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FUZZY STABILITY OF GENERALIZED SQUARE ROOT
FUNCTIONAL EQUATION IN SEVERAL VARIABLES: A FIXED
POINT APPROACH

K. RAVIL* AND B.V. SENTHIL KUMAR?

ABSTRACT. In this paper, we investigate the generalized Hyers-Ulam stability
of the generalized square root functional equation in several variables in fuzzy
Banach spaces, by applying the fixed point method.

1. INTRODUCTION

In the last forty years, fuzzy theory has gained paramount importance and
validty on the mathematical scenario by facilitating to focus an ardent attention
on multifarious avenues of development in the theory of fuzzy sets to explore the
fuzzy analogues of the classical set theory. In the effulgent light of the authentic
investigations executed in this branch, the fuzzy sets are being tapped to augment
a wide range of applications in science and Engineering with platonic dimensions.

Various mathematical visions, viewed in different perspectives, have triggered
scores of scholars to come out with different definitions of fuzzy norms on a vector
space. For Example, A.K. Katsaras [26] had accomplished a detailed survey to
define a fuzzy norm on a vector space to help to construct a fuzzy vector topological
structure. In 1991, R. Biswas [6] defined and studied fuzzy inner product spaces in
linear space. In 1992, C. Felbin [18] introduced an alternative definition of a fuzzy
norm on a linear topological structures of a fuzzy normed linear spaces. Similarly,
T. Bag and S.K. Samanta [4], gliding along the mathematical track of S.C. Cheng
and J.M. Mordeson [12], proved that the corresponding fuzzy metric of a fuzzy norm
would be the same as that of the metric executed by I. Kramosil and J. Michalek
[28]. They had initiated a decomposition theorem of a fuzzy norm into a family of
crisp norms by undertaking an analytical investigation of some of the properties of
fuzzy normed spaces.

An inquisitive question that was given a serious thought by S.M. Ulam [45]
concerning the stability of group homomorphisms gave rise to the stability problem
of functional equations. The laborious intellectual strivings of D.H. Hyers [23] did
not go in vain because he was the first to come out with a partial answer to solve
the question posed by Ulam on Banach spaces. In course of time, the theorem
formulated by Hyers was generalized by T. Aoki [2] for additive mappings and by
Th.M. Rassias [43] for linear mappings by taking into consideration an unbounded
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Cauchy difference.

The findings of Th.M. Rassias have exercised a delectable influence on the
development of what is addressed as the generalized Hyers-Ulam stability of Hyers-
Ulam-Rassias stability of functional equations. A generalized and modified form
of the theorem evolved by Th.M. Rassias was advocated by P. Gavruta [21] who
replaced the unbounded Cauchy difference by driving into study a general control
function within the viable approach designed by Th.M. Rassias. A further research
materialized by F. Skof [44] found solution to Hyers-Ulam-Rassias stability problem
for quadratic functional equation

(1) fle+y) + fl@e—y) =2f(z) +2f(y)

for a class of functions f : A — B, where A is a normed space and B is a Banach
space. The stability problems of several functional equations have been extensively
investigated by a number of scholars, possed with creative thinking and critial dis-
sent who have arrived at interesting results (see [3], [10], [11], [17], [22], [24], [27],
42)).

In 1996, G. Isac and Th.M. Rassias [25] were the first to provide applications
of stability theory of functional equations for the proof of new fixed point theorems
with applications. By using fixed point methods, the stability problems of several
functional equations have been extensively investigated by a number of authors (see
[8], [9], [35], [36], [39]).

Functional equations find a lot of application in information theory, informa-
tion science, measure of information, coding theory, fuzzy system models, econom-
ics, social sciences and physics.

The paper presenters have made use of some basic concept concerning fuzzy
normed spaces and some fundamental results in fixed point theory.

Let X be a real linear space. A function N : X x R — [0,1] is said to be a
fuzzy norm on X if for all z,y € X and all u,v € R:

1) N(z,u) =0 for u <0
Ny x—OlfandonlylfN(m u)=1forallu>0

(N

(N2)

(N3) N(uz,v) = N(x,l‘)lfu%()

EN4§ N(z+y,u+v) > min{N(z,u), N(y,v)}
)

Ns) N(z,.) is non-decreasing function on R and tlim N(z,u)=1
— 00

(Ng) For & # 0, N(z,.) is (uppersemi) continuous on R.
The pair (X, N) is called a fuzzy normed linear space. One may regard N(x,u)
as the truth value of the statement the norm of x is less than or equal to the real
number wu.

Definition 1.1. Let (X, N) be a fuzzy normed linear space. Let {x,} be a se-
quence in X. Then {z,} is said to be convergent if there exists z € X such that

lim N(z,—z,u) =1 for all u > 0. In this case, z is called the limit of the sequence
n—oo

{z,} and we denote it by N- lim z, = x.
n—oo

Definition 1.2. A sequence {z,} in X is called Cauchy if for each € > 0 and

each u > 0, there exists ng € N such that for all n > ng and all p > 0, we have
N(Zptp — Tp,u) >1—€

It is known that every convergent sequence in fuzzy normed space is Cauchy.
If each Cauchy sequence is convergent, then the fuzzy norm is said to be complete
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and the fuzzy normed space is called a fuzzy Banach space.
We say that a mapping f : X — Y between fuzzy normed linear spaces X and
Y is continuous at a point xg € X if for each sequence {x,} converging to zo in X,
then the sequence {f(x,)} converges to f(xo). If f: X — Y is continuous at each
x € X, then f: X — Y is said to be continuous on X.
Let X be a set. A function d : X x X — [0, 00] is called a generalized metric

on X if d satisfies

(1) d(z,y) =0 if and only if z = y;

(2) d(z,y) =d(y,z) for all z,y € X;

(3) d(z, z) < d(z,y) +d(y, z) for all x,y,z € X.
Theorem 1.3. Let (X, d) be a complete generalized metric space and leto : X — X
be a strictly contractive mapping with Lipschitz constant L < 1. Then for each given
element x € X, either

d(o"z,0"z) = 00

for all nonnegative integers n or there exists a positive integer ng such that

(1) d(o™z,0™z) < 0o for all n > ng;

(2) the sequence {c™x} converges to a fized point y* of o;

(3) y* is the unique fized point of o in the set

Y ={ye X/do™z,y) < c0};
(4) d(y,y*) < 12 d(y,oy) forally €Y.

K. Ravi and B.V. Senthil Kumar[41] introduced the generalized square root func-
tional equation (or GSRF equation) in several variables of the form

p p—1 p D
(2) s Zpﬂi +22 Z Pip;TiT; | = Z pis(x;)
=1 i=1

i=1 j=i+1

for arbitrary but fixed real numbers (p;, p2,...,pp) # (0,0,...,0), so that 0 <
p=PL+ 2t =2 4P #1ands: X — R with X as space
of non-negative real numbers and investigated generalized Hyers-Ulam stability of
equation (2). It is easy to verify that the function f: X — R such that f(z) = /z
is a solution of the functional equation (2).

In this paper, we will show the generalized Hyers-Ulam stability of the equation
(2) on fuzzy normed spaces using fixed point method.

Throughout this paper, let us assume that X be space of non-negative real
numbers and Y be a fuzzy normed linear space.

For the sake of convenience, let us define

p p—1 p p
D,ys(xi,29,...,2p) =8 Zpixi +2Z Z DiP;Ti%; —Z pis(z;)
i=1 i=1

i=1 j=i+1

for all z1,x2,...,2p € X and p e N—{1}.

2. GENERALIZED HYERS-ULAM STABILITY OF THE
FUNCTIONAL EQUTION (2) IN FUZZY NORMED SPACES

Theorem 2.1. Let ¢ : X? — R be a function such that there exists an L < 1 with

gp(pQ:cl, p2x2, cel p2:cp) < pLo(z1,22,...,2p)
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forall x1,22,...,2p € X. Let f: X = R be a mapping satisfying

t
1 N (D t) >
( ) ( pf(mhx?v 7xp)7 )— ter(l_l,x%'”’xp)

for all zy,22,...,2p € X and allt > 0, where 0 < p=>"Y | \/p; <1. Then s(z) =
N- ILm p~"f (pQ":v) exists for each x € X and defines a square root mapping s :
X : ;/0 such that

(1-L)t
(1-L)t+ Ly(x,x,...,x)

(2) N(f(z) = s(x),t)

forallx € X and allt > 0.

Y]

Proof. Taking x; as x for 1 <¢ < pin (1), we get

(3) N(f(me) —pf(iv)) = t+<,0($71;7~-'>$)

for all z € X.
Consider the set

S={g:X —Y/gis a function}
and introduce the generalized metric d on S as follows:

d(g,h) = inf{C' € Ry : N(g(x) — h(z),Ct) > iy (p(x,tz, )

Vo € X,Vt > 0},

where, as usual, inf ¢ = 4o00. It is easy to show that (S,d) is complete. (See the
proof of Lemma 2.1 of [30]).
Define a mapping o : S — S by

oh(z) = %h (p*z) (z € X)

Let g, h € S be given such that d(g,h) = €. Then

t
N(g(%) - h(aj),d) 2 tJrSD(xvxa""x)

for all x € X and all ¢ > 0. Hence
1 1
N(og(e) = ahlo). Let) = N (a(o0) - Sh(se), L

= N (9(p*x) — h(p*x), pLet)

S pLt

= pLt 4 p(p*x, p?a, .. ., pPr)
S pLt

~ pLt+ pLo(x,z,...,x)

S t
T t+ ez, ..., 1)
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for all z € X and all t > 0. So d(g,h) = € implies that d(og,oh) < Le. This means
that
d(og,oh) < Ld(g, h)

for all g,h € S.

It follows from (3) that

1 Lt t
N =f(p*x) — e
(pf(p ) = 1) p> T tte(r,,... )

forallz € X and all t > 0. Sod(of, f) < %.

By Theorem 1.3, there exists a mapping s : X — Y satisfying the following:

(1) sis a fixed point of o, ie.,
(4) s(p*x) = ps(@)
for all x € X. The mapping s is a unique fixed point of ¢ in the set
p={g€S:d(fg) <oo}.

This implies that s is a unique mapping satisfying (4) such that there exists
a C € (0,00) satisfying

t
N(f(z) = s(z),Ct) = t+o(x,z,...,x)

for all z € X.
(2) d(o™f,s) — 0 as n — oo. This implies the equality

N- lim inf(p%x) = s(x)

n—oo p
for all x € X.
(3) d(f,s) < ﬁd(af, f), which implies the inequality
L
d(f,s) < .
(f,9) =L
This implies that the inequality (2) holds.
By (1),
1 t t
NI|{—=D 2n 2n o 2n Z ) >
(p” o[ (PP a1, p* o, ., PP ), pr) T t+p(pPray, pPiag, .., pPray)

for all x1,22,...,2, € X, allt >0 and all n € N. So
p"t
pnt+ann(p(1'1,ﬂf2,...,$p)

1
N (anpf(p%xh P> s, ..., PP ), t) >

for all x1,22,...,2, € X, all t > 0 and all n € N. Since
p"t

lim =1
n—oo p"t 4 LnP”‘P(xla T2, .. 7xp)
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for all z1,22,...,2, € X, allt >0,
N (Dps(xi,22,...,2p),t) =1

for all z1,22,...,2, € X, all £ > 0. Thus the mapping s : X? — Y is square root
as desired. (]

Theorem 2.2. Let ¢ : XP — Y be a function such that there exists an L <1 with

T1 To :cp) L
Pl =535 S*QD(.’Eh.’EQ,...,J})
(p2 p* p2) = p ?

forall x1,22,...,2p € X. Let f: X =Y be a mapping satisfying

t
5 N (D t) >
(5) (Dpf(@1, @2, @), )_t+<,0($1,$2,-~-7$p)

Jorallzy,xa,...,2p € X and allt >0, where 0 < p=>"" | \/p; > 1. Then s(z) =

N-lim p"f (p‘Q"ac) exists for each x € X and defines a square root mapping s :
n—oo
X =Y such that

(1-L)
(1-L)t+ Le(z,x,...,x)

(6) N(f(z) = s(x),t) >

forallz € X and all t > 0.

Proof. Taking x; as p% for 1 <1i < pin (5) and proceeding further using similar

arguments as in Theorem 2.1, the proof is complete. (I

Corollary 2.3. Let ¢1 > 0 and o be real numbers with o > % or a < %. Let

f:XP =Y be a mapping satisfying

t
N (D f 1,X2,...,T ,t >
(Dot D) o )
forallzy,xq,...,2, € X and allt > 0. Then there exists a unique square mapping

s: X — Y such that

1
(p7—p2)t fora>3and0<p=3" /pi<1
N(f(z) = s(x),1) > § @=p2)irotralel®
- 1 (P2 —p®)t
(p2 —p*)t+p>per|x|™

forallx € X and allt > 0.

fora<iand0<p=3" /pi>1

Proof. By taking ¢(z1,x2,...,2p) = c1 (O by |2i]*) for all zq,29,...,2, € X in
Theorem 2.1 and Theorem 2.2, and choosing respectively L = p%*“ and L = po"%

)

we get the deisred result. (I
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Corollary 2.4. Let ¢ > 0 and o be real numbers with o > % or a < 5. Let

f: XP =Y be a mapping satisfying

t
(7) N(Dpf($17l‘2,...,$p)7t)2 D a
t+ea (T il )
for all x1,29,...,2, € X and all t > 0. Then there exists a unique square root

mapping s : X — Y such that

1
(p%—p2)t fora>Land0<p=3" ;<1
N(f(x) - s(@),1) = { 7 =p?)reotalele ’ PR

ez =p)t fora<iand0<p=3" /pi>1
(p2 —p™)t+p>cal|z|™ =

forallx € X and allt > 0.

Proof. By taking ¢(z1,x2,...,2p) = 2 (Hle |xz|%) for all z1,22,...,2, € X in

_1
X3

Theorem 2.1 and Theorem 2.2, and choosing respectively L = p%*“ and L =p ,
we get the desired result. 0

Corollary 2.5. Let c3 > 0 and « be real numbers with o > 5 ora < 5. Let

f:XP =Y be a mapping satisfying

t
N (Dpf(a1,xa,. -, 2p),t) > p P o
s [Zi:l ( =1 |xj|p*1>}
for all x1,%2,...,2p € X and all t > 0. Then there exists a unique square root

mapping s : X — Y such that

(p"—p2)t fora>Land0<p=5" /o<1

N(f(z) — s(x),t) > (pa—p%;ﬁp%p@,\w 2 p= 2 VP
a (o2 =p")t fora<tand0<p=S%_ . /p>1

(p% —p®)t+p® pes|a| 2 P i=1 VPi

for allx € X and all t > 0.

Proof. By taking o(z1,22,...,T,) = c3 {Zle (Hé’:l’j# |x]|ﬁ>} forall xy, xa, ..., 2, €
X in Theorem 2.1 and Theorem 2.2, and choosing respectively L = p%*“ and
L= pa’%, we get the desired result. O

Corollary 2.6. Let ¢4 > 0 and « be real numbers with o > % or a > % Let

f:X?P =Y be a mapping satisfying
t

N(Dpf(xl,xg,...,mp),t) > o »
P (O fil)

Cttc [Hf:1 |
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for all x1,x2,...,2, € X and all t > 0. Then there exists a unique square root

mapping s : X — Y such that

1
(et p?)t fora>1and0<p=>7" i <1
N(f(@)—s(a).£) > | TrDesb prDeadsle : P R
(p2 —p")t fora<jand0<p=3"_ /pi>1

(02 —p®)t-+p (p+1)ealz|®
forallx € X and allt > 0.

Proof. By taking ¢(x1, %2, ..., %) = ca |[10oy |7 + (20, |xl|0‘)} forall w1, xa,..., 2 €

—Q

X in Theorem 2.1 and Theorem 2.2, and choosing respectively L = p% and

L= p“’%, we get the desired result. [

REFERENCES

[1] J. Aczel and J. Dhombres, Functional Equations in Several Variables, Cambridge Univ.
Press, 1989.
[2] T. Aoki, On the stability of the linear transformation in Banach spaces, J. Math. Soc.
Japan, 2 (1950), 64-66.
[3] C. Baak and M.S. Moslehian, On the stability of J*-homomorphisms, Nonlinear Analysis-
TMA 63 (2005), 42-48.
[4] T. Bag and S.K. Samanta, Finite dimensional fuzzy normed linear spaces, J. Fuzzy Math.,
11(3) (2003), 687-705.
[5] T. Bag and S.K. Samanta, Fuzzy bounded linear operators,, Fuzzy Sets and Syst.,151 (2005),
513-547.
[6] R. Biswas, Fuzzy inner product spaces and fuzzy norm functions, Inform. Sci., 53 (1991),
185-190.
[7] L. Cadariu and V. Radu, Fized points and the stability of Jensen’s functional equation, J.
Inequal. Pure Appl. Math., 4(1), Art. ID 4 (2003).
[8] L. Cadariu and V. Radu, On the stability of the Cauchy functional equation: a fized point
approach, Grazer Math. Ber., 346 (2004), 43-52.
[9] L. Cadariu and V. Radu, Fized point methods for the generalized stability of functional
equations in a single variable, Fixed Point Theory and Appl., 2008, Art. ID 749392 (2008).
[10] I.S. Chang and H.M. Kim, On the Hyers-Ulam stability of quadratic functional equations,
J. Ineq. Appl. Math., 33 (2002), 1-12.
[11] L.S. Chang and Y.S. Jung, Stability of functional equations deriving from cubic and quadratic
functions, J. Math. Anal. Appl., 283 (2003), 491-500.
[12] S.C. Cheng and J.M. Mordeson, Fuzzy linear operators and fuzzy normed linear spaces,
Bull. Calcutta Math. Soc., 86 (1994), 429-436.
[13] P.W. Cholewa, Remarks on the stability of functional equations, Aequationes Math., 27
(1984), 76-86.
[14] S. Czerwik, On the stability of the quadratic mappings in normed spaces, Abh. Math. Sem.
Univ. Hamburg, 62 (1992), 59-64.



18

[15]

(16]

(17]

(31]

(32]

(34]

(35]

RAVI AND KUMAR

P. Czerwik, Functional Equations and Inequalities in Several Variables, World Scientific
Publishing Co. New Jersey, Hong Kong, Singapore and London, 2002.

J. Diaz and B. Margolis, A fized point theorem of the alternative for contractions on a
generalized complete metric space, Bull. Amer. Math. Soc., 74 (1968), 305-309.

M. Eshaghi Gordji, S. Zolfaghari, J.M. Rassias and M.B. Savadkouhi, Solution and stability
of a mized type cubic and quartic functional equation in quasi-Banach spaces, Abstract and
Applied Analysis, Volume 2009, Article ID 417473 (2009), 1-14.

C. Felbin, Finite dimensional fuzzy normed linear space, Fuzzy Sets and Syst., 48 (1992),
239-248.

G.L. Forti, Hyers-Ulam stability of functional equations in several variables, Aequationes
Math., 50 (1995), 143-190.

Z. Gajda, On Stability of additive mappings, Int. J. Math. Math. Sci., 14 (1991), 431-434.
P. Gavruta, A generalization of the Hyers-Ulam-Rassias stability of approximately additive
mappings, J. Math. Anal. Appl., 184 (1994), 431-436.

N. Ghobadipour and C. Park, Cubic-quartic functional equations in fuzzy normed spaces,
Int. J. Nonlinear Anal. Appl., 1 (2010), 12-21.

D.H. Hyers, On the stability of the linear functional equation, Proc. Nat. Acad. Sci. U.S.A.,
27 (1941), 222-224.

D.H. Hyers, G. Isac and Th.M. Rassias, Stability of Functional Equations in Several Vari-
ables, Birkhauser, Basel, 1998.

G. Isac and Th.M. Rassias, Stability of 1-additive mappings: Applications to nonlinear
analysis, Int. J. Math. Math. Sci., 19 (1996), 219-228.

A K. Katsaras, Fuzzy topological vector spaces II, Fuzzy Sets and Syst., 12 (1984), 143-154.
H. Khodaei and Th.M. Rassias, Approzimately generalized additive functions in several
variables, Int. J. Nonlinear Anal. Appl., 1 (2010), 22-41.

I. Kramosil and J. Michalek, Fuzzy metric and statistical metric spaces, Kybernetica, 11
(1975), 326-334.

S.V. Krishna and K.K.M. Sarma, Separation of fuzzy normed linear spaces, Fuzzy Sets and
Syst., 63 (1994), 207-217.

D. Mihet and V. Radu On the stability of the additive Cauchy functional equation in random
normed spaces, J. Math. Anal. Appl., 343 (2008), 567-572.

A.K. Mirmostafaee, M. Mirzavaziri and M.S. Moslehian, Fuzzy stability of the Jensen func-
tional equation, Fuzzy Sets and Syst., 159 (2008), 730-738.

A.K. Mirmostafaee and M.S. Moslehian, Fuzzy versions of Hyers-Ulam-Rassias Theorem,
Fuzzy Sets and Syst., 159 (2008), 720-729.

A K. Mirmostafaece and M.S. Moslehian, Fuzzy approzimately cubic mappings, Information
Sci., 178 (2008), 3791-3798.

M. Mirzavaziri and M.S. Moslehian, A fized point approach to stability of a quadratic equa-
tion, Bull. Braz. Math. Soc., 37 (2006), 361-376.

C. Park, Fized points and Hyers-Ulam-Rassias stability of Cauchy-Jensen functional equa-
tions in Banach algebras, Fixed Point Theory and Appl., 2007, Art. ID 50175 (2007).



FUZZY STABILITY OF GENERALIZED SQUARE ROOT FUNCTIONAL EQUATION 19

[36] C. Park, Generalized Hyers-Ulam-Rassias stability of quadratic functional equations: a fized
point approach, Fixed Point Theory and Appl., 2008, Art. ID 493751 (2008).

[37] C. Park, Fuzzy stability of a functional equation associated with inner product spaces, Fuzzy
sets and Syst., 160 (2009), 1632-1642.

[38] C. Park, S. Lee and S. Lee, Fuzzy stability of a cubic-quadratic functional equation: A fized
point approach, Korean J. Math., 17(3) (2009), 315-330.

(39

V. Radu, The fized point alternative and the stability of functional equations, Fixed Point

Theory, 4 (2003), 91-96.

[40] J.M. Rassias, On approzimation of approzimately linear mappings by linear mappings, J.
Funct. Anal., 46 (1982), 126-130.

[41] K. Ravi and B.V. Senthil Kumar, Rassias stability of generalized square root functional
equation, Int. J. Math. Sci. Engg. Appl., 3(III) (2009), 35-42.

[42] K. Ravi, J.M. Rassias M. Arunkumar and R. Kodandan, Stability of a generalized mized type
additive, quadratic, cubic and quartic functional equation, J.of Ineq.Pure & Appl. Math.,
10 (4) (2009), 1-29.

[43] Th.M. Rassias, On the stability of the linear mapping in Banach spaces, Proc. Amer. Math.
Soc. 72 (1978), 297-300.

[44] F. Skof, Proprieta locali e approssimazione di operatori, Rend. Sem. Mat. Fis. Milano 53
(1983), 113-129.

[45] S.M. Ulam, Problems in Modern Mathematics, Chapter VI, Wiley-Interscience, New York,
1964.

[46] J.Z. Xiao and X.H. Zhu, Fuzzy normed spaces of operators and its completeness, Fuzzy Sets

and Systems, 133 (2003), 389-399.

1PG & RESEARCH DEPARTMENT OF MATHEMATICS, SACRED HEART COLLEGE, TIRUPATTUR -
635 601, TAMILNADU, INDIA

2DEPARTMENT OF MATHEMATICS, C. ABDUL HAKEEM COLLEGE OF ENGG. AND TECH., MELVISHARAM

- 632 509, TAMILNADU, INDIA

*CORRESPONDING AUTHOR



