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Abstract. In this paper, we established the Hermite-Hadamard inequalities via Katugampola fractional.
Meanwhile, interval analysis is a particular case of set-interval analysis. We established the fractional

inequalities and these results are an extension of a previous research.

1. Introduction

The classical Hermite-Hadamard inequalities such that

b
f(a;b) < bia/f(t)dtﬁf(a);f(b)

where f : | — R is a convex function on the closed bounded interval / of R,and a, b €  with a < b.
Since then, some improved and generalized results of Hermite-Hadamard inequality on convex
function have been explored and study by many authors(e.g. [2], [7], [10-12], [20], [23,24], [27], [29]).
On the other hand, interval analysis is a particular case of set-valued analysis which is the study of
sets in the spirit of mathematical analysis and general topology. It was introduced as an attempt to
handle interval uncertainty that appears in many mathematical or computer models of some deter-
ministic real-world phenomena. An old example of interval enclosure is Archimede's method which is
related to the computation of the circumference of circle. In 1966, the first book related to interval
analysis was given by Moore who is known as the first user of intervals in computational mathematics.

After this book, several scientists started to investigate theory and application of interval arithmetic.
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Nowadays, because of its application, interval analysis is a useful tool in various areas related to un-
certain data. We can see applications in computer graphics, experimental and computational physics,

error analysis, robotics and many others.

2. Interval Calculus

A real valued interval X is bounded, closed subset of R and is defined by

X=[XX]={teR: X<t<X}

where X, X € R and X < X. The number X and X are called the left and right endpoints of
interval X, respectively. When X = X = a, the interval X is said to be degenerate and we use the
form X = a = [a,a]. Also we call X positive if X> 0 or negative if X < 0. The set of all closed
intervals of R, the sets of all closed positive intervals of R and closed negative intervals of R is denoted
by R,,Rf and R}, respectively. The Pompeiu-Hausdorff distance between the intervals X and Y is
defined by

d(X,Y)=d([X. X],[Y.Y]) =max{|X = Y|, |X=Y]|}.
It is known that (R;, d) is a complete metric space.
Now, we give the definitions of basic interval arithmetic operations for the intervals X and Y as

follows:
X+Y=[X+Y,X+VY],

XY =[minS, maxS] where S = {XY, XY, XY, XY},

X/Y =[minT, maxT] where T = {X/Y, X/Y,X/Y,X/Y} and 0 ¢ Y.

Scalar multiplication of the interval X is defined by

[AL Aﬂ . A>0,
AX:A[K,Y}: 0, A =0,
AX,2X], A<0,
where A € R.
The opposits of the interval X is

X = (-1)X=[-X,-X],

where A = —1.

The subtraction is given by
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X-Y=X+(-Y)=[X-V.X-Y].

In general, —X is not additive inverse for X, i.e. X — X # 0.

Use of monotonic functions
F(X)= [F(K) , F(Y)] .

The definitons of operations lead to a number of algebraic properties which allows R, to be quasi-
linear space. They can be listed as follows

(1)(Associativity of addition) (X +Y)+Z =X+ (Y + Z) forall X, Y, Z € R},

(2)(Additivity elemant) X +0 =0+ X = X for all X € R,

(3)(Commutativity of addition) X +Y =Y + X for all X,Y € R,

(4)(Cancellation law) X + Z =Y + Z = X =Y forall X, Y, Z € R,

(5)(Associativity of multiplication) (X -Y)-Z=X-(Y-Z) for all X,Y,Z € R,

(6)(Commutativity of multiplication) X - Y =Y - X for all X,Y € Ry,

(7)(Unity element) X -1 =1-X for all X € Ry,

(8)(Associativity law) A (uX) = (An) X for all X € Ry, and for all A\, u € R,

(9)(First distributiviyu law) A (X +Y) = AX + XY for all X,Y € Ry, and for all A € R,

(10)(Second distributiviyu law) (A + u) X = AX + uX for all X € R;, and for all \, u € R.

But, this law holds in certain cases. If Y - Z > 0, then

XY4+Z=X-Y+X-Z
What's more, one of the set property is the inclusion C that is given by
XCY<«<=Y<Xand X<YVY.

Considering together with arthmetic operations and inclusion, one has the following property which
is called inclusion isotone of interval operations:
Let ® be the addition, multiplication, subtraction or division. If X,Y,Z and T areintervals such

that
XCYand ZCT,

then the following relation is valid

XOZCYOT.

3. Intgral of Interval-Valued Functions

In this section, the notion of integral is mentioned for interval-valued functions. Before the definition
of integral, the necessary concepts will be given as the following:
A function F is said to be an interval-valued function of t on [a, b], if it assigns a nonempty interval

to each t € [a, b],
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F(t)=[E(t),F(1)].

A partition of [a, b] is any finite ordered subset P having the form:

Pra=th<ti<..<th=0b.

The mesh of a partition P defined by

mesh(P) =max{tj—ti_1:i=1,2,...,n}.

We denoted by P ([a, b]) the set of all partition of [a, b]. Let P (9, [a, b]) be the set of all P €
P ([a, b]) such that mesh(P) < §. Choose an arbitrary point &; in interval [ti_1,t],(i=1,2,...,n)

and let us define the sum
n
S(F,P8) =) F()ti—tia],
i=1

where F : [a, b] = R;. We call S (F, P,d) a Riemann sum of F corresponding to P € P (9, [a, b]) .

Definition 3.1

A function F : [a, b] — R, is called interval Riemann intrgrable ((IR)-integrable) on [a, b], if there
exists A € R, such that, for each € > 0, there exists § > 0 such that

d(S(F,P6), A <e

for every Riemann sum S of F corresponding to each P € P (4, [a, b]) and independent from choice
of & € [ti—1,tj] for all 1 </ < n. In this case, A is called the (/R)-integral of F on [a, b] and is
denoted by

b
A= (/R)/F(t)dt.

The collection of all functions that are (/R)-integrable on [a, b] will be denoted by /R[a.4))-

The following theorem gives relation between (/R)—integrable and Riemann integrable (R)-
integrable.

Theorem 3.2

Let F : [a, b] — R, be an interval-valued function such that F (t) = [£(t), F (t)]. F € IR(ap) if
and only if £ (t),F (t) € R(s,s}) and

b b b
(IR)/F(t) dt (R)/F(t) dt,(R)/F(t)dt

where R((, ) denoted the all R-integrable functions.
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It is seen easily that, if F(t) C G (t) for all t € [a, b], then

b b
(IR)/F(t) dt C (/R)/G(t) dt.

Furthermore, if {t;_1, t;}{"; is a 6-fine Py of [a, b] and if {s;_1,5;} _, is a 6-fine P, of [c, ], then

retangles
Ajj = [tio1 ti] % [sj-1, 5]

are the partition of retangle A = [a, b] X [c, d] and the point (E,—,nj) are inside the retangles
[ti_1, ti] % [sj,l, sj} . And we denote the set of all §-fine partition P of A with P; x P>, where P; €
P(0,[a b]) and P, € P(4,[c,d]). Let AA;; be the area retangle A, j, where 1 </ <m,1 <, <n,
choose arbitrary (£;,7;) and get

m n
S(FP6A) =SS F(&.n) LA,
i=1 j=1
Definition 3.3
A function F : /A — R, is called interval double Riemann integrable ((ID)-integrable) on /\ =
[a, b] X [c, d] with the /D-integral | = (/D) // F (t,s) dA, if there exists | € R; such that, for each
€ > 0, there exists § > 0 such that ‘

d(S(F,P5 1), 1)<e

for each P € P (4, ). We denote by /Ry the set of all /D-integrable function on A, and by
R((a.p)): | R([a,p)). the set of all R-integrable and /R-integrable functions on [a, b] ,respectively.

Theorem 3.4

Let A =[a, b] x[c,d].If F: /A — Ryis |D-integrable on A, then we have

(/D)//AF(t,s) dA:(IR)/:(/R) /CdF(s, ) dsdt.

In [21], Sadowska obtained the following Hermite-Hadamard inequality for interval-valued functions:

Theorem 3.5

Let F : [a,b] — R be an interval-valued function such that F(t) = [F(t),F(t)] and F €
IR([a,b})- Then

b
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4. Fractional Integrals

In [2], Katugampola introduced a new fractional which generalizes the Riemann-Liouville and the
Hadamard fractional integrals into a single form as follow.

Definition 4.1

Let [a, b] C R be a finite interval. Then, the left- and right-side Katugampola fractional integralsod
order a > 0 of f € X2 (a, b) are defined by

pl—a X tp—l
a2f(x)= f(t)dt
CI= @y ), oy’
and
pl—a b tp—l

PR () =

O

where a < x < b and p > 0, if the integral exists.
Theorem 4.2
Let >0 and p> 0. Then for x > a,
1.;@1"/;’;7‘ (x) =J%f(x),
2.plr8+”/§‘+f (x) = H% f(x).
Similar results also hold for right-sided operators.
Theorem 4.3
Let @ > 0and p > 0. Let f : [a®, b’] — R be a positive function with 0 < a< band f € X2 (a, b).

If fis also a convex function on [a, b], then the following inequalities hold:

f(af) + f(b°)
2

LR A ARCES
f<a+ < ><p L) forer 1 (b9 +2 13 £ (29)] <

2 2 — 2(bP — aP)*

where the fractional integral are considered for the function f (x?) and evaluated at a and b,
respectively.

In [28], Yaldiz established the new definitions and theorem related Katugampola fractional integrals
for two variables functions:

Definition 4.4

Let f € L1 ([a®, b°] x [cP, d?]). The Katugampola fractional integrals p/a+ C+f(x,y),

PI%P f(x,y) P It‘:‘_éCJrf(x,y) and plb_yd_f(x,y) of a,3 > 0 are defined by

at.d-
o8 ) tP 1Sp71
et Tley) F(a)r(ﬁ)/ [ (o) (g sy DB

X > ay>c,

1-a ,1-8 d to—1cp—1
pjalB - p P / f(t,s)dsdt
At T E @ Sy fy Gem ey

x > ay<d,
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a.B . tP 15;0 1
oo =tafe ) (o) (o _spyr B (DI
X < byy>c,

_ pl=a pl=B b rd po—15p—1
F(@)TB) Jx Jy (tp—xP)"*(sp — yp)17P
x < by<d,

P13y f (x.y)

b g f(t,s)dsdt,

with a < x < band c <y < d with p> 0.

Similarly, we introduce the following integrals:

c+d plfa X tpfl
PI% f = f
at (X' 2 > Ma) Jo (xf— tp)l o

(+5%7)
PIxf (x C+d> :I'(a / (tp—xp)l af(t,c_;d>dt, x < b,
(=)

dt, x> a,

o

a-—+

1-p sl a+b
"/[3 ( ) P f .S |ds, y>c,
2 r®) J. (yp_sp)l—ﬁ 2
and s .

a+b o'~ X sP~ <a+b >

PIg_f = f .S | ds, < d.
< 2 ) FB) Ja (sp—yr)t P 2 Y

Theorem 4.5

Let @, 3> 0and p > 0. Let f : AP C R? — R be a coordinated convex on AP := [a?, b°] x [c?, d°]
inRZwith0<a<bh0<c<dandfecL;(AP). Then the following inequalities hold:

2 2
PP (a+ 1) (B+1)
4(bp — aP)* (dp — cP)P
X [P/jfc+f(b, d) +2 190 £ (b, ) +° [2P_ f (a,d) +° 128, f (a,c)

f<ap+bp Cp+dp>

IN

at.d-
f(aP, cP)+f(aP, dP)+ f(bP cP)+ f(bP,dP)

<
= 4

witha<x<band c <y <d.

Definition 4.6

Let / C (0,00) be a real interval and p € R\ {0}. A function f : | — R is said to be a p-convex
function, if

FIxP+ (1= )y717) S tF )+ (-1 F ()

for all x,y € I and t € [0, 1] . If the inequality is reserved, then f is said to be p-concave.

In [5], Fang and Shi established the following inequlaity

Theorem 4.7
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Let f : | — R be a p-convex function and a, b € | with a < b. If f € L [a, b], then we have

1 b
aP + bP] v p f(x) f(a)+f(b)
f<[ 2 ng"—ap/xl—ﬁvdxS 2

a

In [27], Toplu et al. established the following inequality
Theorem 4.8
Let f:/ — R be a p-convex function, p >0, & >0 and a,b € | with a < b. If f € L [a, b], then

the following inequality for fractional integrals holds:

‘ ([ap_;bp]p> < pagp(it ;—pl) [PI2.F (b) +P 12  (a)] < 7‘:(3)42'7(([)).

In this paper, we can give a different version of the definition of the pg-convex function as below.
Definition 4.9
Let / € (0,00) x (0,00)be a real interval and p, g € R\ {0}. A function f : | — R is said to be a

pg-convex function, if

F(I + (1= D)y A2+ (1= 2w
< MG Z)H A =N F(xow)+ (1= (v, 2)+ (1 —1) (1 =X)F(y, w)

for all (x,z),(x,w),(y,z),(y,w) €l and t, A € [0,1]. If the inequality is reserved, then f is said
to be pg-concave.

We recall the following special functions and inequalities.

(1)The Gamma Function:

The Gamma I function is defined by

FNz)=T(a)= /OOO e ttaldt

for all complex numbers z with Re(z) > 0, respectively. The gamma function is a natural extension
of the factorial from integers n to real (and complex) numbers z.
(2)The Beta Function:

Ty _

1
x—1 -1
5(X,y)—w—/o t (1—t)y dt, X,_y>0.

(3)The Hypergeometric Function:

1 1
/ tht (1 — )Pt (1 —zt)?dt, ¢ > b>0,]z| < 1.

oF1(a b;c,z) = Bbc—b) Jq
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5. Main Result

Theorem 5.1
Let f : / x | — R be an interval-valued pg-convex function such that f (¢t) = [f(t),f (¢)] and
the order p,g > 0, a,6 >0 and a,b,c,d € | with a < b and ¢ < d. If f € ID(, px[c,d)), then the

following inequality for fractional integrals holds:

. a4 bP1e [c9 4 d97a
2 T2
PGP (a + 1) (B +1)
(bP — aP)* (d9 — c9)°
x [M/j‘fﬁf (b, d) +P9 1% £ (b, c) +P9 128 £ (a,d) +P9 128 f (a, c)]

f(a,c)+f(a,d)+f(bc)+f(bd)
) 2 .

Proof :
Since f is pg-convex function on [a, b] x [c,d], we have for all (x,z),(x,w),(y,z),(y,w) €
[a, b] x [c, d] (with t, A = 3)

f(x,2)+f(x,w)+f(y,z)+f(y,w)
2 1 .

By choosing x = [ta” + (1 — t) bP]5 ,y = [(1 —t)a® + thP]p ,z = [Ac? + (1 — A) d9]7 and w =
[(1—X)c9+ Adq]% , then we get

(571 757)

> % [ (1t2” + (1= )01 N+ (1= 2) a3 ) + £ ([taP + (1= ) b5, [(1 = A) <9 + Ad) )

+f ([ = )@ + 0], N+ (1= A) @) ) + £ (I(1 = £) @ + t7]7 , [(1 = X) €7+ Ad) 7 ) |

Multiplying both sides of the inequality by t* *A~1 and then integrating the resulting inequality
with respect to t over [0, 1] and with respect to X over [0, 1], then we obtain,

v ([#40] [erra)t
=\

(D) /01/01 [ (1t + (1= ) 817 I+ (1= A) @7 ) + £ ([P + (L= ) 2715, [(1 — A) €7 + )7 )

V)

+f ([(1 ) aP 4 tbP]e AT+ (1 - N) dq]%) +f ([(1 ) aP 4 P [(1— A) qu]%ﬂ dtd
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. (/D)/cd/ ( ) (dq_yq>ﬁ 1f(x y) p x alp dciyjtqudy
+(/D)/Cd/ (bp ) (Z Ca)ﬁ 1,c(x 9 px P;p dciyj’:qudy
+(/D)/Cd/ <Zz_ap> (dq_cq>ﬁ 1 ,in alp dciyj‘clqudy
oo [ (=) () ) B

PUZE.F (b,d) +P9 IS, F (b, C) +79IEEF (a,d) +P9 128, £ (a,c)] .

at,ct

(bP — aP)™ (d9 — c9)P [

Thus we have

(252 25
p2dPr(a+ 1) (B+1)

(bP — aP)* (d9 — c9)
[PQ/§+ﬁC+f(b d) +P9 1% f (b, ) P9 IZP F (a,d) +79 2P F (a, )

which completes the proof of the first inequality.

For the second inequalitiy, br using pg-convexity of f, we have

f ([tap +(1-1) bp]% AT+ (1 =N) d"ﬁ)

S tAf(a,c)+t(1—A)F(ad)+(1—t)AF (b c)+(1—t)(1—A)F(bd),
f([(1—t)ap+tbp]%,[ACQ+(1—x)dQ]%)

S5 (1—)AF(a,c)+(1—t)(L—A)f(a d)+tAf(bc)+t(l—A)F(bd),
f([tap+(1—t)bp]%,[(l—x)cuxdﬂ%)

SO t(I—N)f(ac)+tAf(ad)+(1—1t)(1—A)F(bc)+(L—t)rf(bd),

and

f([(1—t)ap+tbp]%,[(1—A)cq+AdQ]%)

S (1-t)(1=N)f(ac)+(1—t)AF(a d)+t(1—N) F(b c)+trf(bd).

By adding these inequalities, then, we have
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F([ta? + (1= ) b1 N+ (1= A @]9 ) + £ (I(1 = €)@ + t7]5 e + (1 = A) )
+f ([tap F(— )PP [(1 ) e+ Adqﬁ) +f ([(1 — 1)+ 177 [(1-2) 7+ Ad"ﬁ)
D f(ac)+f(ad) +f(bc)+f(bd).

Multiplying both sides of the inequality by t* *X\?~1 a > 0,8 > 0 and then integrating the

resulting inequality with respect to t over [0, 1] and with respect to A over [0, 1], then we similarly

obtain,
PGP (a+ 1) (B+1)
(b2 — 2#)% (47 — )P
X |P9I%E F (b, d) +P9 1% F (b, c) +P9 %P F (a,d) +P 2P f (a, c)]
f(a,c)+f(a,d)+f(b,c)+f(b,d)
) 1 .
Lemma 5.2

Let f : | x I — R be a partial differentiable function with 0 < a < b and 0 < ¢ < d. Then the
equality holds.

Kf(a,B,a, b, c,d)

(bP — aP) (d9 — c9) / /1 [(1—0)* - [(1- 2P - A@] 2 F (M, (a b, t), M, (c, c/,x))dtdA
4pq [taP + (1 — t) bP]' % [Aca + (1 — A) d9]* &

= %{f(a,c)—i—f(a,d)+f(b,c)+f(b,d)

pGPr (a+1)T (B +1) , ,
e o [P (b0) 495 155, £ (0,0) 497 12207 (2,) 499 135, ()

Pl (o +1)
CEEDS

Frg+1
_ (qu(—ca)ﬁ) [q/gf(a,y) 918 F(a,y) +9 15, F (b,y) +9 ,gf(b'y)}}

where M, (a, b, t) = [ta® + (1 — t) bP]» and Mg (c, d, ) = [AcT + (1 — A) d9]a .
proof :
Let
P _ P q_ ~q a1 _y\B 8
CETOIC c){// (1= 6% (1= 5% (Mp(a, b, 1), My (c, df))dm}
4pq [taP + (1 — t) bP]* % [Acq + (1 — A) d]*

_ (P —aP)(d7—c9) {/1 L(1—t)* N2 f (Mp(a b, t), My (c,d, A))dtdx}
4pq 0 [taP + (1 — t)bP) % [Ac + (1 — A) d9]* @

PIZf (x,c) +P I f(x,c) +P IS f (x, d) +P I3 f (x, d)]
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. (bP — aP) (d9 — c9) {/ / t*(1— X )5 afaxf(/w (a, b, t), Mg (c,d, A))dtdk}
4pq [taP + (1 — £) bP] "% [Aca + (1 — A) d9]* @
and

- (PP =) (47— ) {/1 /1 N O F (M), (?, b, t), Mg (c.d, ) 1 dtdx} |
4pq 0 [taP+ (1 —t)bP]* " » [Ac9+ (1 — N) d9] "3

By using integrating by part, we have,

_ 1 __ Bg d ya-1
L = {f(b,d) (dq—cq)/c (ya — q)l —f (b y)dy— / o ap)l —f (x, d) dx

(b"—ap dq—cq / / (Xp_ap)la q;q)15 (X.Y)dXdJ/}

and similarly we get

_ 1 Bq ? yat ap b xP~1
I, = 4{f(b. c)— (dq_cq)/ (dq_yq)l,ﬁf(b,J/)dy_ (bp—ap)/a (Xp_ap)lfo‘f(x' c)dx

- Yy dxd
(bp—ap)(dq—Cq)// (xP — aP)t ™ dq_yq)kﬁ (x.y) Xy}

_ 1 Bq Tyt ap b x
o= {f(a, d) — (@@ — Cq)/c 7 - Cq)l_ﬁf(b,y) dy — (bpiap)/a T _Xp)l_af(x, d) dx

ap Bq a xP~1 ya-1
T =) (07— c9) /c /a (bP — xP)=% (ya — ca)L P Flxy) dXdy}

and

-1

1 ap b xP
ly = {f(a,C) ca)/ (dq —ﬁf(b y)dy — G —a”)/a (bp_xp)l_af(x,d)dx

(b"—ap d"—cq / / (bp—xp)1 z qy_q)lﬁ (X'y)dXdy}'

So that we combine /1 — I» — I3 + 14, we will get the equality.

Theorem 5.3
Let f:/ x | — R be an interval-valued pg-convex function such that f (t) = [f (t), f (t)] and the
order p,g >0, a,8>0and a,b,c,d €/ witha<band c<d. Iff€IDgq,px[cq) and %f’ is

pg — convex on [a, b] x [c, d] for m > 1, then the following inequality for fractional integrals holds:
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‘i{f(a,c)—l—f(a,d)—i—f(b,c)+f(b,d)

psbzﬁr(;; (13;(5;)51) [PUSEF (b, d) +P9 I8, F (b, ) +79 125, f (a,d) +°7 I3, F (a,0)|
Pl (a+1)
(P - a)"
qﬁr(ﬁ +1)
(bP—aP)(d?—c )
4pq

PIZE (x,c) +P I f(x, c) +P IS f (x, d) +P I3 f (x, d)]

[qlﬁf( DV @)+ (5, f (b))

m m

2 2

OtoA

m}l
Proof :
From Lemma by using the property of the modulus, the power mean inequality and the pg-convexity

f(a,c) f(a, d)

 (a.8) % {/V’z (@0 |50

+ Ms (e, 5)‘

m

+M,

6t8>\ 6t6>\

m
of ‘6t6>\f’ , then we have

(bP — a°) (d9 — c9) {(/D)/ /1 [(1—1t)% -t (1 — ) — M8 6ta)\f(/\/lp (a, b, t), /\fq (c.d, A))dtd)\}
4pq [taP + (1 — t) PP [Aca + (1 — A) da]' @

(= @) (d" = )

4pq

2 4pq
X{(/D)/ / ‘[(l—t) IR ﬁ] 2 F(My(a b t), M (c.d, A))‘ x}
[ta? + (1 — t) bP]* % [Aca + (1 — A) d9] @
(b — 2P) (d9 — ¢) 1 el )[(1—t)°‘—t°‘] [(l—k)ﬁ—kﬁ]‘ o
= 4pq {(ID)/O /o [taP + (1 — £) b7 [Acd + (1 — ) 9] 4 qrax
) {(/D)/ / 1= 0% = 1 [ =2 = 3]| - |57 (My (2, b,1). My (c,d0)|” N d%};
[taP + (1 — t) bP]" 5 [Aca + (1 — A) d9]* @
5 W= d"—C){(/D)/ / )[(1_t)a_ta1] [(1_M6—A5”] édtd)x} :

taP + (1 — t) bP]* 75 [Acad + (1 — ) d9]*"a

{ // 10— 0 =] [ =3P = ]|
X 1
[tar + (1 —t) bp]“ﬁ[xcu(l— )dq]l’ﬁ

2
X {tk ataxf(a o +t(1- t 8>\
82 m 62 m m
F(1-t)A ’ma)\f(b, Il +(1-1t)@-xn ‘aw)\f(b, d) dtdx}
B (b"—a")(dq—c) - K " 8? m
M 8t8>\ = Ms 8t8>\ } :
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where by simple computation, we obtain,

M (a,
_ (- 07— ] |1 -2 -] dtdx
) //0 [tap + (1 — £) B> [Acq + (1= A) g9]* t
_ /1 [(1— 6)* — 7] ldt/l (=27 -] -
0 [taP+ (1 —t)br]' > 0 [Ach+ (1 —A)da]* s
N {oi):tpl [2F1(1_,131°‘+21—;)+2F1(1—;a+1a+21—zz>ﬂ

1= 1 ca ca
><{6+1 |:2F1 <1q,1;,6+2,1dq) +2F1 (1ﬁ+1 ,6+2 ldq>:|}

M; (a, B)

/ / [(1- 0% = 2] [(1 = 2)° = ]
= t>\dtd>\
0 [taP + (1 — ) bP]* % [AcT + (1 — A) d9]*~

_ /1 (1 —6)" — 7] tc/t/1 0.-2F > } AdA
o [t +(1—0p s o et (1—A)d

pl=p 1 1 aP 1 aP
= — F 1—72 1—-— FHl1--= 2; 1—-—
{a+2[a+121< a+ 3, b)+2 1( pa+ a+3, bp)]}

dt-a 1 cd o
X{5+2[6+12F1< T EhEs 1d) +2F1<16+2ﬁ+3 1&)]}

Ms (o, B)

(1= 0% = 2] [(1= 2P = ]
_ / / = rt(1- A dtd
0 [taP+ (1 —t) b} % [Ac + (1 — A) d9)*

o 1— 2P —x
_ / [(1—t) — t%] tdt/l [( ) } _ (1= X) dA
0 [taP + (1 —t)bP]*" 0 [Ac9+ (1 —N)d]'"a

S D S Y ORI 1P i DU U S PN i
T la+2|a+1st p' ' pp ) 201 p bP

dt—a 1 e 1 c9
M (o, B)

/ / (1= 0% = 2] [(1=2)° = ]
= _ (1 — t) AdtdA
0 [taP + (1 — ) bP]* % [AcT + (1 — ) d9]" "«

:/ [(1—t)—ta]l(1_t)dt/1 [(1=2)° =]
0

[taP + (1 — t) bP] [Ac? + (1 — A) 9]«

S S = iar31-2Vr L fFli-tastaszi-2
T la+1 2 p o) T atis p bP

dt—a 1 1, cd a
X{ﬁ+2 [6+12F1 <1_q'2'5+3'1_dq) +2 F1 (1— B+2,8+3, 1—dq)]}
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(1= 0% =] [(1 = 1) =]
_ / / = —(1—t)(1—\)dtdA
0 [taP + (1 t) bP]' "5 [Acd + (1 — A) d9)' 7

e e 1-XP -\
:/1 (07—t (1—t)dt/1 [( F ] (1—=X)dx
0 [taP +(1—t)bP]' 5 0 A9+ (1— ) d9]* s

_ blpF111+31ap+1F11+1+31‘ap
R T pa bp a+1s pa o bP

dt—a 1 c9 1 c9
T R O P U R -1 1}

Theorem 5.4
Let f: / x | — R be an interval-valued pg-convex function such that f (t) = [f (t), f (t)] and the

m

order p,g >0, a,8>0and a b, c,d €/ witha<band c<d Iffe€lDgqpx[cq) and ‘6?—;\1(’ is
pq — convex on [a, b] x [c, d] for m > 1, then the following inequality for fractional integrals holds:

H{f(a,c)—l—f(a,d)—l—f(b,c)+f(b,d)

PGPr (a+ 1) (B+1) [
(bP — aP)* (d9 — Cq)ﬁ
Pl (a+1)
C(bp—ar)®
T (B+1)
(d9 — 9y

(bP —aP) (d —c9)

4pq

X {1 Ha?;\f(a )

and = _|_, 1.

Proof .
From Lemma by using the property of the modulus, the Holder inequality and the pg-convexity of

PaIB (b, d) +P9 120 F (b, c) +P9 1P (a,d) +P912P £ (a, c)}

PIS T (x,c) +PIEf(x, c)+P IS f (x,d)+P I f (x, d)]

[q 1P (a,y)+7 I (a,y) +7 1P (b.y) +° /Qf(b,y)H

(Mg (@.0) + M} (0.5) + Mg (.0) + M§ (c.5)}

m ) m m

OtoA

2

OtoA

62
Oto

f(a d) f(b,c) f(b,d)

ih

"

o

oo

‘ataxf‘ then we have

(P — a°) (d7 — ¢9) { /D)/ /1 [(1—1)%—t%] [(1 — ) — N araxf(M” (a,b, t), I\fq (c.d, X))dtd)\}
4pq [ta> + (1 — £) b]" % [Aca + (1 — A) d9)' =

- @ - [(p (1= 0" (1= " . dx)'IW
. 4pq {( )// [t2? + (1 — ) b5 [Ac9 + (1 — A) d9]* @ '

<( '

1
2 m
mf(lwp (a, b, t) , Mq (C, d,)\))

dtdk)
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1

Ny —E

[taP + (1 —t) bp]lfn [>\cq +

dt

- 1dtd>\>7
(1— A)d9]a

0 Jo
" (UD) /01 /o1 [ta? + (1 —
1

dt

OtoX

Trax dtdA)
_ an yBn %
A=H7A dtd
£) b5 (A9 + (1 - A) d9)' "
F(My(a, b, t), Mg (c,d, \)) dtd>\> )

tomxﬁn

1
n

0 0
" (UD) /01/01 [tar + (1 —t) bp]
< (ID)

6t8>\
(bP —aP) (d7 —c9)
4pq

Joor [ ol oo

—l—(l—t))\‘

m

+t(

2

OtoA
(b? —aP) (d7 — c9)

1-1
> [Acd+ (1 -

(a. b, t), Mg (c,d, X))

1—

8t8>\

m

f(b,c)

+(1—t)(1—>\)‘

-dtdx
A) d9)t

m @
dtdA) }

(M () + Mﬁ (o0, ) + Mi (2.0) + M (o.0)}

m

. d)

2 m

OtoA

f(b,d)

dtdA}

- { M (.0) + M (@0.8) + Mg (c.8) + M5 (. 5) }

4pq

1[]| 62
% {4 H8t8>\f(a' )

m 2
‘ BtoN

and by calculations of integrals, we obtain,

f(a, d)

m 2

Otox

o

NP

F(6,) Fb.d) m]}f‘

m 2
‘ BtoN

-dtdA

Ms (o B)

p(1=p)n
ap+1

[l amsotth
0 [taP+ (1 — t) bp]l’ﬁ [>\cq +(1—N)da)s

1 (1—1)°" 1 (1—
</ [taP + (1 — ) b]' 5 dt) </

N 1d>\>
A+ (1 —A)d9]* @

aP d=an cd
= 2F1(”-10l”+21—bp)W2F1<n_].,Bn‘i‘Z]-_d(?)

dtdX

B 1,1 tcxn(l A)ﬁ”
Mr (@ B) = /0/0 [taP + (1 — £) bP]* ™% [Ac9 + (1 — A) d9]" "4

B ! ton ! (1-—
- </ [taP + (1 t) bp]lidt> </

A)P" )
[Aco + (1 —X) d9)*" 3

p(1=p)n p
= ——%FH n—ﬂan+1an+21—a—
p bp

ap+1

da=an cd
6(]—}—12/__1( *16/74’2 1—dq>
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1 1 (1 o t)an >\ﬁn
M , == 1 1
8{a.B) /o /o [taP + (1 — t) bP]' % [Ac9 + (1 — ) d9]' @

(/1 a-n= ldr> (/1 il 1d>\>
0 [taP + (1—t)bP]* 5 0 [AcT+ (1—A)dq' "=

dtdX

p(1=p)n n 3P dt—an n o
= ap 1 2F (n—p,om+1,om+2,1—bp> VT 2F1 (n—q,6n+1,ﬁn+2,1_w>
1 1 anyBn
NN
Mo (e.B) = / / 1-1 —Tdtd\
o Jo [taP+ (1 —t)bP] "> [AcT+ (1 —X)d9]" s
1 an 1 8n
t A
- / rdt / —dX
o [taP+(1—t)br] % 0 [Aca+ (1 —X)ddq]'" s
pL=p)n n aP d=an n o
= a1 oF (n—p,an—i—l,an—i—zl—bl)) BaT 1 oF (n—q,6n+1,5n+2,1_w>
Conclusion

In this work, the author established Hermite-Hadamard type inequalities via Katugampola fractional
integral. Furthermore, the author extend the ineqalities on interval-valued coordinated. It is an
interesting issue, and many researchers work to generalize the Ostrowski' inequalities, Chebyshev type
inequalities and Opial-type inequalities on fuzzy interval-valued set. We hope to establish the general

fractional integrals in their future research.
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