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Abstract. Generalized frames with adjointable operators called K — g—frame is a generalization of a
g—frame. In this paper, we give some results of dual K — g—bessel sequence, finally we obtain a new

properties of approximate K — g—duals in Hilbert C*—module.

1. introduction

Frames, introduced by Duffin and Schaefer [1] in 1952 to analyse some deep problems in nonhar-
monic Fourier series by abstracting the fundamental notion of Gabor [2] for signal processing. In 2000,
Frank-larson [4] introduced the concept of frames in Hilbet C*—modules as a generalization of frames
in Hilbert spaces. The basic idea was to consider modules over C*—algebras of linear spaces and to
allow the inner product to take values in the C*—algebras [5]. Many generalizations of the concept of
frame have been defined in Hilbert C*-modules [3, 6,8-10, 12-15].

Throughout this paper, H is considered to be a countably generated Hilbert A—module. Let {H,},c,
be the collection of submodules of H where / is a finite or countable index set. End’(H, H;) is the
set of all adjointable operator from H to H,. In particular End’(H) denote the set of all adjointable

operators on H.

Received: Feb. 28, 2022.
2010 Mathematics Subject Classification. Primary 41A58, Secondary 42C15.

Key words and phrases. g-Frame, K-g-Frame, C*-algebra, Hilbert A-modules.

https://doi.org/10.28924 /2291-8639-20-2022-24 © 2022 the author(s).
ISSN: 2291-8639


https://doi.org/10.28924/2291-8639-20-2022-24

2 Int. J. Anal. Appl. (2022), 20:24

Define the module
P({H;}jes) = {{x}ies - x5 € Hi 1D, )| < o0}
jeJ
with A-—valued inner product (x,y) = >_;c (X, y;), where x = {x;}je, and y = {y;}jey, clearly
I?({H;}e,) is a Hilbert A—module.
In the following we briefly recall some definitions and basic properties.

For a C*-algebra A if a € A is positive we write a > 0 and A™ denotes the set of positive elements

of A.

Definition 1.1. [7]. Let A be a unital C*-algebra and H be a left A-module, such that the linear
structures of A and U are compatible. H is a pre-Hilbert A-module if H is equipped with an A-valued
inner product (.,.) : Hx H — A, such that is sesquilinear, positive definite and respects the module
action. In the other words,
(i) (x,x) >0 for all x € H and (x, x) = 0 if and only if x = 0.
(i) (ax+y,z) =alx,z) + (v, z) forallae Aand x,y,z€ H.
(i) (x,y) = (y,x)* forall x,y € H.

For x € H, we define ||x|| = ||<x,x>||%. If H is complete with ||.||, it is called a Hilbert .A-module
or a Hilbert C*-module over A. For every a in C*-algebra A, we have |a| = (a*a)% and the A-valued

norm on H is defined by |x| = (X,X)% for x € H.

Definition 1.2. Suppose that X and Y are Hilbert A—modules and T € End(X,Y). The Moore-
Penrose inverse of T (if it exists) is an element T of End’(Y, X) satisfying
TT T =T, T TTH =T, (TTH)*=TT*,(TTT)*=T+T

Lemma 1.1. Let X and Y be two Hilbert A—modules and T € End’j(X,Y) Then the Moore-Penrose

inverse T exixts if and only if T has a closed range.

Definition 1.3. Suppose that K € Endj(H) and {A;}je; is a K — g—frame for H. A g—bessel

sequence {[;}je; for H is said to be a dual K — g—bessel sequence of {\;}jc if
Kx=>Y NTx, VYxeH

j€J
Definition 1.4. [3] A sequence {\; € End}(H, H;),j € J} is called a g—frame with respect to
{H,}jey if there exist constants C, D > 0 such that for every x € H

Clxx) < 3 UAX AX) < Dix, x). (11)

jeJd

As usual C and D are g—frame bounds of {/\;};c . If only upper inequality of (1.1) holds, then {A;};c,

is called g—bessel sequence for H.
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Definition 1.5. Let K € End}(H) and {\; € End(H, H;).j € J}. A sequence {\;}je; Is called
K — g—frame for H with respect to {H;};c, if there exist constants 0 < A < B < oo such that

A(K*x, K*x) < Z</\JX'/\JX> < B(x, x),Vx € H.
jeJ
A K — g—frame {\;}jc, is said to be tight if there exists a constant A > 0 such that
D (Nix, Aix) = A(K*x, K*x),¥x € H.
jeJd
2. Main Results

Theorem 2.1. Suppose K € End’j(H) has closed range and {/\; € End’(H, H;)} is a K — g—frame
for H. for each j € J, let T; € End’j(H, H;). Then the following statement are equivalent

(1) The sequence {T;}jc, is a dual K — g—bessel sequence of {/;}c.
(2) For each a € Ker(K), ZJEJ NTja = 0. the sequence {[j}jes is a g—bessel sequence
for H, which can naturally generate a g—bessel sequence {0;};c, for H in the forme 6; =

(KT Prange(iy for each j € J such that

h=> N6h=> 0:Ajh, Vhe range(K) (2.1)
j€d jeJ
where Py apge(k) denotes the orthogonal projection onto range(K).

(1) = (2) Assume that {I;};c, is a dual K — g—bessel sequence of {A;};c,, then for each
a€ Ker(K), > e ;NTja= Ka=0 and we have for any h € range(K)

h=KK"h= Z/\jij—i_h = Z/\jij—i_Prange(K)hv
JjeJ JjeJ

put 6; = ;KT Prange(k), for each j € J

so for any x € H

Z<QJX’ 91X> = Z<FJK+Prange(K)Xv ij+Prange(K)X>
jed jed

< Dr(K*x, KTx)
< Drl|KT(12(x, x),

hence {6;};c, is g—bessel sequence for H.
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Let g, h € range(K)
(g.hy = (> _N6;9.h)

Jjed

= Z<9J'g,/\jh>
JjeJd

= Z<FJK+Prange(K)gv /\Jh>
JjeJ

= Z<g' (ij+Prange(K))*/\jh>
Jj€J

= (9. ) 0 N\h),

jed
therefore, ZJEJ *Nih=h (2) = (1) We have range(K*) = (Ker(K))* then each x € H can be

J
expressed as x = x; + xo, where x; € range(K™) and x; € (range(K+))* = Ker(K), so

Kxa =Y NTiKT PrapgeryKx1
Jjed
=Y NTKTKx
Jjed
= Z/\J’-‘ijl.
Jed

And we have, Kxo = 3, ;AjTjx2 = 0, we obtain

Kx = K(x1 + x2)
= KXl

= Z/\jrjxl
jed

=Y N0+ x)
jed

=Y ATx.
Jjed

Hence, {I'j};c, is a dual K — g—bessel sequence of {A;},c,.

Theorem 2.2. Suppose that K € Endj(H), /\J-,/\J'» € End}(H, H;) for each j € J and that {T; €
End(H;j, Wji)}iei; is a g—frame for H; with bounds Cj, D; such that 0 < C = inf;e; C; < supje; D; =
D < oo.
Let {F;-,- € Endy(H;, Wji)}ie), be a dual g—frame of {T';i}ie; for each j € J. Then the following
conditions are equivalent
(1) The pair {A;}jcs and {/\}}je_j are a dual K — g—frame pair.
(2) The pair {Ti\;}jeyiel, and {rjiA;}jeJ’jelj are a dual K — g—frame pair.
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Proof. Suppose that {A;};c; is a K — g—frame for H with bounds Dp and Ch.

For each x € H, we have
DO AN Tiifx) <7 Di(Ax, Ajx)
jed iel; jed

< DDa(x, x).

On the other hand

2{:2£:<FNAJX,FJMMX> E:EE:CUAJX'AJX>

jeJ i€l jed

> CCA(K™x, K*x).
Assume now that {IiA;}je e, is @ K — g—frame for H with bounds A, B. For each x € H
CU<AJX,AJX> 5;25:([]7ij,f]ijx>j§ EU(AJX,AJX>,
/E/j

then

D hx Ax)y <> Ci > (Fjinx, Tjilx)

j€d jed el

S %;j{::i:(ngij,F]ijx>

jed i€l

IN

B
E(X, X).

On the other hand

D Nix Apx)y = % D (Fiilx, Tjix)

jed jes el

% DN (iNx, Tjilix)

Jjed /E/j

v

A
> B<K*X, K*x).

Therefore {A;};c, being a K — g—frame for H is equivalent to {I iA;}jeie); being a K — g—frame
for H, it remains only to prove the duality, then for each x € H, we have

Z /\f/\j—x = Z A ( Z rJ*/rJ//\JX

JjeJ JjeJ i€l;
- Z Z AT rj,/\Jx

jed iel;

=2 D (TiN) TiAx,

JjeJ fE/j
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o) {/\;—}je_j is a dual K —g—bessel sequence of {A;};c, if and only if {Fj—,/\;}jei,‘gj is a dual K—g—bessel

sequence of {IjiA;}jeuiel,- -

Theorem 2.3. Let {A;};c; be a Parseval K — g—frame for H where K € End’y(H) has closed range.
Then {N\j(K*)*}jc, is a dual K — g—bessel sequence of {A;}jc,.

Proof. For each x € H, we have

D MK X A (K) x) = (K (K)o, K (K ) ™)
Jjed
< IKIPIKHIP(x, x),
then {Aj(K*)*}jc, is g—bessel sequence for H. And we have for each g € range(K*), g =
K*(K*)*g = K*(K¥)*g. so

Kg=KK(K*)"g=> NN(K")*g.

jeJ
If h € (range(K*))* = Ker(K) we obtain h € Ker((K*)*) implying that > e NN(KT)*h=0=
Kh, altogether we have Kf =3, AfA;(K¥)*f for each f € H. O

Theorem 2.4. Suppose that K € Endj(H) has closed range and that {\; € End(H, H;)}jey is a
Parseval K — g—frame for H. Then the following condition hold.
(1) For any dual K — g—bessel sequence {0;}jc; of {\;}jcs we have T Tx = TiTe, where Ty is
the analysis operator of {\;(K™)*}jey.
(2) If{l';j € End(H, H;)}jes Is also a Parseval K — g—frame for H such that TXTr = 0, then
{Aj}jes and {T;}jc, admit a common dual K — g—bessel sequence {N;(KT)* +T;(K")*}je,.
Proof. Assume that {6;};c; is a dual K — g—bessel sequence of {A;};e,. So
Th(Tax = Tox) = > NN(KD)x =) Ajfx
jed jed
=Kx—Kx=0,
then,
(TX(Tx = To)x,y) = (KT TA(Tx = To)x, ) =0,
hence, T3(T5 — To)x =0, s0 T T = TxTp. (2) Since T{Tr =0, then
S ONNKTY (KT )x =D AA(KT)*x
Jjed Jjed
= Kx
= (KX
Jjed

= ST A(KT) + (KT )x
JjeJ
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Theorem 2.5. Let {\; € Endy(H, H;);j € J} be a K — g—frame for H with bound A and B. Then
{\;}jes is a g—frame for H if K* is bounded below.

Proof. Since K* is bounded below, then there exists C > 0 such that
(K*x, K*x) < C(x,x),Vx € H.

And we have

A(K*x, K*x) < Z</\1X'/\1X> < B{x,x),Vx € H.
jed
So,
AC(x, x) < A(K*x, K*x) < Z</\J‘X,/\J‘X> < B{x,x),Vx € H.
jeJ

Hence, {A,}c, is a g—frame for H. O
Theorem 2.6. If {\; € End(H, H;);j € J} is a tight K — g—frame with bounded A, then {\;};c, is
a tight g—frame with bounded B if and only if the right inverse of the operator K is gK*.

Proof. Now if {A;};c, is a tight g—frame with bounded B, then
Z(/\J-x, Nix) = B(x, x),Vx € H.
Jjed

Since {A;}jey is a tight K — g—frame with bounded A then,
A(K*x, K*x) = B(x, x),Vx € H,

hence,
N B
(KK*x,x) = (=x, X),
A
therefore,
B
KK* = —1
AH:
so, gK* is the right inverse of the operator K.
Conversely, assume that %K* is the right inverse of the operator K, then
B
KK* = —|
AH
S0,
A(KK*x, x) = B{x, x),
hence,
A(K*x, K*x) = B(x, x),
since, {A,}je is tight K — g—frame with bound A, then

B{x,x) = Z(/\J-x, Ajx),Vx € H.
JedJ
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O

Theorem 2.7. Let | C J be given. Suppose that {\; € End’y(H, H;),j € J} is a K — g—frame with

bounds A, B and K — g—frame operator Sa,j. Then the following statements are equivalent:

(1) 1range(k) — SKIJS/\,, is boundedly invertible on range(K),

(2) The sequence {N}jes—1 is a K — g—frame for H with lower K — g—frame bound
B-1
HS/Y}J'PHK*(Irange(K)—SlejsAll)—l”2‘

Proof. Denote the frame operator of the K — g—frame {A;};c,—; by Sa j—;. We have
Sag—1=Sns = Sn1 = SAn(range(k) — SKlJS/\,/),

then, {A;}jes—sis a K — g—frame if and only if /,,nge(k) — erlJS/\y, is boundedly invertible.
Suppose that /,,nge(k) — Sp jSA.1 is invertible. for any x € H

X = SK1JS/\,JX
- s (Zance ¥ wa)
Jjed jed—1
= SAISAIX+ Y SAENAX.
Jjed—I
So,
(/range(K) - S/TE/S/\,I)X = Z SXE//\;‘/\J'X.
Jjed—I

Hence,

H(/range(K) - SXE]S/\,/)XH = H Z SKbAjAjX||
JjeJ—I

<

<VB|S Y

therefore,

H(/range(K) - S/Y{/S/\I)XH < \/E“SXb‘|

sup
lyll=1

sup
lyll=1

sup
lyll=1

( Z SKbAjAjX,y>
JjeJ—I

D (Nx, SR LY)

Jjed—I1

> (X Aix)

Jjed—I

> (Nx AX)

jed—I

Z </\J'X, /\J'X>

JjedJ—I

|
|

> (NS LY NS LY)
Jjed—I

2

1
H2
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then /range(i) — Sy 5Sa.1 is well defined. If /,ange(k) — Sp jSa.1 is invertible on H, then for any x € H
we have
HK*XH < ||K*(/range(K) - SKBSA,/)_1||||(/range(K) - SXbSAI)X||

hence,
Bfl

||SK5||2||K*(/range(K) - SKbSA,I)_1||2

IK*x|I? < |l

> (Nx Ax)

JjeJ—I

Definition 2.1. Consider two g—bessel sequences {A\; € Endjy(H H;),j € J} and {6; €
Endy(H, H;),j € J}. The sequence {A;}je; and {6;}c, are said to be approximately K — g—dual
frames if [|l;ange(ky — TATg || < 1. In this case, we say that {6;};c, is an approximate K — g—dual of
{Aj}jes.

O

Theorem 2.8. If {6}, is an approximate K — g—dual of {A;}je,, then {6;(TAT§) ‘}jesisa K —
g—dua/ Of{/\j}je_].

Proof. it is easy to see that {6;(TaT;) '}jey is a g—bessel sequence and

x = (TATg)(TATg) ™ *x

=2 NO(TATE)
j=0

= Z /\J* (ej Z(/range(K) - —T/\Te*)nx> .
j=0 j=0

Then, 9](7—/\7—9*)_1 = {QJ Zj.io(/range(K) — —T/\Te*)n}je_/ isa K — g—dual of {/\j}je_j. O
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