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Abstract. In this paper, we established the Hermite-Hadamard inequalities via generalized fractional.
Meanwhile, interval analysis is a particular case of set-interval analysis. We established the fractional

inequalities and these results are an extension of a previous research.

1. Introduction

The Hermite-Hadamard inequality, which is the first basic result of convex mappings with a nature
geometric interpretation and extensive use, has attracted attention with great interest in elementrary

mathematics. The Hermite-Hadamard type inequality, which is defined by:

b
f<a—£b)§bia/a £ (x) dx < f(a);—f(b),

where f : | C R — R is a convex function on the closed bounded interval | of R,and a, b € | with

a<b.

In the past decade, fractional calculus has been regarded as one of best tools to describe long-
memory processes. Many researchers are interested in such a model. The subject of fractional
calculus has gained considerable popularity and importance due mainly to its demonstrated applications
in numerous seemly diverse and widespread fields of science and engineering. The most important of

these models are described by differential equations with fractional derivatives.
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2. Fractional Integrals

In [28], Sarikaya et al. obtained the following Hermite-Hadamard's inequalities in fractional integral

form:

f(a—;b) < 2r((;1_+a§()x [;f(b)‘*‘/tof—f(a)} < f(a)—;f(b)’

where g : [a, b] C R — R is assumed to be a positive convex function on [a, b], g € L [a, b] with
a < b, and I3, + I} are the left-sided and right-sided Riemann-Liouville fractional integrals of order

a > 0, these are respectively defined as [|:

12F (X) = gy Jo (x =) () dt, x> a,

and

IEF(X) = gy Je (E=X)THF () dt, x<b.

In [16],Katugampola introduced a new fractional which generalizes the Riemann-Liouville and the
Hadamard fractional integrals into a single form as follow.

Definition 2.1

Let [a, b] C R be a finite interval. Then, the left- and right-side Katugampola fractional integralsod
order a > 0 of f € X2 (a, b) are defined by

plfa X tpfl
o —
PIZF (x) = @ /. (Xp_tp)lfaf(t)dt
and
l-a b -1
tP
Pl (x) = £ F(t) dt

M) Jx (tp —xP)™®
where a < x < b and p > 0, if the integral exists.

Theorem 2.2

Let >0 and p> 0. Then for x > a,

1.;@1"/;17‘ (x) =J%f(x),

2.plrro1+p/§‘+f (x) = HE.f (x).

Similar results also hold for right-sided operators.

Theorem 2.3

Let @ > 0and p > 0. Let f : [a®, b’] — R be a positive function with 0 < a< band f € X2 (a, b).

If fis also a convex function on [a, b], then the following inequalities hold:

f(a) + f (b)
2

P b P L (P a
f<a +b° c —I—d)<p Ma+1)

7 o) ooy LTI <
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where the fractional integral are considered for the function f (x?) and evaluated at a and b,
respectively.

In [31], Sarikaya and Ertugral gave the definition of generalized fractional integrals (GFls) as fol-
lowing:

Definition 2.4

The left-sided and right-sided GFls are denoted by ,+/, and ,-/, as followings:

s lof (X) = [X20D gt x> a,

a X

and

b lof (x) = [P gt x < b,

x
where a function ¢ : [0,00) — [0, o) satisfies the condition fol @dt < 0.
In [31], Sarikaya et al. obtained the following Hermite-Hadamard's inequalities for GFls under the
condition of convexity as follows:
Theorem 2.5

For a convex function f : [a, b] — R on [a, b] with a < b, then the following inequalities hold:

F(250) < sy botef )+ tof () < N

where A (x) = [ Mdt < 0.

The most important feature of generalized fractional integrals is that they generalize some type
of fractional integrals such as the Riemann-Liouville fractional integral, k-Riemann-Liouville fractional
integral, Katugampola fractional integrals, conformable fractional, and Hadamard feractional integrals.
These important special cases of integral operator are mentioned below.

(1) If we choose ¢ (x) = x, the operators ,+/,f (x) and ,-/,f (x) are reduce to the Riemann
integral.

(2) Considering ¢ (x) = % and a > 0, the operators ,+/,f (x) and ,-/l,f (x) are reduce to the
Riemann-Liouville fractioal integrals /&, f (x) and /" f (x), respectively. Here, I is a gamma function.

(3) For p(x) = ﬁx% and a, k > 0, the operators ,+/,f (x) and ,-/l,f (x) are reduce to the
k-Riemann-Liouville fractional integrals /3, , f (x) and I3 | f (x), respectively. Here, [, is a k-gamma
function.

On the other hand, interval analysis is a particular case of set-valued analysis which is the study of
sets in the spirit of mathematical analysis and general topology. It was introduced as an attempt to
handle interval uncertainty that appears in many mathematical or computer models of some deter-
ministic real-world phenomena. An old example of interval enclosure is Archimede’'s method which is
related to the computation of the circumference of circle. In 1966, the first book related to interval

analysis was given by Moore who is known as the first user of intervals in computational mathematics.
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After this book, several scientists started to investigate theory and application of interval arithmetic.
Nowadays, because of its application, interval analysis is a useful tool in various areas related to un-
certain data. We can see applications in computer graphics, experimental and computational physics,

error analysis, robotics and many others.

3. Interval Calculus

A real valued interval X is bounded, closed subset of R and is defined by

X=[XX]={teR: X<t<X}
where X, X € R and X < X. The number X and X are called the left and right endpoints of
interval X, respectively. When X = X = a, the interval X is said to be degenerate and we use the
form X = a = [a, a]. Also we call X positive if X> 0 or negative if X < 0. The set of all closed
intervals of R, the sets of all closed positive intervals of R and closed negative intervals of R is denoted
by R/,Rf and R}, respectively. The Pompeiu-Hausdorff distance between the intervals X and Y is
defined by

d(X.Y) =d([X.X],[Y.V]) = max {|X — Y|, [X — V]|}.

It is known that (R;, d) is a complete metric space.
Now, we give the definitions of basic interval arithmetic operations for the intervals X and Y as

follows:

X+Y=[X+Y,X+Y],

XY =[minS, maxS] where S = {XY, XY, XY, XY},

X/Y =[minT, maxT] where T = {X/Y, X/Y,X/Y,X/Y} and 0 ¢ Y.

Scalar multiplication of the interval X is defined by

[Aﬁ, Aﬂ . A>0,
AX =X[X,X] =14 0, A=0,
[AY, Aﬁ] . A<,
where A € R.
The opposits of the interval X is
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X = (-1)X =[-X,-X],

where A = —1.

The subtraction is given by

X-Y=X+(-Y)=[X-V.X-Y].

In general, —X is not additive inverse for X, i.e. X — X # 0.

Use of monotonic functions

F(X)=[F(X),F(X)].

The definitons of operations lead to a number of algebraic properties which allows R, to be quasi-
linear space. They can be listed as follows

(1)(Associativity of addition) (X +Y)+Z =X+ (Y + Z) forall X, Y, Z € R),

(2)(Additivity elemant) X +0 =0+ X = X for all X € R,

(3)(Commutativity of addition) X +Y =Y + X for all X,Y € R,

(4)(Cancellation law) X + Z =Y + Z = X =Y forall X,Y, Z € R,

(5)(Associativity of multiplication) (X -Y)-Z=X-(Y-Z) for all X,Y,Z € R,

(6)(Commutativity of multiplication) X - Y =Y - X for all X,Y € Ry,

(7)(Unity element) X -1 =1-X for all X € Ry,

(8)(Associativity law) A (uX) = (An) X for all X € Ry, and for all A\, u € R,

(9)(First distributiviyu law) A (X +Y) = AX + XY for all X,Y € Ry, and for all A € R,

(10)(Second distributiviyu law) (A + u) X = AX + uX for all X € R;, and for all \, u € R.

But, this law holds in certain cases. If Y - Z > 0, then

XY+Z=X-Y+X:-Z

What's more, one of the set property is the inclusion C that is given by

XCY<«<=Y<Xand X<Y.

Considering together with arthmetic operations and inclusion, one has the following property which
is called inclusion isotone of interval operations:

Let ® be the addition, multiplication, subtraction or division. If X,Y,Z and T areintervals such
that

XCYand ZCT,

then the following relation is valid
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XOZCYOT.

4. Intgral of Interval-Valued Functions

In this section, the notion of integral is mentioned for interval-valued functions. Before the definition
of integral, the necessary concepts will be given as the following:

A function F is said to be an interval-valued function of t on [a, b], if it assigns a nonempty interval
to each t € [a, b],

F(t)=[E@®). F®)].

A partition of [a, b] is any finite ordered subset P having the form:

Pra=th<ti <..<th=0b.

The mesh of a partition P defined by

mesh(P) =max{t,—ti_1:1=1,2,...,n}.

We denoted by P ([a, b]) the set of all partition of [a, b]. Let P (9, [a, b]) be the set of all P €
P ([a, b]) such that mesh(P) < §. Choose an arbitrary point &; in interval [t;_1,t],(i=1,2,...,n)

and let us define the sum

n

S(F.P8) =) F(E)ti— tical,
=1

where F : [a, b] = R;. We call S (F, P,d) a Riemann sum of F corresponding to P € P (9, [a, b]) .

Definition 4.1

A function F : [a, b] — R, is called interval Riemann intrgrable ((IR)-integrable) on [a, b], if there
exists A € R, such that, for each € > 0, there exists § > 0 such that

d(S(F,P6), A <e

for every Riemann sum S of F corresponding to each P € P (9, [a, b]) and independent from choice
of & € [ti_1,t;] for all 1 </ < n. In this case, A is called the (/R)-integral of F on [a, b] and is
denoted by

b
A= (IR)/F(t)dt.

The collection of all functions that are (/R)-integrable on [a, b] will be denoted by /R[5 p))-
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The following theorem gives relation between (/R)—integrable and Riemann integrable (R)-
integrable.

Theorem 4.2

Let F : [a, b] — R, be an interval-valued function such that F (t) = [£(t), F (t)]. F € IR(ap) i
and only if £ (t),F (t) € R(a,s}) and

b b b
(/R)/F(t) dt = (R)/F(t) dt,(R)/F(t)dt

where R((, ) denoted the all R-integrable functions.
It is seen easily that, if F(t) C G (t) for all t € [a, b], then

b b
(IR)/F(t) dt C (/R)/G(t) dt.

Furthermore, if {t;_q, t;}]2; is a &-fine Py of [a, b] and if {s;_1, 51}1'7:1 is a 0-fine P> of [c, d], then

retangles

Njj = [tioa ti] % [sj-1, 5]
are the partition of retangle A = [a, b] X [c, d] and the point (§;,m;) are inside the retangles
[ti_1, ti] X [sj,l, sj] . And we denote the set of all §-fine partition P of A with P, x P>, where P, €
P (0,[a b]) and P, € P(4,[c,d]). Let AA;; be the area retangle A, j, where 1 </ <m, 1<, <n,
choose arbitrary (£;,7;) and get

m n
S(FPEA)=D > F(&.m) AA,
i=1 j=1
Definition 4.3
A function F : A — R, is called interval double Riemann integrable ((ID)-integrable) on A\ =
[a, b] x [c, d] with the /D-integral | = (/D) // F (t,s) dA, if there exists | € R, such that, for each
A

€ > 0, there exists > 0 such that

d(S(F,P8A), 1) <e

for each P € P (9§, A). We denote by IR(n) the set of all /D-integrable function on A, and by
Ra.b)), I R((a,pb)), the set of all R-integrable and /R-integrable functions on [a, b] ,respectively.

Theorem 4.4

Let A =a b] x[c,d]. If F: /A — R, is |D-integrable on A, then we have

(/D)//AF(t,s) dA:(IR)/ab(/R) /CdF(s, 1) dsdt.
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In [25], Sadowska obtained the following Hermite-Hadamard inequality for interval-valued functions:

Theorem 4.5

Let F : [a,b] — R; be an interval-valued function such that F(t) = [F(t),F(t)] and F €
IR([a,b})- Then

F(a);F(b) L (IR)/F(t)dtCF(a;b>

5. Hermite-Hadamard Inequalities for Generalized Fractional on the Interval-Value Coordinates

Throughout this study, we hope to generalize the Hermite-Hadamard inequalities for generalized

fractional on the interval-value coordinates. For bievity, we define

e lof (X, y) = //w(x—t)w(y )dtds,

(x—=1t)(y—9)
[ Felx=De(s—y)
watel G = [ [ s
Y Pet—x)e(y—s)
vt )= [ OGS s
and
=g lof (x ):/d/b(p(t_x)(p(s_y)dtds
bl VI = e T (=X (5 —y) |
Theorem 5.1

Let f : / x | — R be an interval-valued convex function such that f(t) = [f(t),f(t)] and
a,b,c,delwitha<bandc<d IffelDgq,px[ca) then the following inequalities for generalized
fractional integral hold:

fa+bc+d
2 2

D) 49(111) [a*,c+ lof (b, d) 44+ g- lof (b, C) +p- c+ lof (a,d) +p- g- lof (a, C)]
f(a,c)+f(a,d)+f(bc)+f(bd)
2 1 ,
where
Q(x,y) = [ [ eUbzatleld=c)s) gy,
proof :

Forte[0,1],letx=ta+(1—-t)by=(1—-t)a+thz=sc+(1—s)d,w=(1—-s)c+sd.

Due to the convexity of f,
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p X+y z4+w Df(><,z)—i—f(><,vv)+f(y,z)—i—f(y,w)
2 ' 2 - 4
we get

a+b c+d
4f< L )

DO f(ta+(1—-t)bsc+(1—-s)d)+f((1—t)a+thsc+(1—-5s)d)
+f(ta+(1—-t)b,(1—s)c+sd)+f((1—t)a+tb,(1—s)c+sd).

[T : p((b—a)t)p((d—c)s) . . . . . .
Multiplying both side by o , then integrating the resulting inequality with reapect to

t over (0, 1], we obtain

2 s

(/D)/Ol/ol(p((b_a)t)t(sp((d_c)s)f(ta—ir(l—t)b,sc+(1—s)d)dtd5

+(ID)/01/01(p((b_a)t)ts(p((d_c)s)f((l—t)a~|—tb,sc~l—(1—s)d)dtds

11 _ _
4f(a+ C42—d>(lD)/O/O<p((b a)t)tw((d C)S)dtds

U

t

+(ID)/01/01(p((b_a)t)ts(p((d_c)s)f((l—t)a+tb,(1—5)c+sd)dtds

= atctlef (b, d) +at g lof (b, c) +p ot lof (a,d) +p-d- lof (a,c).

+(/D)/01/01‘p((b_a)t)s‘p((d_C)S)f(ta+(1—t)b,(1—s)c+sd)dtds

And then, since f is convex, for every t € [0, 1], we have

f(tat (1—t)b,sc+(1—-s)d)+f((1-t)a+tbsc+(1—-5)d)

+f(ta+(1—-t)b,(1—=5s)c+sd)+f((1—t)a+th (1 —5s)c+sd)

J

tsf(a,c)+t(1—s)f(a,d)+(1—t)(1—s)f(bc)+(1—t)sf(b d)
+t(l—=s)f(a,c)+tsf(a,d)+(1—t)sf(bc)+(1—t)(1—5s)f(b d)
+(1—-t)sf(ac)+(1—t)(L—s)f(a d)+tsf(bc)+t(l—s)f(b d)
+(1—-t)(1—=s)f(ac)+(1—t)sf(ad)+t(1l—s)f(bc)+tsf(b, d)
= f(ac)+f(ad)+f(bc)+f(bd).

Cahg : p((b—a)t)p((d—c)s) . . . . . .
Multiplying both side by = , then integrating the resulting inequality with reapect to

t over (0, 1], we obtain
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at ctlof (b, d) +at g lof (b, c) +p- ot lpf (a,d) +p-d- lof (a,c)

S [f(ac)+f(ad)+f(b c)+f(b,d)](/D)/l/1‘p((b_a) t)ts(p((d_c)s)dtds.
0 0

Lemma 5.2

Let f : /| x | — R be an interval-valued convex function such that f(t) = [f(¢).f(¢)] and
a,b,c,d el wtha<bandc<dlIf fand ata f € 1D((a,p)x[c,d) and

ata f’ is convex, then the
following equalities for generalized fractional integrals hold:

f(a,c)+f(a,d)+f(bc)+f(bd)

4

+4Q(1]_,1) [a+’c+/(pf(b, d) +a+.g- lof (b, C) +p- c+ lof (a, d) +p- g lof (&, C)]
_ (b—-a)(d-¢)

S 4Q(L1)

1 1 2
x(/D)/O /O Q(t,s) [afasf(ta+(1—t)b,sc+(1—s)d)

2

f(ta+(1—1t)b (1 —5s)c+sd)

~ 0tds
62
= 5easf (L= t)a+thsc+(1-5)d)
62

+55s (L= t)a+th (1-s)c+sd)| dsdt

A(1)
Taa (L) ol (0:d) Far lof (b.6) o fof (2,d) +o- lof (2. )

A(1)

T [c+lof (b, d) +4- lof (b, C) +c+ lof (a,d) +4- lof (a, C)]

where A (1) = (IR) Jy #C52du and A (s) = (IR) 5 25220
proof :

Here, we apply integration by parts, then we have
(b—a)(d—c) / /
S = 70 (1 1) /D t S

S, — W(/D) /01/01_/\(7;5) a‘?;f(ta+(1 — )b, (1 — ) c + sd) dsdt

(ta+(1— t)b,sc+ (1 —s)d)dsdt

5= %(/D)/Ol/oll\(t,s) af;f((l— t)a+ th,sc+ (1 —s) d) dsdt
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Sy = W(/D)/Ol/ol —A(t,s) af;f((l —t)a+th (1 —5s)c+sd)dsdt.

If we add from Sy to S4 and multiply by (b — a) (d — ¢), we obtain the proof.

Theorem 5.3
Let f : / x | — R be an interval-valued convex function such that f(t) = [f(t),f(t)] and

ab,c,d € I with a < band ¢ < d. If f and 525 f € ID((apjuc.a) and| %55 F] is convex, then the

following inequalities for generalized fractional integral hold:

f(a,c)+f(a,d)+f(bc)+f(bd)
4

|

1
_m [a+,c+/(pf(b, d) +at d- /(pf(b, C) +p ot /(pf (a, d) +b-.d- /<pf (a, C)} ‘

5 (b—Qa()l(i;c) /D//tS,Q t,s)—Q(t,1-5)—Q(1 —t,5)+Q(1—t 1—5)dsdt

y ( aosf (2 C))—I—‘Bt@sf(a d)‘+‘6t65f(b C)‘+‘8t6sf(b’ d))
4

+4$*(11')1) [a+/wf(br d) Tat /(pf(b, C) +p- /(pf(a, d) +p- /wf(a, C)]

AL [c+lof (b, d) +4- lof (b, C) +c+ lof (a,d) +4- lof (a,C)].

WIEH))

proof :

Using Lemma 5.2 and the convexity of ara f‘ then we have

‘f(a,c)Jrf(a,d)+f(b,c)+f(b,d)

4
+4Q(11,1) [a+ ctlof (b, d) +at.a- lof (b, c) +p- ot lof (a,d) +p g lof (a, c)] ’
(b-a)(d-0)

T 4Q(L1)

D)/Ol/ol{[Q(t,s)—Q(t.l—s)—Q(l—t,s)—l—Q(l—t,l—s)]

2

X atﬁsf(ta+(1_ t)b,sc+(1—5) d)} dsdt

49A((11,)1) [a+1pf (b, d) 4o Iof (b, ) +b- lpf (a,d) +p- I (a, C)]

ﬂm/\((lly)l) [+l (b, d) +4- lof (b, €) +c+ lpf (a, d) +4- lof (a, C)]
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5 (b Qa()l(dl) (/D)//t5|/\(1—ts) A(t,s)+A(t,1—-5)—A(1—t 1-5s)[dsdt

( 5355 (2,)| + o35 (2. )| + | = F (b.c)| + ’f(b,d)))
- 4

+4§2A((11)1) [+ lof (b, d) ++ lof (b, €) +p- lof (a,d) +p- 1,f (a, C)]

+4Q((11)1) [c+lof (b, d) +4- Iof (b, C) +c+ lof (a,d) +4- lof (a,C)].

This completes the proof.

Lemma 5.4

Let f : / x | — R be an interval-valued convex function such that f(t) = [f(t),f(t)] and

a,b,c,d el wtha<bandc<d. Iffand 8?—2,57‘ € 1D([a,b]x[c,d) and

62 .
mf‘ is convex, then the

following equalities for generalized fractional integrals hold:

a+b c+d c+d c+d a+b a+b
4f< L )_f(a, . )_f(b, ! )_f< ! ,c)_f< ! ,d>

+2f (a, ¢) + 2 (a, d) + 2 (b, ¢) + 2f (b, d)

+ b-.d-lof (a,C) +p- c+ lof (a, d) 45+ g- lof (b, C) +4+ o+ lof (b, d)

1
Q(1,1) [
o oF (2, ¢) —p Ipf (2. d) — ot lof (b, C) —at Iof (b, d)
i lof (3, 0) =t Ipf (3, d) —g- Iof (b, €) —ct Iof (b, d)]

1 16
T Q@ >
k=1
where
1 1
2 (2 5?
Sh o= (ID)/ / N (t,s) ==f(ta+(1—t)b sc+ (1—s)d)dsdt,
0 0 Ot0os
1 1
3 (2 52
b = (ID)/ / —N(t,s) =—=—F (1 —t)a+th,sc+ (1 —s)d)dsdt,
0 0 OtOos

1 1 )
Jy = (/D)/2 /2 Ay (£ 5) =L (tat (1— )b, (1—5)c+ sd)dsdt,
0 0 81‘85

1 1 o)
Jy = (/D)/2/2/\1(t,s) O F((1— ) a+th (1—s)c+sd)dsdt,
0 0 Otds

1 2
J = (ID)/2ﬁ N2 (t,s) 6(36 f(ta+(1—t)b,sc+(1—s)d)dsdt,
o Ji s

1o 2
Jo = (ID)/Q/1 Ao (t,s) afasf((l—t)a+ th,sc+ (1 —s)d)dsdt,
0 J3
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i om 2
b = (/D)/Qﬁ Ao (t,s) afa f(ta+(1—t)b,(1—s)c+sd)dsdt,
o J1 s

Lo 2
Jg = (ID)/2[ —No (t,s) 8?8 f((L—t)a+th (1—5s)c+ sd)dsdt,
o J3 S

Jo = (/D)ﬁl/2 —Ns3(t,s) afgsf(ta—l—(l— t)b,sc+(1—s)d)dsdt,

o = ID///\3 (t.5) 8t6  F((L—t)atthsct (1 s)d)dsdr,

Ji1 = (/D)/ / As (t, 5)866 f(ta+(1—1t)b, (1—5s)c+ sd)dsdt,

2

Jio = ID// f((1—t)a+th (1—5s)c+sd)dsdt,

) 5tas

s = (/D)/é / /\4(t,s)ﬂf(ta+(1—t)b,(l—s)c+sd)dsdt,
1 1 82

S = (ID)/; / N4 (£5) 55 (1= t)a-+ b (1-5) ¢ + sd) dsdt,

1 1 2
D = (ID)[ / —/\4(t,s)afasf(ta+(1—t)b,sc+(1—s)d)dsdt,

1 1 2
e = (/D)/l / Mg (t,s) afasf(u —t)a+th,sc+ (1 —s)d)dsdt,
2 2

and

A1 (t,s) = (ID) ft fs (p((b_a)u)lP((d_C)A)dUdA As (t,s) = (ID) fotfl Lp((b—a)u)f((d—c)k) dud\
s u '
/\3( ) — /D f fS w((b— a)u)(p((d N dud, /\4( ) (/D) ftl fsl ‘P((b*a)ul)ji((dfc)k)dudx

proof :

Here, we apply integration by parts, then we completes the proof.

Theorem 5.5

Let f : / x | — R be an interval-valued convex function such that f(t) = [f(t),f(t)] and

a,bc,delwitha<bandc<d If fand 2e:f € ID(anx[c.d) and(a?—gsf is convex, then the

following inequalities for generalized fractional integral hold:

at+b c+d c+d c+d a+b a+b
(50 50) - (+0) (0 550) (e - ()

+2f (a, ¢) + 2f (a, d) + 2f (b, ¢) 4 2f (b, d)
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1
o |

b-.d- /Lpf (a, C) +p- ot /(pf (a, d) +at a- /Lpf (b, C) +at ot /wf (b, d)
—p- /<pf(a, C) —p- /(pf(a, d) — o+ /(pf(b, C) — o+ /(pf(b, d)
—d-l(pf(a c) —C+/ f(a,d)—gy-1 f(b c) —C+/ f(b,d)]|

L1 ||+ |Rf @ )|+ [ (.0 + | (6.
= Q(1,1) 4

e i
(/D)/O /O |/\1(t,s)|dtds+(lD)/o / o (£, 5)| dtds
+(/D)/;/02 |/\3(t,s)|dtd5+(/D)/; /; |/\4(t,s)|dtd5].

proof :

Using Lemma 5.4 and the convexity of ‘61“65 , then we have

at+b c+d c+d c+d a+b a+b
oo (0 5) (05 - (0 () - ()
+2f (a,c) +2f (a,d) +2f (b, c) + 2f (b, d)

1
Q(l,l)[

+ b—,d— I<Pf (a, C) +b*,c+ /¢f (a, d) +a+,d* I<Pf (b, C) +a+,c+ /(pf (b, C/)
— b I (a,C) —p- lpf (a, d) — ¢ Iof (b, ) — 5+ Iof (b, d)

—g-lpf(a,c) —c+ lof (a,d) —g- lof (b, c) —c+ lof (b, d)]|

Ed 2 )
Q(i,l){(/D)/O /O A1 (t,s) [fsafasf(a,c)—i-t(l—s) afasf(a,d)
2 2
P+ =D0=9) 55

2 2
/ //\2 (t5) [ (1-1)s 8?85f(a,c)—(1—t)(l—s)aiasf(a,d)

2 2
atas (be)—tl=s) 55

I

0
+(1- t)sat85

f (b, d)} dtds

—ts

f (b, d)] dtds

1, 2 2
—i—(/D)/1 /0 N3 (t,s) [—t(l —5) Gfasf(a' c)— tsaé:asf(a, d)

2 2

—(1-1t)(1—-y5) 88857‘(b,c)—(1—1?)58?8

_f (b, d)} dtds

1 1 2 2
+(/D)[ / Aa(t,5) [(1—@(1—5) afasf(a, c)+(1—t)safasf(a, )

2 82
sea! (b.0) +ts5—F (b, d)dtds]}

+t(1—5s)
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2 2
1 ’%f(a,c)‘—l—‘%f(a,d)’%—
Q1) 4

2
25 f (b.0)| +

2
s f (b.d)

2

b 5o
x (/D)/0 /0 |/\1(t,s)|dtds+(lD)/o / s (t, )| dtds

+(ID) /1/0 |/\3(t,s)|dtd5~|—(/D)ﬁ1 ﬁ Ne (£ 9)]| dtds.

Conclusion: In this work, the author established Hermite-Hadamard type inequalities via generalized

fractional integral. Furthermore, the author extend the inequalities on interval-valued coordinated.
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