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Abstract. In this paper, we introduce the notions of spherical fuzzy ternary subsemigroups and spherical
fuzzy ideals in ternary semigroups by using the concepts of ternary subsemigroups and ideals in ternary
semigroups. We investigate their properties. Moreover, we study roughness of spherical fuzzy ideals

in ternary semigroups.

1. Introduction

The theory of ternary algebraic system was investigated by Lehmer [8] in 1932, but earlier such
structures were studied by Kasner [5] who gave the idea of n-ary algebras. Furthermore, the ideal theory
in ternary semigroups was established by Sioson [12]. In 1965, the notion of fuzzy sets was initiated by
Zadeh [14]. The fuzzy set is an extension of classical sets and represented by using a generalization of
the indicator of classical sets that is called a membership function. Later, the concept of fuzzy set was
applied to study in many algebraic structures. In 1981, Kuroki [6] provided some properties of fuzzy
ideals. In 2013, lampan [4] gave the definition and characterized the properties of ideal extensions
in ternary semigroups. After the introduction of ordinary fuzzy sets, the concept of rough sets was
given by Pawlak [10] in 1982 which is defined depending on some equivalence relation on a universal
finite set. The combination of theories of fuzzy sets and rough sets has been discussed in many

research papers through all the years until 1990, when Dubois and Prade [3] proposed the notion of
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rough fuzzy sets. In 2009, Petchkhaew and Chinram [11] studied fuzzy, rough and rough fuzzy ternary
subsemigroups (left ideals, right ideals, lateral ideals, ideals) of ternary semigroups. Later, in 2012,
Kar and Sarkar [7] focused on studying fuzzy ideals of ternary semigroups and their related properties.
In 2016, Wang and Zhan [13] established the rough semigroups and the rough fuzzy semigroups based
on fuzzy ideals. In 2019, Ashraf et al. [1] introduced the notion of spherical fuzzy set, which is a
generalization of the picture fuzzy sets, intuitionistic fuzzy sets and Pythagorean fuzzy sets when the
degree of abstinence is involved, as it provides enlargement of the space of degrees of truthfulness
(membership), abstinence (hesitancy) and falseness (non-membership). Recently, in 2020, Chinram
and Panityakul [2] introduced rough Pythagorean fuzzy ideals in ternary semigroups and gave some
remarkable properties. Our aim of this paper is to study spherical fuzzy ternary subsemigroups and
spherical fuzzy ideals in ternary semigroups by using the concepts of ternary subsemigroups and ideals
in ternary semigroups. Moreover, we study roughness of spherical fuzzy sets and spherical fuzzy ideals

in ternary semigroups.

2. Preliminaries
In this section, we shall recall some basic definitions that will be used in this paper.

2.1. Ternary Semigroups. A non-empty set T together with a ternary operation, called ternary

multiplication, denoted by juxtaposition, is said to be a ternary semigroup if
(abc)de = a(bcd)e = ab(cde)

for all a,b,c,d,e € T. For any three non-empty subsets A, B and C of a ternary semigroup T, a
product ABC is defined by

ABC ={abc|ace AbeBand ce C}.

Example 2.1. (1) The following example (Banach's Example) shows that a ternary semigroup
does not necessarily reduce an ordinary semigroup. Let T = {—1/,0, i} be a ternary semigroup
under ternary multiplication over C. We obtain that T is not a semigroup under multiplication
over C.

(2) Let Z~ be the set of all negative integers. Then Z~ is a ternary semigroup under ternary
multiplication over Z. We obtain that Z~ is not a semigroup under multiplication over Z.
(3) The set of all odd permutation is a ternary semigroup under ternary composition. It is not a

semigroup under composition.

A non-empty subset S of a ternary semigroup T is called a ternary subsemigroup of T if S3 C S.
Let / be a non-empty subset of a ternary semigroup 7. Then [ is called a left ideal of T if TTI1 C [,
a lateral ideal of T if TIT C I and a right ideal of T if ITT C /. A non-empty subset / of a ternary
semigroup T is called an ideal of T if | is a left ideal, a lateral ideal and a right ideal of T. An ideal /
of a ternary semigroup T is called a proper ideal if | # T.
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2.2. Fuzzy sets. A fuzzy subset of a set S is a function S x S — [0,1]. Let f and g be any two
fuzzy subsets of any set S.

(1) fCgiff(a)<g(a)forallaes.

(2) (fng)(a) =min{f(a),g(a)} forallae S.

(3) (fug)(a) =max{f(a),g(a)} forall ae S.

A fuzzy subset f of a ternary semigroup T is called a fuzzy ternary subsemigroup of T if
f(xyz) = min{f(x), f(y), f(2)}

for all x,y,z € T. A fuzzy subset f of T is called a fuzzy left ideal of T if f(xyz) > f(z) for all
x,y¥,z € T, a fuzzy lateral ideal of T if f(xyz) > f(y) for all x,y,z € T and a fuzzy right ideal
of T if f(xyz) > f(x) for all x,y,z € T. A fuzzy subset f of a ternary semigroup T is called
a fuzzy ideal of T if it is a fuzzy left ideal, a fuzzy lateral ideal and a fuzzy right ideal of T, i.e.,
f(xyz) > max{f(x),f(y), f(z)} forall x,y,ze T.

For any three fuzzy sets f1, f> and f3 of a ternary semigroup T. The product fio fro f3 of f;, - and
f3 is defined by

sup,— min{fi(y1), f>(y2), f3(y if y e T3,
(flofzo f3)(_)/): Y=Yy1y2y3 {1( 1) 2( 2) 3( 3)}

otherwise.

It is obvious that the product fio o f3 of fuzzy subsets f1, f» and f3 of a ternary semigroup T is also
a fuzzy subset of T. Let F(T) be the set of all fuzzy subsets of a ternary semigroup 7. Then F(T)

is a ternary semigroup under this product.
2.3. Spherical Fuzzy Sets. Let S be a universal set. A spherical fuzzy set on S
S = {<x, us(x), ns(x), vs(x) >| x € S}

where us : S —[0,1], ns : S — [0,1] and vs : S — [0, 1] represent the degree of membership, the
degree of hesitancy and the degree of non-membership of x € S with the condition 0 < (us(x))? +

(ns(x))* + (vs(x))* < 1.
We may also denote a spherical fuzzy set S by S = (us, ns. Vs).

Example 2.2. Let f be any fuzzy subset of a set S. Let us : S — [0,1], ns : S — [0,1] and
vs S — [0, 1] be defined by

us(x) = f(x), ns(x) = 0 and vs(x) = 1 — f(x).
Then S := {< x, us(x), ns(x), vs(x) >| x € S} is a spherical fuzzy set on S.

Let S1 = (Us;, Ms,. Vs,) and S = (Us,, Ms,, Vs,) be any two spherical fuzzy set of a universal set
S. We say that S; € Sy if and only if ps, (x) < s, (x), ns, (x) < s, (x) and vs, (x) > vs, (x) for all
x € S.
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3. Main Results

3.1. Spherical fuzzy ideals in ternary semigroups. \We define spherical fuzzy ternary subsemigroups

and spherical fuzzy ideals in ternary semigroups as follows:

Definition 3.1. A spherical fuzzy set S = (us,ms, Vs) on a ternary semigroup T is called a spherical

fuzzy ternary subsemigroup of T if, for all a,b,c € T

(1) ws(abc) > min{us(a), us(b), us(c)},
(2) ms(abc) > min{ns(a), ns(b), ns(c)},
(3) vs(abc) < max{vs(a),vs(b),vs(c)}.

Definition 3.2. A spherical fuzzy set S = (us, ns, Vs) on a ternary semigroup T is called

(1) a spherical fuzzy left ideal of T if for all a,b,c €T,

us(abc) > us(c), ns(abc) > ns(c) and wvs(abc) < vs(c),
(2) a spherical fuzzy lateral ideal of T if for all a,b,c €T,

us(abc) > us(b), ns(abc) > ns(b) and vs(abc) < vs(b),
(3) a spherical fuzzy right ideal of T if for all a,b,c €T,

ps(abc) > us(a), ns(abc) > ns(a) and vs(abe) < vs(a),
(4) a spherical fuzzy ideal of T if for all a,b,c € T,

us(abc) = max{us(a), us(b), us(c)},

ns(abc) > max{ns(a), ns(b),ns(c)}

and

vs(abc) < min{vs(a),vs(b),vs(c)}.
Next, we define the product of three spherical fuzzy sets.

Definition 3.3. Let S;, 8> and S3 be any three spherical fuzzy sets on a ternary semigroup 7. The
product 810 8y0 83 of 81, &> and Sz is defined by

51082083 = ((s,0 Us,0 1s;). (Ns,0Ms,0 Ns3), (Us, 0 Vs, 0 Us;,))

where
sup min{ps, (a), s, (b), wsy(c)},  ifxeT?;
(s, © W, © Py ) (x) = { x=abe
0, otherwise,

( - L3 min{ns,(a), ns,(b). s, (c)},  if x € T3,
75,0 Ns,0 Ms; )(X) = § X=abc

0, otherwise,
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and

( )60 inf_max{vs,(a), vs,(b), vs, ()}, ifx €T,
Vs, 0 Vs,0 Vs )\X) = =
L, otherwise.

Theorem 3.1. Let S = (us,Ms, Vs) be a spherical fuzzy set on a ternary semigroup T. Then S is a
spherical fuzzy ternary subsemigroup of T if and only if SoS0oS C S.

Proof. Assume that S is a spherical fuzzy ternary subsemigroup of 7. Let x € T. If x ¢ T3, we
obtain that

(hso pso ps)(x) =0 < ps(x),

(nsonsons)(x) =0 < ns(x)
and
(vsovsovs)(x) =1 2> vs(x).

Now, assume that x € T3, we obtain that

(hso so ps)(x) = sup min{us(a), us(b), us(c)} < sup ps(abc) = us(x),

x=abc x=abc

(msonsoms)(x) = sup min{ns(a), ns(b),ns(c)} < sup ns(abc) = ns(x)

x=abc x=abc

and
(vsovsovs)(x) = Xi:naicmax{uS(a), vs(b),vs(c)} > Xi:n;;x vs(abc) = vs(x).

Hence So So S C S.
Conversely, let a,b,c € T.

ps(abc) > (uso pso ps)(abe)
sup  min{us(x1), us(x2), pws(x3)}

abc=x1XxpX3

min{us(a), us(b), us(c)},

v

ns(abc) > (nsonsons)(abc)
= sup  min{ns(x1), ns(x2), ns(x3)}

abc=x1x0x3
> min{ns(a), ns(b), ns(c)}
and
vs(abc) < (vsovsowvs)(abc)

= inf  max{vs(x1), vs(x2), vs(x3)}
abc=x1x0x3

< max{vs(a),vs(b), vs(c)}.

This implies that S is a spherical fuzzy ternary subsemigroup of T. [l
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Let 7 := (w7, n7, V1) be a spherical fuzzy set on a ternary semigroup T defined by u7(x) =1 and
nr(x) = vr(x) =0 for all x € T. The following theorem holds.

Theorem 3.2. Let S = (us,ns,Vs) be a spherical fuzzy set on a ternary semigroup T. If S is a
spherical fuzzy left ideal of T, then ToToS C S.

Proof. Assume that S is a spherical fuzzy left ideal of T. If x ¢ T3, we obtain that

(w70 props)(x) =0 < us(x),

(nromnrons)(x) =0 <ns(x)
and
(UTO V7o l/g)(X) =12> US(X).

Now, assume that x € T3, we obtain that

(wroprous)(x) = sup min{ur(a), ur(b), us(c)} = sup us(c) < ws(x),

x=abc x=abc

(nronromns)(x) = sup min{nr(a), nr(b),ns(c)} =0 < ns(x)

x=abc
and

(vrovrovs)(x) = inf max{vr(a), vr(b) vs(c)} = inf vs(c) =vs(x).

Hence ToToS CS. O

Theorem 3.3. Let S = (us,ns,Vs) be a spherical fuzzy set on a ternary semigroup T. If S is a
spherical fuzzy lateral ideal of T, then ToSoT C 8.

Proof. The proof is similar to that of Theorem 3.2. O

Theorem 3.4. Let S = (us,ns,Vs) be a spherical fuzzy set on a ternary semigroup T. If S is a
spherical fuzzy right ideal of T, then SoToT C S.

Proof. The proof is similar to that of Theorem 3.2. ]

3.2. Rough Spherical Fuzzy Sets in Ternary Semigroups. The aims of this subsection is to connect

rough set theory and spherical fuzzy sets of ternary semigroups.

Definition 3.4. An equivalence relation p on a ternary semigroup T is called a congruence if for all
X1, %, X3, Y1, Y2, Y3 € T
(x1,51), (%2, ¥2), (x3,¥3) € p = (x1x2x3, y1y2¥3) € p.

The congruence class of x € T is denoted by [x],. A congruence p on T is called complete if

lolv2lolyale = ayeysl, for all y1, v, y3 € T.
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Definition 3.5. Let p be a congruence on a ternary semigroup T and S = (us, Ms, Vs) be the spherical

fuzzy set on a ternary semigroup T.

(1) The lower approximation is defined as
App(S) ={<y.us(y).ns(y) vs(y) >l y € T},

where us(y) = inf
bs ely

us(y'), ns(y) = inf ns(y’) and vus(y) = sup vs(y') with the
y'€lylp Y'€lylp

y'€lylp
condition that

0 < (ks(¥)* + (ns(¥))* + (vs(¥))* < 1.

(2) The upper approximation is defined as
App(S) ={<y.s(y). Ms(y). vs(y) >| y € T},

where Iis(y) = sup us(y'), Ms(y) = sup ns(y') and Ts(y) = inf vs(y') with the
Y'Ellp y'€lylp y'elylp
condition that

0< (Bs()?+ Ms(y))* + (ws(y))? < 1.

(3) The rough spherical fuzzy set of T is defined by
App(S) = (App(S), App(S)).

Theorem 3.5. Let p be a congruence on a ternary semigroup T and 81 = (us,, Ns,, Vs,) and S, =
(s, Ms,. Vs,) be any two spherical fuzzy sets on T. The following statements hold.

(1) IfS1 C 8o, then App(S1) € App(S2) and App(S1) € App(Sz).

(2) App(S1NS2) € App(S1) NApp(S2).

(3) App(81US2) = App(S1) U App(Sa).

(4) App(S1NS2) = App(S1) N App(S2).

(5) App(S1) U App(S2) € App(S1 U S2).

Proof. (1) Assume that S1 C S». Then us, < us,, ns, <Ms, and vs, > vs,. Thus for all y € T, we

have
s, (y) = sup s, (v) < sup ws, (V) =1s,(y),
y'€lylp y'€lylp
M5, (y) = sup ns,(¥) < sup ms, (V) =7s,(y)
Y'elylp Y'elylp
and

Us,(y) = inf us, (V) > inf us, () =1s,(y).
y'elylp y'€lylp

This implies that App(S1) C App(S2). Similarly, we have App(S1) C App(Sz).
(2) Since S1 NS> € 81 and S1 NS> € Sz, App(S1 N S2) € App(S1) N App(S2) by (1).
(3) Note that
App(S1) U App(S2) = (Bs; U RS, Ms; N N8, Vs, NUs,)
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and

App(Sl U 82) = (/‘1'$1U521 NS1US5 » [/SlLJSQ)-

Let y € T. Then

(Bs, Ums,)(y) = max{is, (v). s, ()}

=max{ sup us,(¥'). sup wus,(¥')}
Y'€lylp Y'€lylp

= sup max{uls1 (y’), us, (y,)}
y'elylo

= sup ws,us,(y)
y'elylp

= Iis,08 (¥),

(M5, UTs,) (v) = max{ms, (v), 7is, (v) }

=max{ sup ms, (¥'), sup nms,(y')}

y'€lYlp Y'€lylp
Y'€lYlp
= sup 7Nsus, (V)
y'elylo
= 7Ms8,08; (¥)

and

(s, NTs,)(y) = min{ws, (y). Us,(v)}

=min{ inf vs (v'), inf us,(y')}
y'€lylo y'elvlo

= inf min{vs, (V). vs,(¥')}
y'elylo

= inf vsus, (V)
y'€lylp

= V5,08, (¥)-
(4) Note that
App(81) N App(S2) = (s, N sy, sy, N7, Vs, U Vs, )
and

App(81 N 82) = (IJ’310321 NSNSy //81082)-
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Let y € T. Then

(s, Nps,) () = min{us, (v), ks, (¥)}

=min{ inf Y, inf
L inf, s (). nf

= Inf min{usl(y/),ﬂsz(y/)}
y'Elylo

= inf usns, (V)
Y'€lylp

ws, (v}

= pus;ns, (),

(s, Nns)(y) = min{ns, (v), ns,(¥)}

=min{ inf ng (y'), inf
y'evle y'ely]

= inf min{ngl(y/),nsg(y/)}
y'€lylo

ns,(y')}

= Inf 7781082()//)
Y'Elylo

= Nsns, (Y)

and

(Vs, Uvs)(y) = max{us, (v), vs,(¥)}

= max{ sup vs,(y"), sup vs,(¥')}
y'Elylp y'Ellp

= sup max{l/gl(y,).l/SQ(y,)}
AP

= sup us,ns, (V')
Y'€lylp

= Usins,(¥).

(5) Since §1 CS1USy and S C S U SQ,M(Sl) U@(SQ) - M(Sl US») by (1). ]

Theorem 3.6. Let p be a congruence relation on a ternary semigroup T and S be a spherical fuzzy

set on T. Then App(S) is also a spherical fuzzy set on T .
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Proof. Let y € T. Then

(us())? + (ns(¥))* + (vs(¥))

= (y/ienj;] us(y')? + (y/ienLE] ns(y')? + ( ,sup vs(y"))?

vlo o

= inf (us(y))?+ inf (ns(y))2+ sup (vs(y'))?
Y'€lylp y'€ly] y'€lylp

< inf (us(y))*+ inf (ns(y))2+ sup (1— (us(y))* = (ns(y))?)
y'Elylo y'ely] y'elylp

< inf (us(y))? + inf (ns(Y' )2 +1— inf (us(y))>— inf (ns(y))?=1.
y'elylp "Elylp y'elylp y'elylp

This implies that 0 < (us(y))? + (ns(¥))? + (vs(y))? < 1. Therefore, App(S) is a spherical fuzzy

seton T. O

Let S be a spherical fuzzy set on a ternary semigroup 7. Note that App(S) need not be a spherical

fuzzy set on T, as can be seen in the following example.

Example 3.1. Let T = {/, —i} be the ternary semigroup under the ternary multiplication, p =T x T
and S be a spherical fuzzy set on T defined by

ps(i) =1,ms(i) =0,vs(i) =0 and ps(—i) = 0,ns(—i) = 1,us(—i) = 0.
Then
as(i) =us(—) =1,ms(/) =ns(—i) = 1,vs(i) = vs(—i) = 0.

In this example, we have that App(S) is not a spherical fuzzy set on T.

3.3. Rough Spherical Fuzzy ldeals in Ternary Semigroups. The aims of this subsection is to con-

nect rough set theory and spherical fuzzy ideals of ternary semigroups.

Theorem 3.7. Let p be a complete congruence relation on a ternary semigroup T. If S is a spherical
fuzzy left ideal [spherical fuzzy lateral ideal, spherical fuzzy right ideal] of T, then App(S) is a spherical
fuzzy left ideal [spherical fuzzy lateral ideal, spherical fuzzy right ideal] of T.

Proof. Let y1,y2,y3 € T.

psWyiyeys) = infus(y)
yEly1y2y3lo
= inf 3% inf abc
ye[y1]p[y2]pLV3] usly) = abCED’l]p[ﬁ]p[%]pMS( )
> inf c) = inf c) = ,
_abCG[yI]pM]M]pus() ce[y31“5() ws(y3)
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ns(yiyeys) = inf  ns(y)
YE1Y2¥3]p

ns(y) = ns(abc)

in = inf
y€lolyalolyalo abcely]oly2]olyslp

> inf ns(c) = inf ns(c) = ns(ya)
abcelyilolyalolysle c€lys]
and
Q(Y1Y2Y3) = sup us(y)
yeyayslp
= sup  us(y)= sup vs(abc)
y€lolyalolyslp abcely1]ply2]plyslo
< sup vs(c) = sup vs(c) = vs(ya).
abc€yiloly2lolyslo celys]

This implies that ps(y1y2y3) = ns(v3), ns(yiyays) = ns(ys) and vs(vayeys) < vs(ys). Then App(S)
is a spherical fuzzy left ideal of T.

The proofs of other cases are similar. O

Corollary 3.1. Let p be a complete congruence relation on a ternary semigroup T. If S is a spherical

fuzzy ideal of T, then App(S) is a spherical fuzzy ideal of T.

Proof. This follows from Theorem 3.7. O

Theorem 3.8. Let p be a congruence relation on a ternary semigroup T. If S is a spherical fuzzy
left ideal [spherical fuzzy lateral ideal, spherical fuzzy right ideal] of T and App(S) is a spherical fuzzy

set of T, then App(S) is a spherical fuzzy left ideal [spherical fuzzy lateral ideal, spherical fuzzy right
ideal] of T.

Proof. Let y1,y5, 3 € T.

s(yiyeays) = sup  ps(y)
yEDy2y3lo
> sup  ps(y) = sup ps(abc)
yelolyalolyslo abcelyi]ply2lolyslp
> sup ps(c) = sup us(c) =ms(ys),
abcely1]ply2lolyslp c€lyslp
ns(yiyeys) =  sup  7ms(y)
yEyayslp
> sup ns(y) = sup ns(abc)
y€loly2lolyslp abc€ly1]ply2]ply3lp
> sup ns(c) = sup ns(c) =ns(ys3)

abcely]oly2lolyslo c€lyslp
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and

Us(yiyays) = inf ws(y)
yEy2y3lp
< inf vs(y) = inf vs(abc
vt Y T aeey e, 25 0)
< inf vg(c)= inf vs(c)=rs(y3).
c€lyslolyalolyale ( ) c€lyslp ( ) ( 3)

This implies that ts(y1y2y3) > Is(y3), Ns(Viyeys) > Ms(yvs) and Us(yayays) < Us(ys). Then App(S)
is a spherical fuzzy left ideal of T.

The proofs of other cases are similar. O

Corollary 3.2. Let p be a congruence relation on a ternary semigroup T. If S is a spherical fuzzy ideal

of T and App(S) is a spherical fuzzy set of T, then App(S) is a spherical fuzzy ideal of T.

Proof. This follows from Theorem 3.8. O
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