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SOME NEW INEQUALITIES OF QI TYPE FOR DEFINITE
INTEGRALS

BO-YAN XI! AND FENG QI?:*

ABSTRACT. In the paper, the authors establish some new integral inequalities,
from which some integral inequalities of Qi type may be derived.

1. INTRODUCTION
In [11] and its preprint [12], an interesting integral inequality below was obtained.

Theorem 1.1 ([11, 12]). Letn € N and the n-th order derivative of f be continuous
on [a,b] C R = (—o0, 00), satisfying f@(a) > 0 and f(x) >n! for0<i<n-—1.
Then

(1.1) /ab F2(z) da > [/abf(x)dx} "

At the end of [11, 12], the following open problem was posed.
Open Problem 1.1 ([11, 12]). Under what conditions does the inequality

(1.2) /abft(x)dxz [/abfmdx]t_l

hold for some t > 17
Thereafter, the following answer to Open Problem 1.1 was confirmed.

Theorem 1.2 ([14, 15]). Let t > 1 and f be a continuous function on [a,b] C R
such that

b
(1.3) / f(x)dz > (b—a)t.
Then the inequality (1.2) is valid.

To the best of our knowledge, till now there have been many mathematician-
s and articles devoted to generalizing and applying the integral inequality (1.1)
and to answering Open Problem 1.1. In these investigations, different and various
tools, ideas, methods, and techniques, such as Jensen’s inequality [6], convexity
method [4], functional inequalities in abstract spaces [1, 4, 6], probability measures
viewpoint [1, 7, 8], Holder inequality and its reversed variants [10, 19], analytical
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methods [15], Cauchy’s mean value theorem [3, 13], and g-integral [2, 9, 20], have
been created. Recently, this type of inequalities were generalized in [18] to double
integrals. Importantly, the mathematical meanings in probability and statistics was
found in [4]. For a much complete list of references appeared in recent years on this
topic, please refer to [20].

The aim of this paper is to establish some new integral inequalities, from which
some integral inequalities of Qi type may be derived. In other words, the integral
inequality (1.1) will be generalized and some more answers to Open Problem 1.1
will be supplied in this paper.

2. DEFINITIONS AND LEMMAS

Before establishing some new inequalities of Qi type, we state several definitions
and lemmas.

Let I C R be an interval and n € N. For f : I — Ry = (0,00), z € I for
1 <k <n,and \; > 0 satisfying ;| Ay = 1, let

n 1/r
[Z )\kfr(xk)‘| , T 7é 07
k=1

Hf)""(xk), r=0.

k=1

(2.1) M, (f(z),A\,r) =

Especially, for z, € I C Ry, let
" 1/r
<Z /\ka> y T 7é 07
k=1

n
Ak _
H ", r=0.
k=1

Definition 2.1 ([5, p. 348]). Let I C R be an interval. A function f : I — R is
said to be convex if

(2.3) FOz+ 1 =Ny) <Af(z) + (1 =N f(y)

for all z,y € I and X € [0,1]. If the above inequality is reversed, then f is said to
be concave on 1.

Definition 2.2 ([16, 17]). Let I C Ry be an interval and r € R. A function
f I — Ry is said to be r-mean convex on [ if

(24) f(MQ((E,)\,?")) < MQ(f(SL'),)\,’I’)

for all 1,29 € I and A € [0,1]. If the above inequality is reversed, then we say
that the function f is r-mean concave on I.

(2.2) M, (x, A\, 1) =

When r = 0, the r-mean convex (r-mean concave, respectively) functions are
called geometrically convex (geometrically concave, respectively) functions.

Definition 2.3 ([5, p. 349]). Let I C R be an interval. A function f: I — Ry is
said to be logarithmically convex on I if

(2.5) fOz+ 1 =Ny) < [f@)MF))
for all z,y € I and X € [0,1]. If the above inequality is reversed, then the function
f is said to be logarithmically concave on I.
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Lemma 2.1 (Jensen’s Inequality). Let I C Ry be an interval, r € R, and f: I —
Ry. Then f is r-mean convex (r-mean concave, respectively) on I if and only if

(2.6) (M (2, A7) < My (f(2),A 1)
holds for all x = (z1,x2,...,2,) € I™ and Ny > 0 satisfying Y p_; A = 1.
Proof. This may be found in [16, 17]. O

The following lemmas are useful for us.
Lemma 2.2. Forz,y € Ry, if either xy <4, orxz <1, ory <1, thenzy < x+y.
Proof. The proof is elementary. O
3. SOME NEW INTEGRAL INEQUALITIES OF QI TYPE

Now we are in a position to establish some new integral inequalities of Qi type.

Theorem 3.1. Suppose I C Ry = [0,00) is an interval, f : [a,b] — I is continuous
and not identically zero, g : I — Ry is convex (or concave, respectively), and

(3.1) 9((b = a)u) < g(b — a)g(u)
foruel, and

’ > g(b—a)
(3.2) /a flz)dz = Do

Then we have

b ng(fabf(x)dx)
(3.3) / o(fda s Tt

Proof. Let
k

(3.4) zp=a+—(b—a), 1<k<n.
n

If g(u) is a convex function on I, then it is easy to see that M, (f(z), 2,1) € I,
and, by Jensen’s inequality (2.6) and corresponding conditions,

g[/abf(a:)dx] o(0- ) Jim 3, (7). 1))

<00 Jim o34, () 11))

)

1
g
< g(b—a) lim M, (g(f(x), L

n—o00 n

glb—a) [°
=00 [ gtr@n e
Therefore, it follows that

/abf(x)dx/abg(f(x))dx—g[/abf(w)dx]

= [Catsepas| [ rwyaz - 2=

> 0.
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Thus, the inequality (3.3) in the direction > is true.
If g(u) is a concave function on I, the proof is similar. This completes the proof
of Theorem 3.1. (]

Applying Theorem 3.1 to special cases of g(u) result in the following corollaries,
which show that Theorem 3.1 and Theorem 3.2 and 3.3 below are generalizations
of the inequality (1.1) and answers of Open Problem 1.1.

Corollary 3.1. Let f(x) is a positive continuous function on an interval [a,b] C R.
(1) Ift € 10,1) and f; f(z)dz > (b—a)t™!, then the inequality (1.2) is valid;
(2) If0 <t <1 and f; f(x)ydz < (b— a)'™t, then the inequality (1.2) is
reversed.
Corollary 3.2. Let f(x) be a positive continuous function on [a,b] C R.
(1) Ift € [0,1) and f(z) > (b—a)'=2, then the inequality (1.2) is valid;
(2) If0<t <1 and f(z) < (b—a)'™2, then the inequality (1.2) is reversed.
Corollary 3.3. Suppose f(x) is a positive continuous function on [a,b] C R.
(1) Ift >2 and f(x) > (t —1)(x — a)' =2, then the inequality (1.2) is valid;
(2) If2 <t <3and f'(z) > (b—a)t — 1)(x —a)=2 on [a,b], then the
inequality (1.2) is also valid;
(3) Ift >3 and f'(x) > (t—1)(t—2)(xz—a)'=3 on [a,b], then the inequality (1.2)
is still valid.

Corollary 3.4. Suppose f(x) is a positive continuous function on [a,b] C R, and
suppose that either 0 < f(x) < bi, or0< f(z) <1, or0<b—a<1 Ifc>1
and

b cb—a
/ fl@)dz > b ,
a —a
then
b bf z)dx
(3.5) / @ Az > ;bff(())
a z)dzx
In particular,
b
(3.6) /bef(fﬂ)dxzeXpUaf(x)dx].
a fab flx)dz
Proof. From Lemma 2.2, when z,y > 0 and either zy <4 or z < 1, it follows that
c**Y > ¢, By choosing g(u) = ¢* in Theorem 3.1, Corollary 3.4 follows. O

Theorem 3.2. Suppose I C Ry is an interval, f : [a,b] — I is a continuous
function and not identically zero, and g : I — R,..

(1) Forr #0, if g(u) is r-mean convez (or r-mean concave, respectively) on I,
and

(3.7) g((b—a)/"u) S g((b—a)/")g(w)
foruel, and

al/r
(3.5) [ rwarz 0=
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then
i boer(ey da) "
(39) Mgr(f () da] o g<(f}bff((:c))c(lix) )

(2) If g(u) is a geometrically convex (or geometrically concave, respectively) on
1, satisfying

(3.10) g(e(bfa)u) gg(ebfa)g(eu)v wel
and
b
(3.11) / @) da 2 g(e),
then
vl L [ e p e ) = 9D f () d))
(3.12) p(b_a/a Ing(f(z))d >< e

Proof. Let g(u) be a r-mean convex function on I and adopt the notations in (3.4).
Utilizing M, (f(z),1,1) € I and Jensen’s inequality (2.6) leads to

'

o[ o] ) a0 (1)

g((b—a)'’") nli_{gog(Mn (f(m),

IN

S| 3|+

< (0 a"”) tim 21, (505,

n—oo
o(b—a)) [ [ v
Z((b_a)l/r)/g(f(l‘))dl’ )

hence, the inequality (3.9) is true.

Let g(u) be a geometrically convex function on I. Making use of Jensen’s in-

equality (2.6) results in
1))

(oo [ 1500002 ) = o0 0 i 20 10,

S|

therefore, the inequality (3.12) is true.
The rest can be proved similarly. The proof of Theorem 3.2 is complete. O

Theorem 3.3. Suppose I C Ry is an interval, f : [a,b] — I is a continuous
function and not identically zero, and g : I — Ry is a logarithmically convex (or
logarithmically concave, respectively) function, satisfying

(3.13) g((b—a)u) < g(b—a)g(u), uel
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and
b
(3.14) | t@dez g0 o).
Then we have
b b ey da

Proof. When g(u) is a logarithmically convex function on I, Jensen’s inequali-
ty (2.6) gives

= g(e"~*)exp (nli_{rgo M, (1ng(f(a;)), % 1))
_ g(eb_a)exp(b_la /ab lng(f(m))dx),

as a result, the inequality (3.15) is true.
The rest can be proved similarly. The proof of Theorem 3.3 is complete. (]
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