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Abstract. This study discussed some interesting aspects and features of fractional curvature in the
differential manifold. In particular, Riemannian fractional curvature tensor, Livi-Civita fractional con-

nection and Bianchi fractional identity are presented.

1. Introduction

In mathematics, several special functions appear in many applications such as the Gamma
function that plays some significant roles in the theory of integral differential equations in particu-

lar fractional calculus. Thus, we begin with some definitions, for the details we refer to ( [1], [15], [8]).

The Gamma function of a positive integer m is again a positive integer, while the gamma function
'(—m) of a negative integer changes to infinities. The Gamma function any positive n value is defined

as follows:
F(n):/ t~Lletdt.
0

The Gamma function '(n) is considered as a generalization of the factorial and '(n) is defined for

n > 0 by the integral
r(n) :/ t~Lle"tdt.

0
_

=
However, the extension formula gives finite values for I'(n), for R(n) < 0 since [(n) is analytic

In the classical sense since I'(0) then it follows that I'(n) is not defined for integers n < 0.
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everywhere except at n =0, —1, =2, ..., and the residue at n = k is given by

(=)
Res,—«I'(n) = PR
Now, if n > 0, then
F(n+1)=mnl(n). (1.1)

Equation (1.1) can be used to define I'(n) for n < 0 and n # —1, =2, ... and further, this is one of

the most important formulas that were satisfied by the Gamma function.

Even though the Gamma function is defined as a locally summable function on the real line by [17]

r(n) :/ t"~te tdt, n > 0. (1.2)
0

In the classical sense, (1) function was not defined for the negative integer thus, there was an open
problem to give a satisfactory definition. However, by using the neutral limit, it has been shown in [21]

that the Gamma function (1.2) is defined as follows:
o
r(n)=N-— Iim/ thLle tdt
e—=0 J¢
form #£0,—1,—2, ..., and this function can be defined by neutral limit such as

[(=n)=N— Iim/ tT et dt
€

e—0

= /oo = le~tdt
1
1—n— —t . _1 1)’
+/Ot 1[e _,Z;(” ]dt—zll((n_)l) eN.

It was also proven in [20] the existence of r the derivative of the Gamma function and defined it by

equation

r(o)y=nN— Iim/ t~1In" te tdt

e—=0 Je

o 1
= / t™tIn" te"tdt + / t™tn"t[e7t —1] dt
1 0

r(=n) =N — lim / t=" 1" tetdt

€0 Je

o0
—/ t™" M n" te~tdt
1
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for r € Ng and n € N. Also,

(= ) (— )r

M—r) =

forr=1,2,..., where
.
1
Y(r) = Z 7
i=1
Thus, the definition can be extended to the whole real line where,
rQo)=ra=-

where y denotes Euler's constant, see [22].

For a function f: V C R — R with 0 € V, the fractional derivative of order a is defined by:
d* 1 tf(s)—f(0)

Jra —f(t) = f—a) |, (t—s)+e ds, a<0 (1.3)
a1 d" [t f(s) - f(0)

where n is the first integer greater than or equal to o.

The relation (1.3) gives a fractional integral and (1.4) gives a fractional derivative.

We express some of the operators of fractional derivatives, see for example, [4,7,9,10,12, 16].
d“ (1
dte Ml+v9+ o)
dn da dn+a
@) G gra ") = Grawa (0)

@) A0+ B(0) = () + J (o),
(4) —(Cf(t)) = C:a f(t), where C is a constant,
(5) P f(Bt) =B s B f(Bt).

It is well known that fractional calculus is an essential and advantageous branch of mathematics,

t"7%* a€eRor(aeC)and1+vy#0,-1,...,—n,

dte
d“

dt"‘

having a broad range of applications at almost every department of sciences. Techniques of fractional
calculus have been employed in the modeling of many different phenomena in engineering, physics ,
and mathematics. The problem in fractional calculus is not only essential but also quite challenging
,which usually involves complicated mathematical solution techniques. However, a general solution
theory for almost every issue in this area has yet to be established. Each application has developed
its approaches and implementations. Consequently, a single standard method for the problems in
fractional calculus has not emerged yet. Therefore, funding reliable and efficient solution tech-

niques along with fast implementation methods are significantly essential and still active research areas.
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Further, it is also realized that the operators of fractional integration and derivation have physical and
geometric interpretations, which streamline along with their utilization for related issues in various
fields of science( see [2], [8], [10], [11], [12], [14], [18], [19]). Moreover, the fractional differential
calculus on a differential manifold is studied in( [2], [3], [4], [6], [13]). Even though fractional calculus
is a handy and important topic, however, the research on geometric interpretation and applications are
limited ,and not many in current literature. Thus, in this study, we focus on the Riemannian curvature
tensor, Livi-Civita connection and Bianchi's identity on fractional differentiable manifolds and discuss

some related properties. We also give some examples.

2. Fractional Differential Calculus on Manifolds

Assume that N be an m-dimensional differential manifold (V, x;) a local coordinate system on N
and Vo:{XE V: 0<x < b/,f: 1,2,...,m} [5]

For a function f: Vy — R, the fractional derivative with respect to x;:

O f(x) =
1 H/X’ f(Xt, .. Xic1, Sy Xit1, o Xm) — F(x1, .. ., Xi-1, 0, Xi+1, ..., Xm)ds
rn—a) ™/, (x; — s)a—ntl '
here@"—ioio o — (n times, i is fixed, o > 0)
W T ax 0% Ox ' e

For a € (0,1),v > —1,
r(1+-)

() = ——— T A =§

(xi) rl4+vy-—o) !

A fractional vector field V C N is an object of the form X% = X867, where X[ € Sy(N) i=1,...,m.

The fractional vector fields on V' and x{ is generated by the operators 87,/ = 1,2,...,m are denoted by xy . If

c: x =x(t),t €l is a parameterized curve in U then the fractional tangent vector field of ¢ is given by

x(t) =

1 o (1)
= mat X,(t)@, .

A fractional covariant derivative is given by
VY = XY + Y8
where X%, Y* € x{ and I:/k the functions defining the coefficients of a fractional linear connection on N. They are
determined by the relations
Ve = 07
Since it is essential to study fractional vector fields on a differentiable manifold N. For R”, there is an obvious way to

do this. Recall that x*(R") denotes the space of fractional differentiable vector fields defined on R. Examples are the

fractional vector fields determined by the natural coordinate functions uy, ..., u,.

ous ouy

Definition 2.1. Fractional Riemannian metric F on m-dimensional manifold N defines for every point p € N, the scalar

product of fractional tangent vectors in the fractional tangent space TSN depending on the point p.
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Let A% = A?87 and B* = B0/ any two fractional vectors tangent to the manifold N at the point p with coordinates

X = (X1, ..., Xm) (A% B* € Tg'N) the scalar product is equal to

(A% BMe o = AT(X)3(X)Bf(x)
§11 gln Bla
= (A% ., AY)
g1 .. Gmn) \BY

where

(1) F(A%, B*) = F(B* A%), i.e., dij = g (symmetricity condition).

(2) F(A*, A*) > 0if A% #0, ie. gyuu® >0, gyjuiu® = 0iff uf = ... = uy = 0 (positive definiteness).

(3) F(A*, B%) |p=x, i-e. Gjj(x) are smooth function where 0 < o < 1.

Components of tensor field F in coordinate system are matrix valued functions §j;(x)

F = gj(x)d"x ® d*x;.

Rule of Transformation for Entries of the Matrix gj;(x)

gij(x)- entries of the matrix || §j; || are components of tensor field F in a given coordinate system.

How do these components transform under transformation of coordinates {x;} — {xi} ?

F = §,-jdx,°‘ X dea

o (O a 0% | o

= g (ﬁdxﬂ) X (6)(]?‘ dXJ/
a g2

X & iadxf/" ® dx;i

Jij
6X,?‘ v aXJ/
= Gij dX,vO/‘ ® dXﬁc

Hence,
x> . Ox

| o~

e iz a-
oxgy J axﬁ‘

g,'/j/ =

Example 2.1. Consider R? with fractional polar coordinates in the domain y > 0, X = (r*cos®¢p, r*sin®y), then

%X
ore

= (alcos® @, alsin® ).

X i .
opn = (a!e"”ro‘ sin® @, alr® cos® (p) .

5 (al)? [cos™ ¢ + sin®* y] (al)?r* [e**™ 4+ 1] sin® p cos™ ¢
9ij = i . P
Y (al)?r* [e*™ + 1] sin®pcos®p  (al)*r** [e®™ sin’* ¢ + cos™ o]

We have that

F = (a!)’ [cos® ¢ +sin** @] (dr®)?

+2(al)’r* He“” + 1] sin® @ cos® <p] dr®de®

+(a!)2r2a |:62IOL1\' sin2o‘(p+cos2a (P:| (d(pa)2}.



6

Int. J. Anal. Appl. (2022), 20:26

Notice that ,

as expected, when a = 1, one recovers the classical formula.

F = (dr)’+r° (de)’.

o= 0.1 0.2
G 0.905[C02 + 592] 0.843[CO4 + 594
Gro = Gor 0.905r%1[j + 1]59-2C0-2 0
Gy 0.905r02[—502 — 0.2 0.843r0:4[— 504 4 CO4]
F 0.905[C%2 + S02]dr0-2 0.843[CO4* + S04 dr04
+1.8101r%1 [/ 4 1]5°%2C%2(dr)* (dy)? +
40.905r°2[— 502 — C02](dp)-2 0.843r04[— S04 4+ CO4] ()04
Table 1. C =cosp,S =siny
a= 0.3 0.4
Jrr 0.805[C?6 4 S99] 0.787[C%® + 508
Gro = Gor 0.805r03[[i + 1]5°3C93) 1.574r0-4503C03
Jop 0.805r%-6[—S0-6 4 CO-6] 0.787r%8[S08 4 C08
F 0.805[C%° + S%°](dr)®° 0.787[C%% + SO8](dr)®®
+1.61r03[[i + 1]S%3CO3)(dr)3(dep)3 | +3.148r04504CO4dr*dip*
+0.805r0-0[— 596 + CO-](dyp)-° +0.787r98[S508 + CO8](dyp)8
Table 2. C =cosp, S =siny
a= 0.5 0.6
Jrr 0.785[C + 5] 0.798[C'? + S'?]
Gro = Gor 0.785r93[j + 1]S9-5C0> 0
g 0.785r[-S + C] 0.798r12[S12 4 C12?]
F 0.785[C + S]r(dr) 0.798[C*? + St2](dr)*?

+1.57r%2[j 4 1]5%2C%2(dr)°>(dy)®*
0.785r[-S + Cldyp

+
+O.798/’1'2[51'2 + C1'2](d(p)1'2

Table 3. C =cosp, S =siny
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a= 0.7 0.8
G 0.826[C1* + 514] 0.867[C16 + 519]
Gro = Gor 0.826/%-7[i + 1]S°7CO7 1.734/0850808
P 0.826r14[— 514 4 C14] 0.867/16[S16 4 C16]
F 0.826[C1* + S™#](dr)1* 0.867[C16 + S1¢](dr)L°
+1.652r97[i + 1]S%7CO7(dr)* 7 (dp)®" | +3.468r0850-8C08¢ 0808
10.826r14[—S14 4 CL4(dp)* | +0.867r16[S6 4 CL6](di)L

Table 4. C =cosp, S =siny

a = 0.9 1
Gy 0.925[C® 4 S18] 1
Gro = Gor 0.925r09]j 4 1]59°C0° 0
gep 0.92518[—-S18 + C19] r?
F 0.925[C*® + S18](dr)t8 (dr)?
+1.85r%9[j + 1]599C09(dr)%(d)°° +
40.925r18[— S8 1 CL8](dp)1® r2 (dep)?

Table 5. C =cosp, S =siny

Remark 2.1. Let N is an m-dimensional Riemannian manifold with fractional metric tensor §,then we shall denote the

fractional derivatives of the elements of tensor § as follows:

80(
Jijk = 87X,‘("glj'

and

o* 8%
ijki = Waixf‘g'j

20

= Wgu,/,j,k,/:L...,n.

Definition 2.2. Asymmetric fractional connection is called Levi-Civita fractional connection if it is compatible with metric,

i.e., if it preserves the scalar product:
B%a (Y, Z%) = (Y Y™, Z%) + (Y, Y% Z%)
for arbitrary fractional vector fields X*,Y<, and Z°.
In local coordinates Christoffel symbols of Levi-Civita fractional connection are given by:
P = 25005 + 075, — 6 ).

Proof. Since

ajaei = /:/Tem (2-1)

[Memer = (8 ei)e (2.2)
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FPgm = 08%(eie) — e(dler)

(o3 ~m
= 8J gir — /—Ij EmE;

= 8%gi— [ gmi. (2.3)
then
/:lf'ngm/ + /:/Tgmi = 8/ g, (2.4)
which implies that
£ Gt + T Gmi = 07 G- (2.5)

In this equation, the index m is a dummy, so only the indices /,j ,and / are specified. We can cyclically permute these

indices to generate two more equations:

I:jr/ngmi + I://ng = 8/ gjl (26)

Fir Gmi + 77 Gmi = 873 (2.7)
since /:,-’” /’J’,”, then

I:ITgmi + I:irlngmj = a;)lgfj (28)

/:i,/ngmj + Izlj’ngml = quglj- (29)

We can now add (2.5)to (2.9) and subtract (2.8)to get
2F ] G = 8 Gir + 87§y — 07 G
2F 7 Gmd" = §"(8] G + 67 G — 67" Giy)

since Jmg* = 8%, then
i = *§k1(5 Gir + 07y — 07" 3iy).

we can write
. 1 ko ~ P
rj = §9k/(9iu + i = Gisir)-

Example 2.2. For 2-dimential polar coordinates X = (r*cos®p, r*sin®p).

The metric tensor and its inverse here are:

- (al)? [coszo‘ @ +sin®® (p} (al)?r> [ 2om 4 1] sin® ¢ cos® ¢
= ((a')2 * [e*™ + 1] sin® pcos® @ (al)’r*® [e*™ sin®* ¢ 4 cos <p]>
i ( Hal)?r* [€*™ sin®* o 4 cos™ @] —ATN(a!)?r™ [€*™ + 1] sin® ¢ cos® Lp)
—A N (al)?r [T + 1} sin® ¢ cos® AN (al)? [cos®™ ¢ + sin®* @] '
where
A= (al)*r® { [cos™ ¢ + sin”* o] [eza’” * ¢ + cos’ (p] — [e‘”" + 1] sin®® ¢ cos™ (p}
Therefore,
0%, = ( ‘ 0 (al)® [e*™ + 1] sin"‘ pcos® >
(a)? [e*™ + 1] sin* pcos® p  (al)(2a)!r® [€**™ sin®* ¢ + cos™ ]

525 — (a)(2a)! [e o +1] cos"‘(psin"‘(p (a)?r* [e*™ +1] [e ol 5in2%  + cos? ]
NG [e°™ + 1] [e*™ sin®* ¢ + cos™ ¢] (a)(22)!r** [e*™ + 1] sin® @ cos® '
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Then ,

)
/—rr

Fo
Top =

~ 1. - ~ -
o= 580G+ 067G — 0]'Grr)

. 2
= —AlYah)’r [e‘”‘ + 1] sin®® @ cos™ @,

~ 1. - - -
/_rrcp = Egr'(aigr/ + a;xglw - aﬁgrw)
= 0

_ ~r
= 1},

1. - - -
59”(3&?%/ + 639@ - a/agww)

(a)?r*(2A)7! { [eZo"'fsin2°‘<p + cos® (p] [2(a!)3r°‘ [eo"” + 1] [e”"” sin®® ¢ + cos™® <p]

— (a)(2a)!r™ [620”” sin®* @ + sin®* (pH — (a)(2a)!r® [eo”” + 1} sin®® @ cos™® <p} ,

1. - o~ o~
ng(a‘pg,/ + 07 dir — 0/ Grr)

2 1 j 2. 2 2 2 j
—(a)?(2A)” {(a!)(2a)!r°‘ [eo”” + 1} sin”® g cos”® ¢ + [cos™ ¢ + sin®* ] [eo”” + 1]
X [(a!)3r°‘ [e”"” sin®* ¢ 4 cos™ <p] + (a!)®sin® p cos® p — (a!)(2a)! cos™ @ sin® (p] } ,

. 1. . ~ .
% = 587(053n + 067G — 07Gry)
= (a)?(2A)7! {—(a!)(2a)!2r°‘ [eam + 1} cos™ @ sin® @

+(ah)(2a)!r* [cos® ¢ + sin** ] [e2°"” sin®* @ + cos™® (p] }

— e
= fe,

1 ~ol

2

g (33@0/ + 5’3% - a/agww)

(a)?rP*(2A)7! {f [eo‘m + 1] sin® p cos™ [2(04!)3 [eam + 1] [e”" sin”* ¢ + cos™® <p]

—(ah)(2a)! [emm sin®® ¢ + cos** (pH + (ah)(2a)! [eo”” + 1] [sin2a © + cos** @] sin® @ cos™ (p} :

3. Fractional Curvature

Definition 3.1. The fractional curvature R of order o of a Riemannian manifold N is a correspondence that associates

to every pair X*,Y* € x% a mapping ﬁ(X"‘, Y*): x*(N) x x*(N) = x*(N) given by

é(XO‘, Ya)Za — v;a vga Za - V$a V)a(a Za - v([xxavya]Za,

where Z% € x* and 7% is the fractional Riemannian connection.

Remark 3.1.

R(X*,YNZY = V% Ve Z% = VSa Uka Z% — Vikayea Z®
= —(V¥a Vxa Z% = Uka V¥a Z% = Viya x1Z%)
= —R(Y* X*)Z“.

Proposition 3.1. The fractional curvature R of a Riemannian manifold has the following properties:
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(1) R is bilinear in x*(N) x x*(N), that is,
R(FX* 4 gY®, ZH)W®* = FR(X®, Z*)W* + gR(Y*, Z*)W*?,

R(X%, FY® 4+ gZ*)W* = FR(X®, Y )W* + gR(X*, Z*)W*?,
where f, g € (M), X*, Y, Z% W* € x*(N)
(2) For any X%, Y* € x*(N), R(X*,Y?) is linear

R(X*, Y)(Z* + W) = R(X*, Y Z* + R(X*, Y*)W*,

R(X*, Y*)(FZ*) = FR(X* Y*)Z*%,

where Z%,W*® € x*(N)
Proof. (1)
R(FX* + gY®, Z*)W*
= Ufxatgra Vza W — VZa Vixargye W = ixasgya, za)W*
= (f VX +9Vve) Vza W = VZa(f Tka W + g Tya W)
- V?[XO‘,ZQ]-%—g[YO‘.ZO‘]—(ZO‘f)XO‘—(ZO‘g)Y”‘ we
= Ve VZ2aW* + g V¥a VZaW* — (Z°F) ke W
—f VZa VxaW® = (2%9) V¥a W* — g VZa VyaW® — f ik, za) W
—g Ve zog WS+ (Z%F) ke W* + (Z2%9) V¥ W®
= f(Vke VZa W = V22 Vka W — ke zgW®)
+9(V¥e Vza W = VZa Vya W — Ve za)W®)
= fR(X*, Z)W®* + gfR(Y®, Z%)W*.
Also,

R(X*, fY* +gZ*)W® = —R(fY* +gZ% X%)
= —fR(Y*, X)W* — gR(Z%, X*)W*
= fR(X® Y)W + gR(X*, Z*)W*.

R(X*, Y*)(Z* + W)
= Vka Vya (Z% +W*®) = U¥a Uika (2% + W) = Vka v (Z% + W®)
= Uka Vya Z% + Uka Vya W — ZVa Ve Z°
— Vve VxaW® = ik ye) Z% — ke yo W™
= (Ve V¥a Z% = Uya Ve Z% = Ve ya Z%)
+(Vke Vyve W = Ve Ve W — Tika ya W)
= R(X*,Y*)Z* + R(X™, Y*)W*.
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Also,
R(X*, Y*)(FZ%)
= Vka Vya (FZ%) = va Ve (FZ%) = Vika,ye (FZ%)
= Uxe((YOF)Z® + £ 7Va Z%) = WFa((XF)Z% +  Tke Z%)
—(([X* Y®IF)Z® + f 7 iaya) Z%)
=X*(Y)Z% + (Y°F) Uke Z% + (XOF) Uya Z% + f Yka YyaZ®
“YHXF)ZH 4 (X)) Ve 2%+ (YOF) Tka Z% + F Ve Ve Z®
—([X*Y2IF) Z% = F Uixayeg Z°
= ([X* Y1) Z% + (V% V¥a Z% = U¥a Ve Z% = Vikeya Z%) — (X%, Y]F)2*
= fR(X®, Y*)Z".

Proposition 3.2 (Bianchi Fractional Identity).
R(X*,Y*)Z* 4+ R(Y®, Z%)X* + R(Z*, X*)Y* = 0.
Proof.
R(X*,Y*)Z* + R(Y*, Z*)X* + R(Z* X*)Y*
= Uke Vva Z% = VVa Vka Z% = Vika ya Z°
+ Vve V2 X® = VZa Uya X¥ = Vlya za)X*
+ Ve UkaY® = VUka Ve Y = Vlza xa) Y™
= UxalY®, Z 4+ 7va[Z%, X + V5 [X*, V7]
- Vﬁw,w] z* - Vﬁ/a,za]xa - V([lza,xa]ya
= [X* Y, Z° + [Y*, [Z% X + [Z2%, [X*, Y]] = 0.

In local coordinates
R(8%, 8%)o% = Rijdf,

and
Rikm = (R(8]". 870k, 85)

= (Rudr.o%)

= Ry (0. o5)

= RixGm-
The fractional Riemannian curvature tensor acts on fractional vector fields as follows:

R(X*, Y%, Z% W) = (R(X*, Y*)Z%, W*).

Proposition 3.3. (1) Rijki + Rikit + Ruiji = 0.
(2) R = —Rjins.

(3) Rijw = —Rijik.
(4) FN?:‘jk/ = R’k//j-
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Proof. (1) is just the Bianchi fractional identity again.
(2)
Ry = (R(87,87)0%, )
= (=R(8. 8¢, 6F)
= —(R(&} 8788, 87)

- — Njikl-

(3) is equivalent to Rjxx = 0, whose proof follows:

Rukk = </§(8f‘,8f‘)8?,8,f‘>

= (V% V& O — Vi Vi OF — Viseam0k. OF ),

but
(5 5 0F 07 ) = 07 (VBa0f 87 ) — (VE0F, vBaof ),
and
(Vo108 0F) = 5 [07. 57 (68, 0F).
then

R = of (v508.08) — 07 (V30808 ) + 5 [07. 67 (08, 3F)

1

1 (o3 o (el (o3 1 (o3 (o3 o (el o o o o
= Eaj @ <6k'5k>)—§5f (85 <ak-8k>)+§ (07, 87] (Bk. 6;)

1 1

(4) By Bianchi fractional identity we have
léijk/ + léjkil + lékr’j! =0
léjkli + lék/ji + lé/jki =0
R’km + é/lkj + ﬁ/ku =0
Riijk + Rijik + Rijik = 0

summing the equations above, we obtain
2Ruij + 2Ryjki = 0,

then

Ruiji = —Rijki = Rjiki-

Proposition 3.4. The following expression holds
2I§ijkm == gjm,kl + gkm,j/ - gjk,m/ - gfm,kj - gkm,/j + gik,mj - 2/:J;</:Iin§r$ + 2I:1;(/:J$m§rs
Proof. From the definition of the Christoffel symbols, 75«07 = I:,j‘(’B,‘(1

2 <vglaaj*, aﬁ;> = 2 <ﬁ56i‘, 823>
27 Gk

= Gimj + Gimi — Gijm,
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an appropriate rearrangement of the indices yields the following expression:

2 <vgjaa;*, a§7> = 2 <fjk8f’, 8%>

2’7k§im

= gjm,k + gkm,j - gjk,m- (3.1)
O < Vo0, O >=< Vg Vox Ok, O > + < Ve 0k, Vor O >

whence, by (3.1)

2(V% Vi 0. 0%) +2(VEof v%0%) = 207 (vEoF.0%)
= o (f]imgi/@?gﬂ + 6] grr — Blagjk))
= Gimki + Gkm.ji — Gikmi-
(3.2)
By switching / and j we also have that
2(V8 V5 OF. 05 ) +2(V5e0F, VEOR) = Gimis + G — Gk
(3.3)
Combining (3.2) and (3.3) yields
2(V8e i 08,05 ) — 2 (VEe VB 07,03 ) =
Gim,ki + Gkmji — Gikmi — im,kj — Gim.ij + Gikmi
—2 (V50 V505 ) + 2 (V50F, V0% )
By definition
R (&7, 8f) 8F = Vsa Ve OF — Vb Ve OF
whence
2Rijm = 2(R(8%,8%)8¢ o)
= 2(v% Vg 8.0 ) —2(V5 v .00,
so we have proven that
2Rijkm =
Gim.ki + Gkmji — Gjk.mi — Gim.kj — Gkm.ij + Gik.mj
—2( V508, 505 ) +2 (V5L V55 )

By the definition of the Christoffels,

(Vaok vaoh) = (Fhor Fndt)
= Pl (0n.00)
= Mil/:ﬁngrs’

(V508 v305) = (Fho% Fnds)
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then

2liijkm = gjm,kl + gkm,jl - gjk,mi - gim,kj - gkm,ij + gik,mj - 2I:Jrk/:/fn§rs + 2/:/:(/:_/smgrs

Remark 3.2. /fa = 1,then

2Rijkm = Gjmki + Gkm.ji — Gikomi — Gimki — Gkm.ij + Gikmi — 20k FimGrs + 205k inGrs.
Since gkm ji = Gkm,ij, then

2Rijkm = Gjmki — Gjk.mi — Jimkj + Gikmj — 20 jk FimGrs + 205 i Grs,

then

2Rijkm = Gjmki + Jkm.ji — Gikomi — Gimki — Gkm.ij + Gikomi — 20k FimGrs + 205k inGrs.
Remark 3.3. For any pair of fractional tangent vectors X*,Y* € TZN we shall denote with (X%, Y*) the following
fractional vector in Ty N:

F(X*,Y®) = XY or.
Proposition 3.5. The following expressions hold for any pair X*,Y* € TN
2R (X, Y™, Y™, X*)
=9 (§fm9”) (8291 + 87 gk — 87 gix) + Gimg" (67 6% gji + 878, g1 — B0 gjk)
= (gjmgﬂ) (0% gir + 07 gk — O gik) — gjmgﬂ (61"18!?91/ + 070 g — aJaalagik)
+2 || FX*YE) P —2(F (X*, X)), F(Y*, Y)).

Proof. Since

Grs XEYYEX o T P (XPYe Fkar Y X 02 )

(F(X® ), (X)) = F(X* y®) |,
and

Grs XPYOYEX T = (XP Xm0 YV [0
= (F(X* X%, F(Y*,Y%),

This completes the proof. O
Remark 3.4. Ifa =1, then

2R(X,Y,Y, X) = Gimki — Gik.mi — Jimkj + Gik.mj
2| FXY) 12 =21 (X, X), TV, Y) -
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