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Abstract. Controlled frames have been the subject of interest because of its ability to improve the
numerical efficiency of iterative algorithms for inverting the frame operator. In this paper, we introduce
the concepts of controlled g—fusion frame and controlled K — g—fusion frame in Hilbert C*—modules
and we give some properties. Also, we study the perturbation problem of controlled K — g—fusion

frame. Moreover, an illustrative example is presented to support the obtained results.

1. Introduction

Frames for Hilbert spaces were introduced by Duffin and Schaefer [4] in 1952 to study some deep
problems in nonharmonic Fourier series by abstracting the fundamental notion of Gabor [6] for signal
processing.

Many generalizations of the concept of frame have been defined in Hilbert C*-modules [5,7,9, 13—
17].

Controlled frames in Hilbert spaces have been introduced by P. Balazs [3] to improve the numerical
efficiency of iterative algorithms for inverting the frame operator.

Rashidi and Rahimi [10] are introduced the concept of Controlled frames in Hilbert C*—modules.
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The paper is organized in the following manner. In section 3, we introduced the notion of g—fusion
frames and controlled g—fusion frames in Hilbert C*—modules and estabilish some properties. Section
4 is devoted to introduce the concept of controlled K — g—fusion frames in Hilbert C*—modules and

gives some results, finally in section 5 we study the perturbation of controlled K — g—fusion frames.

2. Preliminaires

Let A be a unital C*—algebra, let J be countable index set. Throughout this paper H and L are
countably generated Hilbert A—modules and {H,};c, is a sequence of submodules of L. For each
J € J, Endi(H, H;) is the collection of all adjointable A—linear maps from H to H;, and End’j(H, H)
is denoted by End’(H). Also let GL™(H) be the set of all positive bounded linear invertible operators

on H with bounded inverse.

Definition 2.1. [8] Let A be a unital C*-algebra and H be a left A-module, such that the linear
structures of A and H are compatible. H is a pre-Hilbert A-module if H is equipped with an A-valued
inner product {.,.) : H x H — A, such that is sesquilinear, positive definite and respects the module
action. In the other words,

(i) (f,fy >0 forall f € H and (f,f) =0 if and only if f = 0.

(ii) (af +g,h) = a(f,h)y + (g, h) forallac Aand f,g,he H.

(ii) (f,g)=(g,f)* forall f,ge H.
For f € H, we define ||f|| = ||(f, f>||%. If H is complete with ||.||, it is called a Hilbert A-module or
a Hilbert C*-module over A. For every a in a C*-algebra A, we have |a| = (a*a)% and the A-valued
norm on H is defined by |f| = (f, f>% for f € H.
Define I?({H;};e,) by

P({H}jes) = Hfitjes - € Hi 1D (6. Bl < oo}
=
With A—valued inner product is given by
{fiYjes {gties) =D (6. g),
=

I?({H;}e,) is a Hilbert A—module.
The following lemmas was used to proof our results:

Lemma 2.1. [1] If ¢ : A — B is a x—homomorphism between C*—algebras, then ¢ is increasing,
that is, if a < b, then ¢(a) < ¢(b).

Lemma 2.2. [2] Let T € Endjj(H, L) and H, L are Hilberts A—modules. The following statemnts are

multually equivalent:

(i) T is surjective.



Int. J. Anal. Appl. (2022), 20:1 3

(i) T* is bounded below with respect to the norm, i.e., there is m > 0 such that ||T*f|| > m||f|]|
forall f € L.

(i) T* is bounded below with respect to the inner product, i.e, there is m > 0 such that
(T*F, T*f) > m (f, ) forall f € L.

Lemma 2.3. [I] Let H and L are two Hilbert A-modules and T € End(H, L). Then:

(i) If T is injective and T has closed range, then the adjointable map T*T is invertible and
(T )M < T T < |ITIP.
(ii) If T is surjective, then the adjointable map TT* is invertible and
(T <TT* <|T|%
Lemma 2.4. [2] Let H be a Hilbert A-module over a C*-algebra A, and T € End}(H) such that
T* =T. The following statements are equivalent:
(i) T is surjective.

(i) There are m, M > 0 such that m||f|| < [|[Tf|| < M||f||, for all f € H.
(i) There are m', M' > 0 such that m'{f, ) <(Tf,Tf) < M'(f,f) forall f € H.

Lemma 2.5. [12] Let H be a Hilbert A-module. If T € End’y(H), then
(TE,TH) <|ITIXf.f),  VfeH

Lemma 2.6. [18] Let E,H and L be Hilbert A—modules, T € End(E, L) and T € Endj(H, L).
Then the following two statements are equivalent:

(1) T(T)* < ATT* for some X > 0;

(2) There exists > 0 such that ||(T ) z| < w||T*z| forall z € L.

Lemma 2.7. [11] Let {W,};c, be a sequence of orthogonally complemented closed submodules of
H and T € Endj(H) invertible, if T*TW; C W; for each j € J, then {TW;};c, is a sequence of

orthogonally complemented closed submodules and Ry, T = Py, T Prw,.

3. Controlled g—fusion frame in Hilbert C*—modules

Firstly we give the definition of g—fusion frame in Hilbert C*—modules.

Definition 3.1. [11] Let {W;};c, be a sequence of closed submodules orthogonally complemented of
H, {vj}jcs be a family of weights in A, ie., each v; is positive invertible element frome the center of
A and \; € End’y(H, H;) for each j € J. We say that N = {W;,\;, v;}jc, Iis a g—fusion frame for H
if there exists 0 < A < B < oo such that

A(F, ) <D VANR,f NP f) < BUF F),  YFEH. (3.1)
jed
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The constants A and B are called the lower and upper bounds of the g—fusion frame, respectively. If
A = B then N is called tight g—fusion frame and if A= B = 1 then we say A is a Parseval g—fusion
frame.

The operator S : H — H defined by

Sf=> V?PyNNPyf,  VfeH.
Jjed

Is called g—fusion frame operator.
Now we define the notion of (C, C')—controlled g—fusion frame in Hilbert C*—modules.

Definition 3.2. Let C, C' € GLT(H), {W};c; be a sequence of closed submodules orthogonally
complemented of H, {v;};c, be a family of weights in A, i.e., each v; is a positive invertible element
frome the center of A and \; € End’y(H, H;) for each j € J. We say that N~ = {W,, \;, vj}jc Is a
(C, C")—controlled g—fusion frame for H if there exists 0 < A < B < co such that

A(FF) < S VNP, CF NPy, C' ) < BUF.f), Y eH. (3.2)

jed
The constants A and B are called the lower and upper bounds of the (C, C')—Contro//ed g—fusion
frame, respectively. When A = B, the sequence N = {W;,\;, vj}je, is called (C,C")—controlled
tight g—fusion frame, and when A = B = 1, it is called a (C, C')—controlled Parseval g—fusion
frame. If only upper inequality of (3.2) hold, then N~ is called an (C, C')—controlled g—fusion

bessel sequence for H.

Example 3.1. Let [*° be the set of all bounded complex-valued sequences. For any u = {uj}jen,
v ={Vvj}jen € I°°, we have

uv =A{uvtjen, u* = {T}jen, [lull = sup |uj].
Jj€

Then A= {I°°||.||} is a C*—algebra.

Let H = Cqy be the set of all sequences converging to zero. For any u, v € H we define

(u,v) = uv* = {ujVj}jen.

Then H is a Hilbert A—module.
Now let {ej}jen be the standard orthonormal basis of H.
We construct H; = span{ei, e, ..., e;} and W; = span{e;} for each j € N.
Define \; : H — H; by Ni(f) = fk:1<f,%>ek. |
The adjoint operator At : H; — H define by Nf(g) = >, _1 (g, %)ej.
And the projection orthogonal Ry, define by Py, (f) = (f, )e;.
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Let us define Cf = 2f and C'f = %f. Then for any f € H, we have
, 2 J 1 J
(\; P, CF, NPy, C'f) = <W<f' &) > e Tﬂ“’ &) > ex)

k=1 k=1

J J
= HF g (Y e Y e

Therefore, for each f € H,
> NP, CE NP, C ) = (fe)(e, ) = (F. ).
JjeN jEN

Hence {W;, \;, 1}jen is a (C, C')—controlled Parseval g—fusion frame for H.

Suppose that A~ be a (C, C')—controlled g—fusion bessel sequence for H. The bounded linear
operator T ¢y I?({H,}jes) — H define by
/o1 %
TieoyUftien) = S v(CCVRRNG Vifijes € P({Hi}es). (3.3)
j€d
is called the synthesis operator for the (C, C')—controlled g—fusion frame A-..

The adjoint operator T* - H — I>({H,}je) given by

(c.ch
* r~\1
T(C,C’)(g) = {vi\iPw,(C C)2g}jey (3.4)
is called the analysis operator for the (C, C')—controlled g—fusion frame A-.

When C and C' commute with each other, and commute with the operator Pw,\;\jPy;,, for each

Jj € J, then the (C, C')—controlled g—fusion frame operator Scc.c'y : H— His defined as

* 2~ *
Sccer(H) =TieeyTicen(H) =D VPC RN NPy CF, VF € H. (3.5)
JjeJ
And we have
(Siceny (D). F) =DV (NPw,CF, NPy C'F),  VfeH. (3.6)
JjeJ

From now we assume that C and C' commute with each other, and commute with the operator

PWJ./\;-*/\J-PWJ, for each j € J

Lemma 3.1. Let A~ be a (C, C')—controlled g—fusion frame for H. Then the (C, C')—controlled

g—fusion frame operator S(C‘ ) Is positive, self-adjoint and invertible.
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Proof. For each f € H we have

Sic.on(f) = Z v2C Py, NN Py, CF
JjeJ
Then

> VNP CE NP C F) = (Y vPC Ry ARy CE ) = (Sc oy (F). ).
jed JjeJ

Since A is a (C, C'")—controlled g—fusion frame for H, then
A(f, f) < (S(C'C/)(f), f) < B(f,f), VfeH (3.7)
It is clear that S(C,C’) is positive, bounded and linear operator. On the other hand for each f, g € H

(Sicey(F). gy = O v C Py AN P CF, g)

jeJ
= (£, V?CRw,N\Pw,C g)
jeJ
= (f, S(C/'C)(g))
That implies SE‘C’C,) = S(C',C)' Also as C and C' commute with each other, and commute with the

operator P, AjA\; Py, for each j € J, we have S(C,C') = S(C/,C)' So the (C, C')—controlled g—fusion

frame operator S(C'C/) is self-adjoint. And from inequality (3.7) we have
Al < Siccry < Bln. (3.8)
Therefore, the (C, C')—controlled g—fusion frame operator S(c,c/) is invertible. ]

We estabilish an equivalent definition of (C, C')—controlled g—fusion frame.

Theorem 3.1. A~ = {W;, A}, vj}jes is a (C, C')—controlled g—fusion frame for H. If and only if
there exists two constants 0 < A < B < oo such that
AFIZ < 1S VINP, CE APy, C ) < BIFIR,  VF € H. (3.9)
jed
Proof. If A~ be a (C, C')—controlled g—fusion frame for H, then we have inequality (3.9).
Converselly, assume that (3.9) holds. From (3.4), the (C, C')—controlled g—fusion frame operator
S(C,C’) is positive, self-adjoint and invertible. Then we have for all f € H
1 1 ’
((Sic.cy)2f (Se.cy)2F) = (Sc.onf. £) =Y VNP, CF NP, C ). (3.10)
JjeJ

Using (3.9) and (3.10), we conclude that

1
VAIIFIl < IS% o fI < VBIIFIL - VF € H.

So by lemma 2.4, A~ is a (C, C')—controlled g—fusion frame for H. O
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Theorem 3.2. Let {W; A}, v;}jcs be a g—fusion frame for H with frame operator S and let C,
C' € GL*(H). Then {W;, \;, vj}jey is a (C,C")—controlled g—fusion frame for H.

Proof. Let {W,,A\;, v;}jcs be a g—fusion frame for H with frame bounds A and B. Then for each
feH

A(F, F) <> VENPw,f NP, f) < B(F, F) (3.11)
JjeJ
We have
1Y VNP, CF AP, C O = 1S .oy f O = IICILICTIISE, I, (3.12)

JeJ

Using (3.11) and (3.12), we conclude

AICILICTIIE O < 11> VNP, CE APy, C Ol < BIICILICIKE FIL VF € H.
JeJ

Therefore, {W;, A, vi}jes is a (C, C')—controlled g—fusion frame for H with bounds AJ|C]|.||C’|| and
BlICILICII. O

Remark 3.1. When C = C' we say that the sequence {W;, \;, v;}jc; is a C?—controlled g—fusion

frame for H.

Theorem 3.3. Let C € GLT(H). The sequence {W;, \;, v;}jc is a g—fusion frame for H if and only
if{W;, \;, v;}je is a C?>—controlled g—fusion frame for H.

Proof. Suppose that {W;,A;, v;};c; is a g—fusion frame for H. with bounds A and B. Then

A(F, F) <> VEINPw, NP, F) < B(F, ), Vf e H.
JEJ
We have for each f € H,
Z v (N Pw,CF, NPy, CF) < B(CF,Cf) < BJ|CI|*(f, f). (3.13)
JEJ
On the other hand for each f € H
A(f, f) = A(CTICF, CTICF) < A||CTY(CF, Cf)

<NICTHIPD VPN Rw, CF AP, C1). (3.14)
JeJ

So from (3.13) and (4.1), we have

Al[CTHIT2(F, F) < VAP, CF NP, CF) < BIICI(F, F), Vf € H.
JjeJ
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We conclude that {W;, A;, v;}jec is a C*>—controlled g—fusion frame for H.
Converselly, Let {W;, A}, vj}jes be a C?—controlled g—fusion frame for H with bounds A" and B'.
Then for all f € H,

(F ) < VAP, CF NPy, CF) < B(F, F)
JjeJ

We have for each f € H,
D VEINRw NP F) =D VAN P, CCTH APy CCTH)
Jjed jed
< BY(CTMF,CTH)
< B'||C7YP(F, f). (3.15)
Also for each f € H,
JGJ I
And

ANCTICHTITUE F) < ACTH,CTH) <3 VNP, AP f) (3.16)
Jjed

From (3.15) and (3.16), we have

All(C?)~ 1||1ff)<z (NP, NP £y < B|ICTYP(F, £), Vf € H.
JjeJ
Hence {W;, Aj, v;};e is a g—fusion frame for H. O
Theorem 3.4. Let C, C' € GL*(H), and C, C' commute with each other and commute with

Pw,N/\;Pw; for all j € J. Then N = {W;,\j,vj}jes is a (C, C")—controlled g—fusion bessel
sequence for H with bound B if and only if the operator T(C'C/) - I7({H;}jes) — H given by

1yl *
Tic.coh{gitjes) = > v(CC)2Ry N g;, V{gi}jes € P({H;}jel).
JjeJ
is well defined and bounded operator with, HT(C’C/)H <VB.

Proof. Let A isa (C, C')—controlled g—fusion bessel sequence with bound B for H. As a result of

theorem 3.1,

1> VNP, CE NP, C A< BIIFI?,  ¥FeH. (3.17)
JjeJ



Int. J. Anal. Appl. (2022), 20:1 9

For any {gj}jeJ € /2({HJ}J€J)v

||T(CC )({gJ}JEJ)H = HSU‘p ||<T(CC )({gj}JGJ) il

= s, 13 vi(CC 2P A g, )]

JjeJ
= sup || Y (v(CCHZRy NG, Al
Ifll=1 555
7yl
= sup || (g, AP, (CC) 1)
HfH 1 JGJ
sup 1Y (g )11 VAN P, (CC)2F, APy, (CCHZ 1|12
H H_ JGJ _jeJ
= sup |13 (g 9)lI2 HZ (NP, CF. AP, C F)]|2
1
< Sup, 1> (g5, gIZVBIIFll = VBI{g;}sell.
- JeJ

Therefore, the sum \/J-(CC/)%PWJ./\ng- is convergent, and we have

ITec.cy({gitienll < VBIl{g}jell

Hence the operator T ~y is well defined, bounded and || || < VB.
For the converse, suppose that the operator T - ~y is well defined, bounded and ||T(C’C/)|| < +/B. For

all f € H, we have

1> VNP, CF AR, C )L = 11D vH(C P A A Ry, CE, £
Jjed jed
=D vA(cc) )2 Py, NN P, (CC )3 F, £
JjeJ

= {Tic.or({gdien). D]
< ITee.enlll{g e lIIF
— [Tyl S VA By, CF AR, C P11

JjeJ
Where g; = vjAjPw,(CC)3f.

Hence

(NPw,CF. A PWC 12 < VBJ|f]]

1 v

JjeJ
Then

(NiPw,CF, A, PWC )| < B||f]|?

1D v

JjeJ

(3.18)
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The adjoint operator of T(C,C,) is given by
* N1
Tie oy(9) = {uNPw(CC)ighies, Vg eH.
And we have for each f €¢ H

’ 7y L /\ L
1> (NP, CF AP, C O = 11D v (NP, (CC) 2, \Pw, (CCH2F)|

JeJ jed
= KT .o () Tic oy (D]
= [Ty (DI
Frome (3.18), we have
ITicon (DI VBIIFIl,  VFeH.
So, T(CC) is bounded A—linear operator, then there exist a constant M > 0 such that
(Tt Tie.onyf) < M(FLf), Vf € H.
Hence

STV N R, CE NP, C F) < MUFF). VF € H.
JjeJ

This give that A~ is a (C, C')—controlled g—fusion bessel sequence for H.

O

Theorem 3.5. Let {W;,\;, v;};c, be a (C,C")—controlled g—fusion frame for H with bounds A and
B, with operator frame S(C,c’)- Let 8 € End}(H) be injective and has a closed range. Suppose that
6 commute with C, C' and R, for all j € J. Then {W;,\;0, v;};e, is a (C, C")—controlled g—fusion

frame for H.

Proof. Let {W;,A;, v;}jc; be a (C,C")—controlled g—fusion frame for H with bounds A and B, then

Z (NPw,CF, NiPw,C £y < B(f.f),  VfeH.
eJ

For each f € H, we have
2/ _ "Fy 2(A. , '
> VHNOP,CF NOPY,C Y = V(N Py, COF, Ry, C 6f)
Jjed Jjed
< B(6f, 6f)
< B|6]*(f. )

And

A(Bf, 6f) < Z (NOPw,CF, N8Py, C f),
Jjed

By lemma 2.3, we have

AI(6°0)HITH(F, F) < A(6f, 6f)

(3.19)
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So
All(70) TN ) <> VMO, CE, NbFw,C'f) (3.20)
Jjed
Using (3.19) and (3.20) we conclude that
All(8*0) 7|7, ) < Z v (N\BP,CT, /\J-QPWJ.C’f) < B|||?(f, f), Vf € H.
jed

Therefore {W;, A8, v;} e, is a (C, C')—controlled g—fusion frame for H. O

Theorem 3.6. Let {W;, A, v;}jcs be a (C, C')—controlled g—fusion frame for H. with bounds A and
B. Let 6 € End}(L, H) be injective and has a closed range. Suppose that 6 commute with \;Py,.C
and NjPw,C' for all j € J. Then {W;, 0\;, v;}c be a (C, C')—controlled g—fusion frame for H.

Proof. Let {W;, \;, v;}je, be a (C, C')—controlled g—fusion frame for H with bounds A and B, then
A(F ) <3 VNP, CF NP, C ) < B(f. f),  YfeH.
jed
We have for each f € H
S V(0N P, CF. 8NPy, C'F) < 16112 vA(A P, CF, APy, C f)
jeJ jeJ
< Blle|[*(f. f) (3.21)
On the other hand,
A(OF, 0F) <> VZ(ON R, CF.ONPw,C ) = > v (NP, COFf, \jPw,C 0F)
jeJ jeJd
By lemma 2.3, we have
Al 0) HITHE F) < V0N P, CF, 07 Py, C F) (3.22)
jed
Using (3.21) and (3.22) , we conclude that
A7) M| £) <) vP(ON P, CF, 67 Ry, C F) < B|I6]|*(F, ), Vf € H.
jeJ
Hence, {W;,0A;, vj}jey is a (C,C')—controlled g—fusion frame for H. O

Under wich conditions a (C, C')—controlled g—fusion frame for H with H a C*—module over a
unital C*—algebras A is also a (C, C')—controlled g—fusion frame for H with H a C*—module over a
unital C*—algebras B. the following theorem answer this questions. We teak in next theorem H; C H,
Vj e J.
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Theorem 3.7. Let (H, A, (.,.)4) and (H,B, (., .)s) be two Hilbert C*—modules and let ¢ : A — B
be a x—homomorphisme and 6 be a map on H such that (6f,09)s = ¢({f,g)4) for all f, g € H.
Suppose that N~ = {W;,\;, vj}jes is a (C, C')—controlled g—fusion frame for (H, A, (., .).4) with
frame operator S 4 and lower and upper bounds A and B respectively. If 8 is surjective such that
ON; Py, = NiPw,0 for each j € J and 6C = CO and 6C = C'6.

Then {W;, \;, ¢(v))}jey is a (C, C")—controlled g—fusion frame for (H, B, (., .)5) with frame operator
Sp and lower and upper bounds A and B respectively and (SgOf,09)s = ¢({(Saf, g)4).

Proof. Since 8 is surjective, then for every g € H there exists f € H such that 8f = g. Using the
definition of (C, C")—controlled g—fusion frame for (H, A, {.,.).4) we have

A(F, F)a <D VNP, CF NPy, C Fla < B(f, F)a
JeJ
By lemma 2.1 we have
O (A(f, Fa) < ¢<Z v2(N\;Py,CT, AijC’f>A> < @(B(f, f)4)
JjeJ
Frome the definition of *—homomorphisme we have
AB((F11) < 32 0028 ( IR CF A C P ) < BO(IF,F).)
Jjed
Using the relation betwen 6 and ¢ we get
A(OF,0F)5 <> d(v;)2(ON;Pw, CF, 8NPy, C F)s < B(6F, 0f)5
JjeJ
Since APy, = A;Py,0 for each j € J and 6C = C and 6C' = C'6 we have
A(OF, 0F) < > (v))> (NP, COF, \iPw,C'0F )5 < B(6F, 6f)5
jed
Therefore,

Alg. 908 <Y d(v)*(NPw,Ca. AP, C 9)s < B{g, 9)s, Vg € H.
Jjed
This implies that {W;, A;, ¢(vj)}jes is a (C,C')—controlled g—fusion frame for (H, B, {(.,.)5) with

bounds A and B. Moreover we have

O((Saf. 9)a) = ¢<<Z v2C Py, N APy, CF, 9>A>
e

Jjed
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=" 0(v)2 (0N R, CF. 0N P, C 9) 5
jed
= (3" ¢(v)2C R, Ar A Py, COF, 69) 5
jed

= (Spof,09)5.

4. (C,C")—controlled K — g—fusion frames in Hilbert C*—modules

Firstly we give the definition of K — g—fusion frame in Hilbert C*—modules.

Definition 4.1. [11] Let A be a unital C*—algebra and H be a countably generated Hilbert A—module.
let (vj)j ) be a family of weights in A,i.e.,each v; is a positive invertible element frome the center of
A, let (Wf)jeJ be a collection of orthogonally complemented closed submodules of H. Let (KJ)J‘GJ
a sequence of closed submodules of K and \; € End(H,K;) for each j € J and K € End}(H).
We say N = (W, \;, vj)jes is K — g—fusion frame for H with respect to (K;),ecy if there exist real

constants 0 < A < B < oo such that
A(K*f, K*f) SZVJ?(/\J-PVij,/\jPVVJﬂSB(f, ), Vf e H. (4.1)

J€eJ
The constants A and B are called a lower and upper bounds of K — g—fusion frame, respectively. If

the left-hand inequality of (4.1) is an equality, we say that \ is a tight K — g—fusion frame. If K = Iy

then N\ is a g—fusion frame and if K = I3y and \j = Ry, for any j € J, then N\ is a fusion frame for H

Definition 4.2. Let C, C' € GLT(H) and K € Endy(H). {W;},e, be a sequence of closed submodules
orthogonally complemented of H, {v;};c; be a family of weights in A, i.e., each v; is a positive invertible
element frome the center of A and \; € Endj(H, H;) for each j € J. We say N = {W,, \;, vj}jes
is a (C,C')—controlled K — g—fusion frame for H if there exists 0 < A < B < oo such that

AKE, K F) < S V(NP CF NPy, C F) < B(f. f),  VfeH. (4.2)
JjeJ

The constants A and B are called a lower and upper bounds of (C,C')—controlled K — g—fusion

frame, respectively. If the left-hand inequality of (4.2) is an equality, we say that A-~ Is a tight
(C, C'")—controlled K — g—fusion frame for H.

Remark 4.1. If A isa (C, C')—controlled K — g—fusion frame for H with bounds A and B we have

AKK* < Sccny < By, (4.3)

From equality (3.6) and inequality (4.3) we have
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Proposition 4.1. Let K € End’(H), and N\ be a (C, C'")—controlled g—fusion bessel sequence for
H. Then A is a (C, C")—controlled K — g—fusion frame for H if and only if there exist a constant
A > 0 such that AKK* < S(C,C/) where S(C'C/) Is the frame operator for Nq.

Theorem 4.1. Let N+ = {W,,\;,vj}jes and T = {V;, T}, uj}jes be two (C, C')—controlled

g—fusion bessel sequences for H with bounds B1 and By, respectively. Suppose that T/\CC/ and

TrCC, be their synthesis operators such that TrCC/ Tx , = K* for some K € End}(H). Then, both
cC

Neer and T - are (C, C')—controlled K and K* — g—fusion frames for H, respectively.
Proof. For each f € H, we have

* * — * * < 2 * *
<K f' K f> <T|—CC/ T/\CC/ f’ TrCC/ T/\CCI f> — HTl—CC/ H <TACCI ! 7_/\CC/ f>
< Bo Y V(N Pw,CF, AR, C ),
jeJ
Hence
By LK F, K F) <) V(N Py, CF, NPy, C ).
jed

This means that A~ is a (C, C')—controlled K — g—fusion frame for H. Similarly, Fcc is a
(C, C')—controlled K* — g—fusion frame for H with the lower bound Bfl. O

Theorem 4.2. Let U € Endj(H) be an invertible operator on H and N~ = {W;,\;, vj}jc, be a
(C, C')—controlled K — g—fusion frame for H for some K &€ End’(H). Suppose that U*UW; C W;,
Vj € Jand C, C' commute with U. Then T = {UW;, NiRy,U*, vj}jes is a (C, C')—controlled
UKU* — g—fusion frame for H.

Proof. Since A is a (C, C')—controlled K — g—fusion frame for H, 3 A, B > 0 such that
AK*F, K*F) <> V(N R, CF ARy, C ) < B(F,f),  VfEH.
jed
Also, U is an invertible linear operator on H, so for any j € J, UW; is closed in H. Now, for each

f € H, using lemma 2.7, we obtain

> VNP U Puw, CF NPy, U Pow, C ) = VAN P, U*CF, NP, U*C )
jed Jjed
= > VHNPW,CUF, NPy, C U*F)
jed
< B(U*f, U*f)
< BJ|U|]*(f, f).
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On the other hand, for each f € H
A((UKU**f, (UKU*)*f) = AAUK*U*f, UK*U*f)
< AllU|P(K*U*f, K*U*f)
< UIRD VAR, C(U*F), AP, C (UF))

JjeJ
= (V12 VAN Pw,UCF, APy, U*C )
JjeJ
< NNUIP Y VNP, U* Puw, CF, NP, U™ Py, C ),
JjEJ
Then
0 2((UKU*)*f (UKU)*F) <> V(N P, U Puw, CF, AP, U* Py, C f)
U] =
Therefore, '~ is a (C, C')—controlled UKU* — g—fusion frame for H. O

Theorem 4.3. Let U € Endj(H) be an invertible operator on H and T - = {UW;, \;Pw,U*, v;} e be
a (C, C")—controlled K — g—fusion frame for H for some K € Endy(H). Suppose that U*UW; C W;,
Vj € Jand C, C' commute with U. Then Ao = {W;,\;, vj}jes is a (C, C')—controlled U"*KU —

g—fusion frame for H.

Proof. Since ' = {UW;, ;P U", vj}jes is a (C, C")—controlled K — g—fusion frame for H, 3 A,
B > 0 such that

AK*FLK*F) <Y VNP, U Puw, CF, APy, U Puw,C f) < B(f. f).  VfeH.
JeJ
Let f € H, we have
A(UTTKU)*F, (UTTKU) ) = AQUK*(U™1)*F, UTK* (U™ 1)* )
< AllUIPKS (U™, KU1 )
< NWUIP Y S VAN P, U Pow, C(UTY)F, N Pw, U P, C (UT1)*F)

JjeJ

< WUIP D VAN P, U CUTY)F, NP, U C (UTH)*F)
JjeJ

= ||UII? Y VAN P, U (U™ CF, NPy, U (UTH)*CTF)
JjeJ

= ||UII? Y VAN P, CF APy, CF).
JjeJ

Then, for each f € H, we have
A — *
||U||2((U LKUYF, (UTEKUY*F) <> VNP, CF, ARy, C f).

Jjed
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Also, for each f € H, we have

> VNP, CF AR, C ) = VAN P, CUT (U F, NPy, C U (U1 F)

Jjed JjeJ
= > VNP U C(UTY)*F APy, USC (UTH)F)
Jjed
= > VNP U Puw, C(UTH)*F, APy, U Puw, C (UT)*F)
Jjed

< B((UTH*F, (UTH)*F)
< Bl|UTY|2(f, f).

Thus, A-o is a (C, C')—controlled U~tKU — g—fusion frame for H. O

Theorem 4.4. Let K € End}(H) be an invertible operator on H and N-- = {W; A}, vj}je; be
a (C,C")—controlled g—fusion frame for H with frame bounds A, B and S(c,c’y be the associ-
ated (C, C')—contro//ed g—fusion frame operator. Suppose that for all j € J, T*TW; C W,
where T = Ks(clc) and C, C' commute with T. Then {KS(CC)W AiPw, S(CC)
(C, C")—controlled K — g—fusion frame for H with the corresponding (C, C')—controlled g—fusion

K*, Vj}jEJ Is a

frame operator KS(CC )K*.

Proof. We now T = KS(Clc) is invertible on H and T* = (KS(Clc )) S(Clc K*. For each f € H,

we have

(K*f, K*f) = (S(CC)S(CC)K*f Sce.chyS )

(CC)K

<|ISicenllP(s CC)K f, S(Clc)K f)

2 1 * 1 *
< BAS 2 KT S 2 KOF).

Now for each f € H, we get

> VAP, T* Prw, C(F), NP, T*Prw,C (F)) = > VAN Pw, T*C(F), NiPw, T*C (F))

JjeJ JjeJ

=> VNP, CT*(F), APy, C T*(F))
JjeJ

< B(T*f, T*f)

< B||T|*(f, f)

2
< BIIS e IPIKIE 1)
B
<7
< lIKI(E£).
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On the other hand, for each f € H, we have
> VNP T Prw, C(F), NP, T*Prw, C (F)) = > VAN Pw, T*C(F), AiPw, T*C (F))
JjeJ JjeJ
= VNP, CT*(F), APy, C T*(F))
JjeJ
> A(T*f, T*f)
_ * 1 *
= A(S (CC)K .Sk )
A
K*f, K*f
> 23l )-
Thus {KS(CC )W NPy, S(clc )K*, Vi}jesis a (C, C)—controlled K — g—fusion frame for H.
For each f € H, we have
> VAC Pr, (NP, T*) (NP, T*)Prw, CF = > v2C Pry, TPw, N (NP, T*) Prw, Cf
JjeJ JeJ
=> V?C (P, T*Prw,)* N A(Po, T* Prw)CF
J€ed
=Y VCTRyNNPY,T*CF
JeJ
= VTC Py N APy, CT*f
JjeJ
=T VT Py N NPy, CT*F)
JjeJ
= TScenT(F) = KSig oy K™ (F).
This implies that KS(CC )K* is the associated (C, C')—controlled g—fusion frame operator. O

The next theorem we give an equivglent definition of (C, C')—controlled K — g—fusion frame.

Theorem 4.5. Let K € End(H). Then N is a (C, C")—controlled K — g—fusion frame for H if
and only if there exist constants A, B > 0 such that

AIKFIP < 1Y VAN Pw,CF APy, C )| < BIIFIIZ, VFf e H. (4.4)
Jjed
Proof. Evidently, every (C, C')—controlled K — g—fusion frame for H satisfies (4.4).
For the converse, we suppose that (4.4) holds. For any {f;};c, € P({H,}jc).

N * r\1 *
||Z vi(CC)2 Ry Nl = sup ||<Z vi(CC)2 Ry N1 gl
jed gdi=1 ey

= sup || (y(CC) 2Ry, 9

lgll=1 4=
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= sup |IZ (i, vilj PW(CC)29>||

ol g 1
< sup |16 AIIEIND vPIAPW, (CC)2g, AR, (CC)2g)]|2
Hgl_ JGJ jEJ
/ 1
= sup IIZ f IR Y VP (AP, Cg. AP, C 912
lgll=1 e jeJ
< sup (1Y (6. K)II2VBllgll = VBI[{f}jelll.
|g|7 Je_j

Thus the series \/J-(CC/)%PWJ./\J*G converges in H unconditionally. Since

(T A} es) = D (NP, (CCIEF, ) = (£, 3 v(CC)2 Py, A E).
Jjed JjeJ

T is adjointable. Now for each f € H we have

(T, TF) = Z V2 (NP, CF, NiBw, C £ < || TIP(F, £).
JjeJ

On the other hand the left-hand inequality of (4.4) gives

1
||K*f||2§Z\|Tf||2, Vf € H.

Then the lemma 2.6 implies that there exist a constant p > 0 such that

KK* < uT*T,
And hence
1 * * 2 !
S K) < (TR TF) = > VHNPWCE NPy, C ), Y EH.
jed
Consequently, A~ is a (C, C')—controlled K — g—fusion frame for H. O

5. perturbation of (C, C')—controlled K — g—fusion frame in Hilbert C*—modules
Theorem 5.1. Let Ao = {W,,Aj, vj}jes be a (C,C')—controlled K — g—fusion frame for H with
frame bounds A, B and I'; € End’(H, H;). Suppose that for each f € H,

/o1 N
(A Py, — 4T Ry )(CC)2 ) jesll <All(viA P, (CC)2F)jesl|+
11 %
Xl |(yT Ry (CC)2 F)jell + el [KHF].

where 0 < A1, Ao < 1 and € > 0 such that € < (1 — X\1)VA.
Then {W;,T}, uj}jey is a (C, C")—controlled K — g—fusion frame for H.
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Proof. We have for each f € H
’ 1 syl
1w (TR, CF T R,C |2 =|(yTR,(CC)2F)jelll
jeJ
ol r L
= [|(u;T; Ry (CC)zF)jes + (viNPw,(CC)2F)jey
1y 1
— (viN\Pw,(CC )21 )jelll
N
< (TR, — vil\j B, )(CC )2 1) je
ry 1
+ 11N P, (CC )2 1) je |
r 1
< (M1 + DA P, (CC)2 1) je ]|
1yl %
+ Xl [(u TP (CC )2 F)jel| + €l [K*F].
So
/1 *
(1 =2)I(uTP(CC)2F)jeyll < (M + 1)VBI|F]| + €l [K*].
Then
"1 A1+ 1)VBJ|f|| + €| |K*f
(T R(CC Y e )| < Lt VBN AR
1—Xo
(A1 + 1)VB +€||K]|
< (= I
1—Xo
Hence
, (A1 + 1)VB + €| |K||
1> u? (TR CEL TR, C ) < ( Y IIF11%.
jeJ 2
On the other hand for each f € H
’ 1 syl
1w (TR, C TR, C A2 =I(yTR,(CC)2F)jelll
jeJ
!
= [[((yT Ry = vil\iPw, )(CC)21)jey
ry 1
+ (i Pw,(CC)2 1) el
r 1
= |[(viN P, (CC)21)jell
N
— (TR, = viNi P, )(CC )2 1) je ]l
r 1
> (1= M)A P, (CC)2 1) je ]|
1yl %
= Xol|(u;Tj R, (CC )2 F)jeyll — €l [K*f]].
Hence
’ (1—>\1)\/Z—€ %
1Y u? (TR CE TR, C )| = ( )?|IK*FI|2.
; 1+ X
Jjed
By theorem 4.5, we conclude that {V}, T}, uj};cs is a (C, C')—controlled K —g—fusion frame for H. [
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