionally weakly compatible mappings proved some fixed point theorems. In the recent past some
of fixed theorems have been evolved without using the condition of continuity [14], [3], [13]. Out of
these results weaker form continuity known as reciprocally continuity came into existence due to Pant
er al. [11] and became instrumental for deriving some fruitful results in metric and fuzzy spaces under
some weaker conditions. U. Mishra et al. [10] tried to find out coincidence points without using the
concepts of compatibility and continuity conditions to generate some fixed point theorems in menger
space. some more results witnessed by [2], [8] in menger space. In this process pseudo reciprocally
continuous and conditionally sequential absorbing mappings were emerged in metric space [12] and
resulted in the formation of some fixed point results. In this article we extend these notions to 2-
menger space and generate two results in 2- menger space. For this we present some definitions and

preliminaries.

2. Preliminaries

Definition 2.1. F : R — R is distribution function [13] if it is (i) non-decreasing, (ii) continuous from
left, (iii) inf {F(t) : t € R} =0, (iv) Sup {F(t) : t € R} = 1. The letter L is used to refer to a

collection of all distribution functions.

Definition 2.2. A probabilistic 2-metric space (2-PM space) [7] is a pair (X,F) withF : X xXxX — L
here L stands as the set of all distribution functions and the F value at (e, f, g) € X x X X X is written
as Fe r.g and obeys the following properties:

(3) Ferg(0) =0

(b) 3g € X such that Fer 4(t:) <1,Ve, f €X, e# f for somet. >0

(c)Ferg(te)=1 Vte>0ife=f=gore=forf=gore=g

(d) Ferg(te) =Frge(te) =Fgre(te)

(e) Ferg(ts) =Frge(ty) =Fgre(t;) =1 = Ferg(ta+t,+t,)=1

Definition 2.3. The mapping t. : [0,1]®> — [0,1] is a t— norm [7] it has the following properties:
(i) t(0,0,0) =0

(i) te(v,1,1) = v

(iii) te(ao, bo, co) = te(bo, co, a0) = te(co, a0, bo)

(iv) te(d, e, f) > t(di, e1,f) ford > di,e> e, f > 1

(v) te(te(ao, bo, co)), r,s) = te(ao, te(bo, co, r),s) = te(ao, bo, te(co, 1, 5)).

Definition 2.4. A 2-Menger space [7] is a triplet (X, F, t¢) where (X,F) is a 2-PM space and t. is a
t-norm having triangle inequality:

Fuvw(te + 1, 4 tz) = t(Fuvp(tc) Fupw(ty) Fpvw(tz))

VYw,p,v,u€X and t, t,, t; > 0.
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Definition 2.5. [7] A sequence (pp) in 2-Menger space (X, F, t.)

(i) converges to (3 if for eache > 0,t > 0,3IN(e) e N = Fp, pa(e) >1—t,
Va € X and n> N(e);

(if) Cauchy if for each e > 0,t. > 0,3N(e) e N = Fp, pa(€) > 1—t,

Va € X and n,m > N(e);

(iii) if each cauchy sequence converges in X then it is mentioned as complete 2-Menger space.

Definition 2.6. Self~mappings P, S in 2-Menger space (X, F, t.) are known as

(a) compatible [7] if Fpsy, spx,.a(8) — 1,Va € X and B > 0 whenever a sequence (x,) € X such
that Px,, Sx, — 6 where 0 is some element of X as n — oo.

(b) Non compatible [14] if lim,_o Fpsx, spx,.a(B) not exists or

liMmp—oo Fpsx,.sPx,.a(B) # 1Va € X and B > 0 whenever a sequence x, € X such that Px,, Sx, — 6
where 0 is an element of X as n — co.

(c) Weakly compatible [7] if commute at their coincidence points.

(d) Occasionally Weakly compatible (OWC) [1] if there is a coincidence point at which the mappings

are commuting.

Example 2.1. Weakly compatible mappings always OWC but the converse may not be true.
Define V t¢ € [0, 1]

—t __ jft. >0
Fupa(t) =4 “Ha@h = (2.1)

0, ifte=0
Vv, B and fixed vy =0, t. > 0.
By considering X = [—2, 2] and d is usual distance on X then by (2.1) (X, F, t.) forms 2-Menger space.
The mappings E, H : X — X are defined as

E(x) =4 Vxe[-22] (2.2)

H(x) =4 Vxe[-22]. (2.3)
From (2.2) and (2.3) the mappings E,H have coincidence points 0, 1.
At x =0,E(0) = H(0) =1,EH(0) = E(1) =4~ % and HE(0) = H(1) = 471,
This shows that E(0) = H(0) = EH(0) = HE(0).
At x=1,E(1) = H(1) =41, EH(0) = E(4~Y) =44 and
HE(1) = H(4™ 1) = 4=,
This gives E(1) = H(1) but EH(1) # HE(1).
As a result the mappings E, H are OWC but not weakly compatible.

Definition 2.7. Self-mappings P.S in 2-Menger space (X, F, t.) are known as
(a) Conditionally sequential absorbing(CSA) [12] if, whenever sequence
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{< Xp > liMpsoo PXp = limp00 SXp} # ¢ = there exists another sequence < y, > satisfying
liMp—00 PYn = liMp—oo Syn = t(say) such that lim,_o Fpy, psy, a(8) = 1 and

limp—o0 Fsy, spy.a(B) =1 VaeXandp > 0.

(b) Pseudo reciprocally continuous (PRC) [12] (w.r.t to conditionally sequential absorbing) if, when-
ever sequence {< Xp >: liMy_o0 PXp = liMp—o0 Sxn} # ¢ = there exist another sequence < y, >
satisfying

limp—so0 PYn = limp00 Syn = t(say) then limp—oo Fpy, psy, a(B) =1 and

limp—o0 Fsy, sPy,.a(B8) = 1 such that limp—o Fpsy, pt.a(B) = 1 and

limp—o0 Fspy, st.a(B) =1 Va € X and for some 8 > 0.

Example 2.2. By considering X = [—3,5] and d is usual distance on X then by (2.1) (X,F, t.) forms
2-Menger space.
The mappings E, H : X — X are defined as

-3 ifx€[-3,0)

E(x) = (2.4)
2=% jfx € [0,5]

and

i) — X if x € [-3,0)
(x) = (2.5)
272 jfx € [0,5].

From (2.4), (2.5) -3 and 0 are intersecting points for the mappings E, H.

At x=0,E(0) = H(0) =1,

EH(0) = E(1) = 3 and HE(0) = H(1) = + = EH(0) # HE(0).

Consequently the mapping H, E are not commuting at that coincidence point x = 0. Hence these are

not weakly compatible.

Consider a sequence < x, >= ? Y n>1 then

Ex, = E(\?) —2 (%) 1 (2.6)
and

Hx,, = H(\I/f) — 020 41 (2.7)
as n — oo.
From (2.6), (2.7)

— |im Hx, = lim Ex,.
n—o0 n—oo

For a sequence < y, >= (-3 + % VYV n>1. Then

Eyy = E(=3 + % _ 3,3 (2.8)

Hyp = H(=3 + %) - %) Y (2.9)
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as n— oo and

3
EHyn= E(-3+ )= -3 -3, (2.10)

HEy, = H(—3) = =3 — -3 (2.11)

as n — oo.
From (2.8), (2.9), (2.10) and (2.11)

n[)mooFEyn’EHy”'a(ﬁ) =1 and n||—>nc]>o FHy,,,HEy,,,a(,B) =1. (2.12)

Further
im Fepy, £(-3)208) =1 and lim Frey, p(-3)208) = 1. (2.13)
From (2.12), (2.13) the mappings E, H are CSA and PSC (w.r.t CSA) but not weakly compatible.

Consequently conditionally sequential absorbing and Pseudo reciprocally continuous maps(w.r.t CSA)

are weaker than weakly compatible mappings.

We discuss the following examples to find the relation between conditionally sequential absorbing

and non- compatible mappings.

Example 2.3. By considering X = (0, 3] and d is usual distance on X then by (2.1) (X,F, t¢) forms
2-Menger space.
E,H:X — X are defined as
1-5x if0<x< 5
E(x) = (2.14)
X2, ifL <x<3
and
5x if0<x< %
H(x) = (2.15)
3, ifi5<x<3

By considering sequence < x, >= 1% VYn > 1. Then from (2.14), (2.15)

1 1 1 1
1 1 1

as n — oo.
From (2.15), (2.16)

= lim Hxn:nli_>m Exp. (2.18)

n—oo
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Then there is a sequence < y, >=+/3 Y n>1. Then

Ey,=E(V3)=3 -3, (2.19)
Hy, = H(V/3) =3 (2.20)
as n — oo.
From (2.19), (2.20)
— lim Hy, = lim Ey,. (2.21)
n—oo n—oo
EHy,=E(3)=9 — 9, (2.22)
HEy, = H(3)=3—3 (2.23)
as n — oo.
From (2.22), (2.23)
Nim Fepy, Hey,a(te) 7 1 (2.24)

VaeX and t. > 0.
Hence from (2.21), (2.24) the mappings E, H are non compatible.
Moreover from (2.19)(2.22)

im Fey, eHy, a(te) # 1 (2.25)
and from (2.20),(2.23)

nli—>moo FHyn,HEy,,,a(te) # 1. (2.26)
From (2.24), (2.25) and (2.26) demonstrate that the mappings E, H are non compatible but not

conditionally sequential absorbing.

Example 2.4. By considering X = (0, 13] and d is usual distance on X then by (2.1) (X,F, t.) forms
2-Menger space.
E,H : X — X are defined as
bx ifo<x<?2
E(x) = (2.27)
7, if2<x<8
and
6x If0<x<?2
H(x) = (2.28)
X, 1f2<x<8

By considering sequence < x, >= 5~ ¥ n>1. Then from (2.27),(2.28)

e e
Exo = E(3-) =5(3-) =0, (2.29)
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Hxy = H(=) = 6(—) = 0 (2.30)
T 3n7 T'3n '
as n — oo.
From (2.29), (2.30)
— |im Hx, = lim Ex,.
n—oo n—oo
There exists another sequence < y, >=7 VYn >1.
Then from (2.27), (2.28)
Ey,=E(T)=7—>171, (2.31)
Hyn,=H(T7)=7—=7 (2.32)
as n — oo.
But
EHy,=E(7)=7—17, (2.33)
HEy,=H(7)=7—7 (2.34)
as n — oo.
From (2.33), (2.34)
lim FEHy, HEyna(te) =1 (2.35)
VaeX and t, > 0.
Hence from (2.33) the mappings E, H are compatible.
Moreover from (2.31), (2.33)
im Fey, EHy,a(te) =1 (2.36)
and from (2.32), (2.34)
[im FHy,,,HEyn,a(te) =1 (2.37)

n—o0

VYaeX and t. > 0.

Resulting that from (2.35), (2.36) and (2.37) the mappings H, E are compatible as well as conditionally

sequential absorbing.

The following theorem was proved in [7].

Theorem 2.1. Let A,B,S and T be self -mappings on a complete probabilistic 2-metric space (X, F, t¢)

satisfying :

(1) A(X) € T(X), B(X) € 5(X)

(i) one of A(X), B(X), T(X) or S(X) is complete

(i) pairs (A, S) and (B, T) are weakly compatible

(iv) Fax.By(te) > rFsx 1y ~(te) forall x, y inX and te > 0
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where r : [0, 1] — [0, 1] is some continuous function such that r(te) > t. for each o < t. < 1.

Then the mappings A, B, S and T have unique common fixed point in X.

Now we generalize above theorem in next section.

3. Main results

Theorem 3.1. Let A, B, S and T be mappings on a complete probabilistic 2-metric space (X, F, t¢)
to itself satisfying

A(X) € T(X), B(X) € 5(X) (3.1)

the pair of mappings (A, S) pseudo reciprocally continuous (w,r.t. conditionally sequential absorbing)

and conditionally sequential absorbing and (B, T) is occasionally weakly compatible

FAX,By,'y(te) > r(FSx,Ty,’y(te)) (3-2)
whenever x, y in X and t. > 0 for some continuous self~-map on [0, 1] such that r(t.) > t. for each
o< te<1.

Then A, B, S and T have unique common fixed point in X.

Proof. By using (3.1) the sequence < y, > derived as

< Yon >= Axan = TXon+1 (3.3)

< Yont1> = Bxopy1 = Sxopyo. (3.4)

Now our claim is to show < y, > is a Cauchy sequence.

By taking the values x = xo5, ¥ = Xop+1 in (3.2) we get

FAXgn,BX2n+1,’y(te) > r(FSXQn,TXQnH,'y(te))

F}/QnrYQnJrlr’Y(tE) 2 r(Fyznﬂ,yzn.’Y(tE)) > Fy2n71,y2n,’Y(t€)-

In general we have

Fyn+1.)/nv'Y(t€) > F)/n,J/nflv’Y(tE)
forall n>1.
Then we have {Fy, ., y,~(t), ¥ n > 1} is an increasing sequence of positive real numbers bounded

above by 1 therefore it must be converge to a limit say L < 1.
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If L <1thenFy,,, ,~(t) =L >r(1)>1whichis a conflict. Hence L = 1.

Therefore for all n and p Fy,, y, 4(te) = 1.

Thus the cauchyness of the sequence (y,) in complete space X so it has limit z € X, results every sub
sequence has the same limit z.

That is from (3.2) and (3.4)

AXop, SXon — Z (3.5)

Txont1, Bxopt1 — z

as n — oo. Use the notion

L{A, S} = {< xp >: liMmpsoo AXp = liMp—00 SXn}.

Since the pair (A, S) is conditionally sequential absorbing from (3.5)
L{A S} # ¢ =— I <y, > such that

lim Ay, = lim Sy, = 60(say) (3.6)
n—oo n—oo
= lim Fay, Asy,y(te) = 1 and Fsy, say, 4(te) =1 (3.7)

VvyeX t>0.

Also the pair (A, S) satisfies pseudo reciprocally continuous means whenever

lim Ay, = Ii_>m Syn, = 6(say)
n—oo

n—o0o

- n||_>moo F Ay, ASy,y(te) = 1 and n||_>moo Fsy, SAyny(te) =1

such that

lim ASy, = A(6) and lim SAy, = S(6). (3.8)
n—oo n—oo
Using (3.6) and (3.8) in (3.7) we get

Af = S0 =0.

But Af is element in A(X) by (3.1) there exists n such that

0=S0=A0=Tn. (3.9)

Claim Bn =Tmn.
By putting x =0,y =nin (3.2)

Fa0,8n~(te) > r(Fso,7n~(t))
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From (3.9)
FA@,Bn,’y(te) > r(FSG,SQ,'y(te)> = I’(l) =1 (3-10)

= AG=Bn=Tn.

The pair (B, T) is occasionally weakly compatible gives BTn =TBn = B6 = T6 from (3.9).
Claim 6 = B6.

By taking x =y =0 in (3.2)

Fao.Bo(te) > r(Fse.To~(te))

using (3.9) and B =T90

Fo,80,y(te) > r(Fo.Bo(te)) > Fo Bo(te)

Fo,B0.y(te) > Fo B0, (te)

which is absurd. Hence 6 = B#.
Resulting

0=B0=T60=A0=S6. (3.11)

Therefore 6 is the required common fixed point.

Uniqueness: Suppose 01 is another fixed common fixed point for the mappings A, S, B and T.
Claim 8 = 6.
Suppose if 6 # 01,
then by taking x =6,y =67 in (3.2)

F 0,80, y(te) > r(Fse1o,4(te))-
This gives
Fo.0,v(te) > r(Fo.6,~(te)) > Foo, y(te)
implies
Fo.0,,v(te) > Fo0,(te)

which is absurd. Hence 6 = 0;.

As a result four self mappings have unique common fixd point in X.

This result can be justified by the following example.
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Example 3.1. By considering X = [—2, 3] and d is usual distance on X then by (2.1) (X,F, t;) forms

2-Menger space.
The mappings A, B, S, T : X — X are defined as

{ 9 if x € [-2,0)
A(x) = B(x) = "
e, ifxel0,3]
) 2 ifxel-20)
S(X) = T(X) - {e3xy Ifx e [013]-

From (3.12) and (3.13) A(X) = {-2}u[e™®,1], S(X) = [-2,0) U [e~®, 1] implies

A(X) € T(X), B(X) € S(X).
Clearly -2 and 0 are coincidence points for the mappings A, S.
At x = =2,5(=2) = A(-2)

AS(-2) = A(—-2) = -2,

SA(—2) = S5(-2) = —2.
From (3.14) and (3.15)
AS(—2) = SA(-2).
At x =0, A(0) = S(0) = 1 and
AS(0)=A(l)=e1,

SA(0) = S(1) =e 3.

From (3.16) and (3.17)
AS(0) # SA(0).

From (3.18) the pair (A, S) is not weakly compatible but OWC.

Considering a sequence < X, >= % Y n>1then

\f (Y22
(%)

2
AX,-, = A(T) =€ 1,

V2

Sxp = 5( - ):e_3($) —1

as n — oo.
From (3.19) and (3.20)

lim Ax, = lim Sx,.
n—oo n—o0o

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)



12 Int. J. Anal. Appl. (2022), 20:12

From (3.21) L{A,S} # ¢ = I <y, > such that (y,) = -2+ @ VYn>1 such that

Ayn = A(—2 + \f) — 20 (3.22)
and
3, (—2+¥3)3
Syn=S(—2+ {) = (Z”) -2 (3.23)
as n — oo and
_o 4 V3)3
ASy, = A((Z”)) =2 -2, (3.24)
(-2)°
SAyn=S(-2) = 7 = ~2 = =2 (3.25)
as n — oo.
From (3.22) , (3.23) . (3.24), (3.25)
lim ASy, = lim Ay, and lim SAy, = lim Sy, (3.26)
n—00 n—00 n—00 n—00
lim ASy, = A(=2) and lim SAy, = S(-2). (3.27)
n—o0 n—00

From (3.26) and (3.27) the joint pairs (A, S), (B, T) are non-compatible pseudo reciprocally contin-
uous (w,r.t. conditionally sequentially absorbing) and conditionally sequential absorbing having unique
common fixed point at x = —2. Further these joint pairs (A, S), (B, T) are not weakly compatible
and satisfy all the conditions of Theorem(3.1).

Now we present another generalization of Theorem(2.1) on an incomplete 2-menger space.

Theorem 3.2. Let A, B, S and T be mappings on a 2-menger space (X, F, t¢) to itself satisfying
(a) the pairs (A, S) and (B, T) non-compatible pseudo reciprocally continuous (w,r.t. CSA ) and

conditionally sequential absorbing
(b)
Fax.By~(te) = r(Fsx,1yy(te))

whenever x, y in X and te > 0
for some continuous self-map on [0, 1] such that r(te) > t. for each o < t. < 1.
Then A, B, S and T have unique common fixed point in X. Moreover all these mappings are

discontinuous at their fixed point.
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Proof. Since the pairs ( A, S) are non-compatible implies some sequence < x, > with

lim Ax, = |i_>m Sxp, = 6(say) (3.28)
n—oo

n—oo

for some 6 € X

- anm F A4Sy, ASy,~(B) not exist or n||~>moo Fsy, sayy(B) # 1.
Since the pair (A, S) is conditionally sequential absorbing from (3.28)

L{A,S} # ¢ = there exists sequence < y, > such that

lim Ay, = |i_>m Sy, = 6(say)
n—oo

n—o0

- nlmw FAyn,ASyn,'y(te) =1and nlmm FSyn,SAyn,’y(te) =1

VvyeX t>0.

Also the pair (A, S) satisfy pseudo reciprocally continuous means whenever

lim Ay, = lim Sy, =0(say) (3.29)
n—oo n—oo
- nimm FAyn,ASyn,fy(te) =1 and nlLfmoo FSyn,SAyn,'y(te) =1 (330)
such that
lim ASy, = A(f) and lim SAy, = S(6). (3.31)
n—oo n—oo

Using from (3.29) , (3.31) in (3.30) we get

A = S0 = 0. (3.32)
Since the pair ( B, T) is non-compatible implies some sequence (x,) with

lim Bx, = Ii_}m Tx, = n(say) (3.33)
n—oo

n—oo

for some n € X

= nImeFBTXn,TBXn,W(tE) does not exist or nIme FBTx, TBxyy(te) # 1.

Since the pair (B, T) is conditionally sequential absorbing from (3.33)
L{B, T} # ¢ = there exists sequence < y, > such way that

lim By, = nli_)moo Ty, = w(say)

n—o0o

- n||—>moo FBy,,,BTy,,,’y(te) =1and n||—>moo FTy,,,TBy,,,’y(te) =1
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VyeX B >0.

Also the pair (B, T) is pseudo reciprocally continuous implies whenever

lim By, = lim STy, = w(say) (3.34)
n—oo n—oo
— n“—>moo FByn,BTyn,’y(te) =1 and n“—>moo FTy,,,TByn,'y(te) =1 (3.35)
such that
lim BTy, = Bwand |lim TBy,=Tw. (3.36)
n—oo n—oo

Using (3.34) and (3.26) in (3.25) we get

Bw=Tw=w. (3.37)

Claim w = 6.

On contrary if w # 6 put x =60 and y = w in (3.2)
Fpo.8wy(te) > r(Fse1wy(te))

= Fow(te) > r(Fow~(t)) > Fow(te).

From (3.32) and (3.37)

— FG,W,'y(te) > F@,W,’Y(te)

which is contradiction hence 6§ = w.
Uniqueness follows as in Theorem(3.1).

Suppose A is continuous at w from (3.29) then

lim Sy, =6 = lim ASy, = Ab(say).

n—oo n—o00
From (3.31)
lim SAy, =S50

n—oo

but A =5S6=20
= lim ASy, = lim SAy, (3.38)

n—oo n—oo

(3.38) demonstrates that (A, S) is compatible pair, despite the fact that it is non-compatible.

Therefore A should be discontinuous at w. Similarly the other mappings are also discontinuous at
w. Il

To justify our theorem, we now present a supporting example.
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Example 3.2. By considering X = (—2,22) and d is usual distance on X then by (2.1) (X,F, t¢) forms
2-Menger space.

The mappings A, B, S, T : X — X are defined as

{ 2 ifx e (=2,2]
A(x) = B(x) = and (3.39)
3, ifxe(2,22)
2 ifx € (—2,2]
S5(x)=T(x) = (3.40)

logx, ifxe(2,22)
From (3.39),(3.40) e® and 2 are intersecting points for the mappings A, S.
Atx =2,A(2) = 5(2) =2 and AS(2) = A(2) =2 = 5(2) = SA(2).
At x = €5,

S(e®) = A(e®) =3,

AS(e®) = A(3) = 3. (3.41)
SA(e®) = 5(3) = log 3. (3.42)

(3.41) and (3.42)
AS(e?) # SA(e?). (3.43)

(3.43) shows that this pair (A, S) is not weakly compatible.

Considering a sequence < x, >=€>+ 2 ¥n>1. Then

3
Axn:A(e2+E):3—>3,

3 3
Sxp=S(e*+ E) = log(e® + E) —3
as n— oo and

ASx, = A(log(e® + %)) =33, (3.44)

SAx, = S5(3) =log3 — log 3 (3.45)

as n — oo.
(3.44),(3.45) demonstrate that the pair (A, S) is non-compatible implies there exists another sequence

<y,,>:2—$ Vn > 1 such that

V2, 2=

A= A2~ =5) =" 2, (3.46)
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2
Syn—5(2—\nf)—2—>2 (3.47)
as n — oo and
ASy, = A((2) =2 — 2, (3.48)
o _ V2
SAy, = S(((2”)2) =22 (3.49)
as n — oo. From (3.46),(3.48)
lim ASy, = lim Ay,. (3.50)
n—oo n—oo
From (3.47),(3.49)
lim SAy, = lim Sy,. (3.51)
n—oo n—o0
Further
lim ASy, = A(2), (3.52)
n—oo
lim SAy, = S(2). (3.53)
n—oo

From (3.50),(3.51),(3.52) and (3.53) the joint pairs (A, S), (B, T) are non-compatible pseudo
reciprocally continuous (w,r.t.  conditionally sequential absorbing) and conditionally sequential
absorbing, having unique common fixed point at x = 2. Further the maps A, S, B and T have
discontinuity at x = 2. Moreover A(X), S(X), B(X)andT (X) are not closed sub spaces and also the
pairs of (A, S), (B, T) are not weakly compatible and satisfy all the conditions of Theorem (3.2).

4. Conclusion

In this paper we improve Theorem (2.1) in two ways:

(i) In Theorem (3.1) the concepts of pseudo reciprocally continuous and conditionally sequential
absorbing mapping are being used in place of weakly compatible mappings in the first pair and OWC
mappings in place of weakly compatible mappings in the second pair.

(i) In Theorem (3.2) the concepts of non-compatible pseudo reciprocally continuous and conditionally
sequential absorbing mappings are being used in place of weakly compatible mappings and further
the completeness of X is being removed. Moreover all the mappings are discontinuous at their fixed
point.

Further these two results are justified with appropriate examples.
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