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Abstract. In this paper a new concept of generalized intuitionistic fuzzy topological space called
intuitionistic fuzzy B generalized a normal space is introduced. Several characterizations of
intuitionistic fuzzy B generalized o normal space, intuitionistic fuzzy strongly B8 generalized o normal
and intuitionistic fuzzy strongly B generalized o regular spaces are studied. Moreover, the related

intuitionistic fuzzy functions with intuitionistic fuzzy B generalized o normal spaces are investigated.

1. Introduction

The notion of intuitionistic fuzzy set was first defined by Atanassov [7, 8] as a generalization of
Zadeh [21] fuzzy set. This notion of intuitionistic fuzzy set has been developed by the same author
and appeared in the literature [7,8]. Using the notion of intuitionistic fuzzy sets, Coker [13] introduced
the notion of intuitionistic fuzzy topological spaces as a generalization of Chang [11] fuzzy topological
spaces. Recently many concepts of fuzzy topological space have been extended in intuitionistic fuzzy
topological spaces. Separation axioms in intuitionistic fuzzy topological space have been studied by
some authors [1—4, 6,9, 10]. Jayanthi [17] introduced the generalized B closed set in intuitionistic
fuzzy topological spaces and intuitionistic fuzzy generalized closed sets are introduced by Saranya and
Jayanthi [18]. Then Gomathi and Jayanthi [15, 16] have studied intuitionistic fuzzy B generalized
a closed sets and intuitionistic fuzzy B generalized a continuous functions respectively. Thanh and
Quang [19] have studied wgp-normality in topological spaces by using mgp-closed and mgp-open sets.

In this paper, we introduce a new class of spaces called an intuitionistic fuzzy B generalized a normal
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spaces, and investigate some of their properties. Some interesting characterizations such as an IF 3
generalized a-normality is hereditary property with respect to an open and IF G generalized a-closed
subspace, and equivalently of intuitionistic fuzzyB3 generalized a-normal space and other meanings are
introduced.
In addition, we introduce the concept of intuitionistic fuzzy B generalized a-regular spaces, some of
their properties are investigated such as showing that an IF strongly-regular 3*- T, space is an IF §
generalized a-regular, and every IF B generalized a-normal - Ry space is an IF B generalized a-regular
space.

In the last section of this paper, we study some properties of related intuitionistic fuzzy functions

with intuitionistic fuzzy B generalized o normal spaces.

2. Preliminaries

Definition 2.1 [7] Let T be a non empty fixed set. An intuitionistic fuzzy set H (IFS for short )in
T is an object having the form H = {(t, uy(t),v4(t)) : t € T} where the function uy : T — | and
Y4 : T — | denote the degree of membership (namely uy(t)) and the degree of non-membership
(namely «yy(t)) of each element t € T to the set H respectively, and 0 < uy(t) + y4(t) < 1, for
eachteT.

Definition 2.2 [7] Let H and J be IF sets of the form H = {(t, uy(t), yy(t)) : t € T} and
J={{, uy(t),v,(t)) :t €T} Then

(a) HC Jif and only if up(t) < wpy(t) and yu(t) > vy(t) forall t € T.

(b H=Jifandonly if HC Jand JC H.

(c) HE = {{t,yu(t), un(t)) 1 t € T}

(d) HNJ = {{t. wr(E) A pa(t), yu(t) V(L)) : t €T}

(e) HUJ = {{t, un(t) V uy(t), yu(t) Avs(t)) s t € Th.

(f)0F ={(t,,0,1):teT}and 17 ={(t,1,0) : t € T}.

Definition 2.3 [5] Let {H; : i € I} be an arbitrary family of IFS in T. Then
(@) N H;i = {(t Aup, (), Vam (t)  t € T}
(b) UH; = {t,Vup,(t), AMyy,(t) : t € T}.

Definition 2.4 [12] Let o, 8 € [0,1],a + B < 1 An intuitionistic fuzzy point (IFP for short) of
nonempty set T is an IFS of T denoted by P = t( gy and defined by
(o, B)ift =y

P = tp (V) = . (2.1)
(0,1)ift#y
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In this case, t is called the support of t(a,B3) and «,( are called the value and no value of

t(a, B) respectively. Clearly an intuitionistic fuzzy point can be represented by an ordered pair

of fuzzy point as follows: tog) = (fa,1 — t1—pg))- An IFP,f4g) is said to belong to an IFS

H = {(t, un(t),yu(t)) : t € T} denoted by P = t(n5) € H(orP C H), ifa < up(t) and B > yy(t).
We identify a fuzzy point ¢, in T by the IF point ¢, (1_p) in T.

For more details about operations on IF-sets, IF points and IF functions, we can see [7,8, 12-14].

Definition 2.5 [13] An intuitionistic fuzzy topology (briefly IFT) on a nonempty set T is a family

9 of intuitionistic fuzzy sets in T satisfy the following axioms:

(T1) 07,15 € 9.

(T2) If Hi, H> € ¢, then H; ﬂ Hy € 1.

(T3) If Hyx €4 for each AinA, then [Jycp Ha € 9.

In this case the pair (T, %) is called an intuitionistic fuzzy topological space (briefly IFTS) denoted
by T, and each intuitionistic fuzzy set in 1 is known as an intuitionistic fuzzy open set (briefly IFOS )
of T. The complement H of an /FOS H in IFTS (T,) is an intuitionistic fuzzy closed set (briefly
IFCS) in T.

Definition 2.6. An IFS H of an IFTS (T, ) is an

(i) IF a-open set (resp.a - closed ) if H C (int(cl(int(H))) ( resp.c/(int(cl(H))) C H. [14]

(ii) IF B — open( resp.B - closed ) if H C (cl(int(c/(H))) ( resp.int(cl(int(H))) C H. [14]

(i) IF semi-open if H C cl(int(H)). [14]

(iv) IF pre-open if H C (int(cl(H))). [14]

(v) IF generalized closed (briefly IFgC) if c/(H) € J whenever H C J and J is an IFO. [18]
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Definition 2.7 [5] Let H be any IFS in IFTS (T,%). Then the IF 3 closure and IF interior of H

are defined as follows,
IFBcl(H)=({F :HCF, FisIFBCSinT} .
IFBint(H)=U{J:JC H, Jis IFBOS inT} .

Definition 2.8 [15] An IFS H of an IFTS (T,) is said to be an IF B generalized a -closed set
(IFBGaCS for short) if Bcl(H) € J whenever H C J and Jis an IFaOS in (T,4). The complement
H€¢ of an IFBGaCS H in an IFTS (T,%) is called an IF B generalized a - open set(IFBGaQOS for
short) in T. The family of all IFBGa CS of an IFTS (T, 4) is denoted by IFBGaCS(T).

Definition 2.9 Let H be any IFS in IFTS (T,%). Then the IF 3 generalized a closure and IF B

generalized o interior of H are defined as follows,
IFBgacl(H)=({F :HC F,F is IFBgaCS in T}.

IFBgaint(H) = J{J: JC H, J is IFBgaOS in T}.

3. Intuitionistic Fuzzy B Generalized o Normal Spaces

In this section, we have introduced IF B generalized o -normal space and studied some of its

characterizations.

Definition 3.1 An IF topological space T is said to be IF B generalized a-normal(in short IF 3 g
a-normal) if for every pair of IF disjoint B8 generalized a- closed sets Hy; and H, of T, there exist IF
disjoint B-open sets Ry, R, of T such that H; C Ry and H> C R».

Example 3.2 Let T = {a, b} and Ry, R, are IF sets on T defined as follows:
Ri=(t. (% o%5) (&5 15))-

>

Ro = (t. (5% 10): (1% 50))-

o\m
o
o

Then the family ¢ = {07, 1%, Ry, Ro} isan IFT on T.
The IF sets Ry,R> in T are IF disjoint B8 open sets and the IF sets Hy = (t, (g%, OO) (o5, 10))
Ho = (t, (5% 06) (% o)) are IF B g a -CSs such tha H; [ Hz = 0F and H; € Ry and Ha C Ro.
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Then T is an IF 8 g a-normal space.

Theorem 3.3 For an IFTS (T, %), the following are equivalent:
(1) Tis B g a-normal.
(2) For any pair of IF disjoint 8 g a OSs R; and R> of T whose union is 1%, there exist an IF disjoint
B-CSs Hy and H» of T such that H; € Ry and Ho C R and Hi |J H» = 17.
(3) For each IFB g a-CS H and an IFG g a-OS K containing H, there exists an /FB-OS R> such
that HC R, CIFB — cl(R2) C K.
(4) For any pair of IF disjoint 8 g a-CSs H and K of T there exists an /FB3-OS R, of T such that
HC Ry and IFB — cl(R2) (K = 0%
(5) For any pair of IF disjoint B8 ga-CSs H and K of T there exists an /F(3-OSs Ry and Ry of T
such that HC Ry, K € Ry and IFB — cl(R1)(IFB — cl(R2) = 0F.

Proof.(1) = (2) Let Ry and Rz be two IF 8 g a- OSs in an IF B g a-normal space T such that
RiUR2 = 17. Then RY, RS are IF disjoint 3 g a- CSs. Since T is an IF 8 g a-normal space there
exist IF disjoint 5-OSs R and Q such that Rf € R and R§ C Q. Let H; = R ,H> = Q°. Then H;
and Hy are IF B-CSs Hy C Ry, H» C Ro and Hi U Ho =17 .

(2) = (3) Let H be an IFB g o~ CS and K be an IFB g a- OS containing H. Then H¢ and K are
IFB g a -OSs such that H|J K = 17. Then by (2) there exist an IF 3-CSs H; and H» such that
Hi € H® and H, € K and Hi|JH> = 1F. Thus, we obtain H C Hf, K< C HS and H{ [ HS = 07.
Let R = Hf and Ry = H5. Then Ry and R are IF disjoint 3 -OSs such that H C Hf C R> C K.
As RS an IF B-CS, we have H C Ry C IFB — cl(R2) C K.

(3) = (4) Let H and K be IF disjoint 8 g a -CSs of T. Then H C K< where K€ is IFG g a -open.
By the part (3), there exists an IF 3-OS R, of T such that H C R, C 3 — cl/(R2) € K€. Thus,
IF B—cl(R:) K = 07.

(4) = (5) Let H and K be any IF disjoint 3 g a -CSs of T. Then by the part (4), there exists an IF
B-OS Ry containing H such that /[FB—c1(R1) (K = 0. Since IFB—c1(Ry)is an IF3 g a - closed,
then it is IFB g a -closed. Thus /FB — c1(R;1) and K are IF disjoint 8 g a-CSs of T. Again by the
part (4), there exists an IF 8-OS Ry in T such that K C Ry and /FB—c1(R1) () /FB—cl(R2) = 07.

(5) = (1) Let H and K be any IF disjoint 8 g a-CSs of T. Then by the part (5), there exist IF
B-OSs R1 and Ry such that H C Ry, K C Ry, and IFB — c1(R1) () /FB — c1(R2) = 0F. Therefore,
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we obtain that Ry [ Rz = 0F. Hence T is IFB g a-normal. U]
Definition 3.4 [16] A space (T, 4) is called 8" - Ty, if every IF 8 g a-CS in T is B closed.

Definition 3.5 [15] If every IF B g a-CS is an IFCS in (T, 1), then the space can be called as an
IF B goa Ty, space.

For the IF regularity we give the following definition.

Definition 3.6 An IFTS T is said to be IF B8 g a-regular if for every 8 g a-CS F of T and
an IF point P = t(4 g) not in F there exist IF disjoint 8-OSs Ry, R of T such that P € Ry and F C Ro.

Example 3.7 Let T = {a,b,c} and M, N are IF sets on T defined as follows:

Ri = (t. (7% 55 10) (55 1o 50))-
Ro = (t. (5% 15 00) (%5 00+ 10))-
R{ = (t. (55 10+ 00) (1% 50 10))-
RS = (t. (3% 50 10) (6% 10 00))-

Let P = t(a,B) = a(0.5,0.3) with P € R$. Then there exist IF disjoint 3-OSs R1, R» of T such
that P C Ry, R{ C Ry, and R1 [ R> = 0%.
Then the family ¢ = {07, 15, R1, Ro} is an IFT on T. Which is an 8 g a-regular space.

Definition 3.8 [20] An IFTS T is called IF strongly-regular if for each IF 8 g «-CS H and an IF
point P = t(4 gy not in H, there exist an IF 3 g a-OSs U, V of T such that P € U and H C V.

Definition 3.9 [20] An IF topological space T is called IF strongly-normal if for each IF 8 g a-CSs
H1 and Ho, there exist an IF B g @-OSs U, V such that H; C U and H, C V.

Since every IF B -OS is an IF B8 g a-OS then we have.

IF B8 g a normal (resp.regular) space = IF strongly-normal (resp. regular) space.

Lemma 3.10 An IF strongly-regular3*-T; /> space is an IF 3 g a-regular.
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Proof Let (T,1) be an IF strongly-regular space as well as 8 —T;,, space. Since, (T, ) is a
B*-T1/o space, then every IF 8 g a-CSin T is B closed i.e. the class of IF 3 g a-CSs and B-closed sets
coincide. Now, (T, ) is strongly regular space which provides that for each IF 8 g a-CS H of T and an
IF point P = t(4 gy not in H there exist IF disjoint 5-OSs U, V such that p € U and H C V. Combining
these facts, it is concluded that for each IF G g a-CS H and each IF point P = (4 g there exist an
IF disjoint 3-OSs U and V such that H C U and p € V, which turns (T, 1) to be an IF 8 g a-regular.C]

Definition 3.11 An IF 8 g a space is said to be IF Ry if for IF 8 - OS R and each IF point
P = tap) € R, then IF Bcl{p} C R.

Theorem 3.12 Every IF 3 g a-normal-Ry space is an IF B8 g a-regular space.

Proof Let H be an IF B ga-CS in T and an IF point P = t ) in T such that P is not in H.
Then, p € H®, where H  isan IF B8 g a OS in T. Since T is an IF B8 g a-normal Ry space, we
have IFBcl{p} C H€, then H(IFBcl{p} = 0F. Thus H and /FBcl{p} are IF disjoint B g a-CSs
in T. By B8 g a-normality of T, there exist IF disjoint 3-OSs R1, R>» of T such that H C Ry and IF
Bcl{p} C Ry. Therefore, there exist an IF3-OSs Ry, R of T such that H C Ry and p € R». Hence,
T is an IF B g a-regular space.[]

Lemma (3.13) [17] Suppose H C Y C T and (T,%) is an IF B8 g a space. If Y is open and
anIF B g a-closed in (T, ) and His an IF 8 g a-closed in (Y, Ty), then H is also B g a-closed in (T, ¥).

IF B generalized a-normality is hereditary property with respect to an open and IF 3 generalized

a-closed subspace.

Theorem 3.14 If (T, %) is an IF B generalized a-normal space and Y is an IF open and 8 g a-CS
of (T, %), then (Y, Ty) is an IF B generalized a-normal subspace.

Proof Let H; and H, be any two IF disjoint 8 g a-CSs of (Y, Ty). Since Y is an IF open and G ¢
a-CS of (T, %), hence, in view of Lemma (3.13), H; and H» are IF B8 g a -closed in (T, 4), and since
(T,4) is an IF B g a-normal, then there exist an IF disjoint 8-OSs Ry and Ry of (T, ) such that
Hy € Ry and Hy € Ry. As Yis also an IF open so Y is an IF a- open and then we get R1 (1Y and
R>(Y as an IF disjoint B-OSs of the IF subspace (Y, Ty) such that H; C Ri (Y and Ho, C Rx(Y.

Hence, (Y, Ty) is an IF B8 g a-normal space.(]
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4. The Related Intuitionistic Fuzzy Functions with Intuitionistic Fuzzy 8 Generalized & Normal

Spaces

We start by the following definition.
Definition 4.1 A function f : (T,%) — (Y, 0) is called:

(1) IF B g a-closed if f(H) is IF 3 -ga-closed in Y for each IF 8 g a-CS H of T.
(2) IF M-B-open if f(H) is an IF3 -open in Y for each IF B-OS H of T.
(3) IF B g a-irresolute if f~1(H) is IF B g a-closed in T for each IFB ga- CSHinY.

Definition 4.2 [16] An IF function f : (T,%) — (Y,0) is said to be an IF B g a-continuous
function if f~*(F)isan IF B g a-CSin T for every IF-CS Hin Y.

Theorem 4.3 Let f : (T,%) — (Y,0) be an IF continuous B ga -closed injection and if (Y,0) is
an IF B g a-normal, then (T, %) is an IF 8 g & -normal.

Proof Let Hy and Hy are IF disjoint B g a-CSs in (T, %), since f is injective, f(H1) and f(H>)
are IF B g a -CSs in (Y,0), there exist an IF disjoint 8 -OSs R; and R, such that f(H;) C R;
for i = 1,2. Since f is an IF B g a-continuous,f~!(R;) andf~%(R») are IF B g a -CSs in
(T,) and H; C F~Y(R;) for i = 1,2. Put Q; = IFB — int(f~Y(R;) for i = 1,2. Then Q1 and
Q2 are IFB OSs with H; € Qq and Hx € Q2, and Q1 Q2 = 0F. Then (T, %) isan IF 3 g -normal.0]

The following important Lemma can be proved easily.
Lemma 4.4 (a) The image of IF B g a-OS under an IF-open continuous function is B g a-open.

(b) The inverse image of IF B g a-O(resp.B ga-C) set under an open continuous function is IF B8

g a-O (resp. B g a-C) set.

Proposition 4.5 The image of IF 8 g @-OS under IF-open and IF-closed continuous function is IF

B g a-open.

Proof Clearly.[J
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Theorem 4.6 If f: (T,4) — (Y, ) be an IF-open and IF-closed continuous bijection function and
HbealFBga-CSin(Y,8), then f~L1(H)is IF B g a-CSin (T, ).

Proof Let H be an IF B8 g a-CS in (Y,d) and R be any IF B8 g a -OS of (T,%) such that
f~1(H) € R. Then by the Proposition (4.5), we have f(R) is IF B g a-OS of (Y,d) such that
H C f(R). Since His an IF B8 g a -CS of (Y,d) and f(R) is IFG g a-OS in (Y,d), thus IF
B — cl/(H) € R. By Lemma (4.4) we obtain that f~1(H) C f~Y(IFB — c/(H)) C R, where
f=Y(IFB — cl(H)) is B- closed in (T,%). This implies that /FB — c/(f~1(H)) C R. Therefore
f~L(H) is IF B g a-CS in (T, %).00

We show that an IFB generalized a-normality is a topological property with respect to an IF

open-and-closed bijection continuous function.
Theorem 4.7 An IF B g a-normality is a topological property.

Proof Let (T,%) be an IF B g a-normal space and be an open-and-closed bijection continuous
function. We need to show that (Y, 0) is IF B generalized a-normal. Let H; and H, be any IF disjoint
B generalized a-CSs in (Y,8). Then by the Theorem (4.6) f~1(Hy) and f~1(H;) are IF disjoint
G generalized a-CSs of (T,%). By IF 8 g a-normality of (T, %), there exist 3-OSs R; and R, of
(T, %) such that f~1(Hy) C Ry, f~1(H2) C Ry and Ri(\R2 = 0%. Then, we have Hy C f(R1),
H> C f(R2) and f(R1)(f(R2) = 0F. Thus, f(R1) and f(R>) are IF disjoint 8-OSs of (Y, d) such
that H; C f(R1) and H> C f(R»). Hence, (Y,0) is IF 8 g a-normal. .

Theorem 4.8 If f : (T,4¢) — (Y,0) be an IFB g a -irresolute, M-B-open bijection function from
an IF B8 g a -normal (T, ) to an IF space (Y, ), then (Y,d) is an IF B g a -normal space.

Proof Let H; and H» be any two IF disjoint 8 g a-CSs in (Y, 0). Since f is an IF B g a -irresolute,
we have f~1(H;) and f~1(H>) are IF disjoint 8 g a-CSs in (T, ). By IF 8 ga-normality of (T, ),
there exist 8 -OSs Ry and Ry in (T, 9) such that f~1(H;) C Ry, f~1(H2) C Ry and Ry R2 = 07.
Since f is an IF M-B-open and bijection function, we have f(R;1) and f(R2) are IF B -OSs in (Y, 9)
such that Hy C f(R1), Ho C f(R2) and f(R1)(\f(R2) = 0F. Therefore, (Y,0) is an IF B g «

-normal.]

Theorem 4.9 If f : (T,%) — (Y,0) is an IF B g a - closed continuous surjection and (T, %) is an
IFB normal, then (Y,6) is an IF B8 g a-normal.



10 Int. J. Anal. Appl. (2022), 20:37

Proof Since every IF B normal is an IF 8 g o -normal, the proof is clear.[]

5. Conclusion

In this paper, we introduced the concept of IF 8 g a normal spaces with study some of its
properties. We also investigated the related intuitionistic fuzzy functions with intuitionistic fuzzy G ¢
a normal spaces. In the future, based on some recent intuitionistic fuzzy 8 g o spaces studies, we
will expand the research content of this paper further. Also,the entire content will be a successful
tool for the researchers for finding the path to obtain the results in the context of intuitionistic fuzzy

strongly-regular and strongly-normal spaces.
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