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Abstract. We investigate a family of M,A-h-convex functions, give some properties of it and several
inequalities which are counterparts to the classical inequalities such as the Jensen inequality and the
Schur inequality. We give the weighted Hermite-Hadamard inequalities for an M,A-h-convex function

and several estimations for the product of two functions.

1. Preliminaries

It is known that the classical convexity can be generalized to an MN-convexity, where M and N
are means which is described in [8]. The other direction of generalization leads to the concept of
h-convexity, [13]. It is interesting to see properties of a function which definition combines some
elements of MN-convexity and of h-convexity.

Let M and N be two means in two variables. We say that a function f : | — R is MN-convex if

F(M(x,y)) < N(f(x), f(¥))

for every x,y € [.
In this paper we will focus on a somewhat special type of means.
Let ¢ be a continuous, strictly monotone function defined on the interval /. By M, we denote a

quasi-arithmetic mean:
Mo(x,y;t,1—1) =@ (to(x) + (1 - )e(y)), x.yel tel01].
It is obvious that the power mean M, corresponds to ¢(x) = xP if p # 0 and to ¢(x) = log x if p = 0.
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Let ¢ and ¥ be two continuous, strictly monotone functions defined on intervals | and K respectively.
Let h: J — R be a non-negative function, (0,1) C J and let f : | — K such that h(t)y(f(x)) +
h(1 —t)Y(f(y)) € Y(K) for all x,y € I, t € (0,1). We say that a function f is My, My-h-convex if

F(Mo(x,yit,1—1t)) < My(f(x), f(y); h(t), h(1 — 1))
for all x,y € I and all t € (0,1). Especially, a function f : | — R is called M,A-h-convex if
F(Mp(x,yit, 1 —1)) < h(t)f(x) + h(1 —t)f(y) (1.1)

forall x,y € I and t € (0,1). The M,My-h-concavity is defined on a natural way.

Some particular cases of M, My-h-convex functions are recently investigated. If h(t) = t, then
the M, My-h-convexity collapses to the M, M,y-convexity which is described in [8]. If My, My, are an
arithmetic mean (A), a geometric mean (G) or a harmonic mean (H), then we can find several results.
For example, AA-h-convexity or simply h-convexity firstly appeared in [13]. An HA-h-convexity or
harmonic-h-convexity is described in [2] and [10]. HG-h-convexity investigated in [10] and AG-h-
convexity or log-h-convexity in [9]. AM,-h-convexity or (h, p)-convexity is described in [6] while some
properties of M,A-h-convex functions are given in [4]. Also, we have to mention article [1] devoted
to the MN-h-convexity where M, N € {A, G, H}.

The aim of this paper is to give several statements about M,A-h-convex functions primarly related
to the Hermite-Hadamard inequality and the Jensen inequality. The following section is devoted to
the properties of M,A-h-convex functions. Also in that section we give counterparts to the Jensen
and the Schur inequality and some related results. In the third section we prove several inequalities of

Hermite-Hadamard type.

2. Properties of M,A-h-convex functions and Jensen-type inequalities

Proposition 2.1. Let ¢ be a continuous, strictly monotone function defined on the interval I. Let
h be a non-negative function defined on the interval J, (0,1) C J. A function f is My,A-h-convex

(concave) on | if and only if the function f o ¢~! is h-convex (concave) on @(I).

Proof. Let us suppose thatf is M,A-h-convex on | and let u,v € @(/), t € (0,1). Since ¢ is

continuous and strictly monotone on /, there exist x, y € | such that u = @(x), v = @(y). Then

(Foe™ )(tut+(1—t)v) = (Fop " )(tp(x)+ (1 - 1)e(y)))
= f(Mp(x,y;t,1—1)) < h(t)f(x) + h(L—t)f(y)
= h(t)f (e~ () + h(1 = t)f (0~} (V)
= h(t)(fop™")(u) + h(1—t)(Fop t)(v)

1

which means that f o @™" is h-convex. The second case is proved similarly. Il
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Proposition 2.2. Let ¢ be a continuous, strictly monotone function defined on the interval I. Let
h, h1, ho be non-negative functions defined on the interval J, (0,1) C J.
(i) Let hy and hy have a property

ho(t) < hi(t), te(0,1).

Iff:1— 10, 00) is MyA-hy-convex, then f is an M,A-hy-convex function.
(i) If f, g are M,A-h-convex functions, A > 0, then f 4+ g and \f are My,A-h-convex.

(iii) Let f,: | — [0, 00) be similarly ordered functions on I, i.e.

(F(x) = fy)(9(x) —g(y)) 20, x,yel

and h(t)+ h(1—t) < c forall t € (0,1), where h=max{hy, ho} and c is a fixed positive number. If

f is MyA-hi-convex and g is My,A-ha-convex, then the product fg is My,A-h-convex.

Proof. The proof is based on the known results for h-convex functions and characterization given in

Lis ho-convex. Then, using

Proposition 2.1. Let us prove part (i). If f is My,A-ho-convex, then f o™
Proposition 8 from [13], we get that f o ¢! is hj-convex, i.e. f is MyA-h;-convex.

Other parts are proved similarly by applying Propositions 9 and 10 from [13]. O

The following theorem gives a counterpart of the Schur inequality.

Theorem 2.1. Let h be a non-negative supermultiplicative function defined on the interval J, (0,1) C
J. Let @ be a continuous, strictly monotone function defined on the interval |. Let f : | — [0, 00) be
My, A-h-convex.

If  is increasing, then for any x1, xo, x3 € | such that x; < xo < x3 and p(x3)—@(x2), ©(x3)—@(x1),

©(x2) — @(x1) € J the following holds

h(p(x3) — p(x2))f(x1) — h(p(x3) — p(x1))f(x2) + h(p(x2) — p(x1))f(x3) = 0. (2.1)

If @ is decreasing, then for any x1, x2, X3 € | such that x; < xo < x3 and p(x2)—p(x3), Y(x1)—@(x3),
©(x1) — p(x2) € J the following holds

h(e(x2) — (x3))f(x1) — h(p(x1) — (x3))f(x2) + h(p(x1) — @(x2))f(x3) > 0. (2.2)
Proof. Let assume that ¢ is increasing. For xi, xo, x3 € | such that x; < xo < x3 we have

up = p(x;) < up = p(x2) < Uz = (x3).

1

Since a function g := f o ™" is h-convex, using Proposition 16 from [13], we get

h(us — u2)g(u1) — h(us — u1)g(u2) + h(uz — u1)g(uz) > 0

and after appropriate substitutions we obtain inequality (2.1). Inequality (2.2) is proved in a similar

way. l
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The following theorem is a counterpart of the discrete Jensen inequality and its converse for an
M, A-h-convex function.

Theorem 2.2. Let h: J — R be a non-negative supermultiplicative function, (0,1) C J. Let ¢ be
a continuous, strictly monotone function defined on the interval I. Let f : | — [0,00) be a MyA-
h-convex function. Let wy, ..., wy, be non-negative real numbers such that W,, = 27:1 w; # 0 and

W -
WHEJ,/— ..... n.

(i) Then for all xy, ..., xp € | the following holds

f <<Pl (Vi,, /z; W/w(Xi))) < Z h <\/V\;:7> f(x).

=1

(if) Then for all xy, ..., xp € (a,b) C | the following holds

. Wi : Wi @(b) — (X))
h{—)f(x) < f(a h{—)h| =2—22
2 () o = )2 ()" (o)
n
W w(xi) —v(a)
b)Y () h < |
2w, ) " o6 —wia)
Proof. Since f is a M,A-h-convex function, then f o @1 is h-convex on (/) and using the Jensen

inequality for h-convex functions and its converse ( [13, Theorems 19 and 21]), we get the above

results. O

The following result is a property of subadditivity for an index set function. Let K be a finite

non-empty set of positive integers. Let us define the index set function F by
_ 1
F(K) = h(Wi)f <<P ' <VVK Z Wi<P(Xi)>> - Z h(w;)f (%),
ieK eK
where w; € J, Wy = ZIGK wi € J, xj € 1.
Theorem 2.3. Let h . J — R be a non-negative supermultiplicative function and let M and K be
finite non-empty sets of positive integers with MN K = (. Let w; > 0, (i € MU K) be such that

Wik, Wum, Whmuk € J. Let o be a continuous, strictly monotone function defined on the interval |.

Iff: 1 —10,00) is M,A-h-convex, then the following inequality holds
FIMUK) < F(M)+ F(K).
Furthermore, if My .= {1, ..., k}, k=2,..., n and Wy, € J, then

F(MH)SF(Mn—l)S---SF(M2)§O
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and

fon < {h(w,' ) <<p1 <W/<P(X/) + VVJ"P(XJ)>>

1<i<j<n wi + w;j
—h(w)F(x) = h(w)F(x) }.
Proof. Let us consider the following difference

F(M)+ F(K) — F(MUK)

— h(Wa)f (w <W1M 3 W/w(xf)>> T h(Wi)F <<p—1 (VﬁK 3 W/w(xi))>

ieM ieK
1
—h(Wmuk)f (ﬁp_l ( > W/‘P(X/))) :
Wk ok

Since numbers v := WLM Yoiem Wio(x;) and v = ﬁ > ick Wi(x;) belong to (1), there exist numbers

X,y € I such that ¢(x) = u, ¢(y) = v. Using a definition of the M,A-h-convexity for t = %
1-t= WV\I\;CK' and x, y and supermultiplicativity of h, we get
Wy Wk ) h(Wi) h(Wk)
f | My(x,y; , < f(x)+ ————-—~1 2.3
( w(x.y Wiuk " Wumuk h(Wnmuk) ) h(Wnmuk) 2 (23)
and inequality F(M) + F(K) — F(M U K) > 0 follows from (2.3) immediately. O

Remark 2.1. If M, = A, then the above results related to the Jensen inequality, its converse and
to the index set function for an h-function were proved in [13].

If My, = H, then the Jensen type inequality for HA-h-convex function is given in [2]. If M, = M,
and h(t) = t, then the Jensen inequality for M,A-convex was proved in [4]. If M, € {A, G, H}, then

results from this section are given in [1].

3. Hermite-Hadamard type inequality and related results

Counterparts of the Hermite-Hadamard inequality appear in the study of every kind of convexity.
Namely, in the classical convexity, the left-hand side or the right-hand side of the Hermite-Hadamard
inequality are equivalent to the definition of convexity. The Hermite-Hadamard inequality for an h-

convex function was proved in [3] and [11] and has the following form.

If his an integrable function, h(%) # 0, then for an integrable h-convex function f : [a, b] — R,

the following sequence of inequalities hold:

1 a+b 1 b 1
2h(§)f( 5 >§b—a/a f(x)de[f(a)—i—f(b)]/o h(x) dx. (3.1)

This section begins with the weighted Hermite-Hadamard inequality for an M, A-h-convex function.

This result is usually called the Hermite-Hadamard-Féjer inequality.
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Theorem 3.1. Let h be a non-negative function defined on the interval J, (0,1) C J, h(3) # 0 and
@ be a differentiable, strictly monotone function defined on |a, b].
Let w : [a, b] — [0, 00) be a function such that wy' € L([a, b]) and

w (7 (tw(a) + (1 = t)p(b))) = w (97 H((1 — t)p(a) + ty(b))) (3.2)

for all t € (0,1). If f is My,A-h-convex, fwy' € L([a, b]), then

i () (22529) [t

b
< / FOOW()@ (x) dx (3.3)
< [F(a) + F(b)] / (‘M) w()9'(x) dx,

provided that all integrals exist. Moreover,

i (1 (1559) = ot P

[F(a) + F ()] /0 h(x) dx., (3.4)

IN

provided that all integrals exist.

Proof. Let us prove the first inequality in (3.3). Since ¢ is continuous, strictly monotone, then for fixed

t € (0,1) thereexist u, v € [a, b] such that p(u) = te(a)+(1—t)ep(b) and o(v) = (1—t)p(a)+te(b).

Then, we get
; ((p_l (w(a) er w(b))>

— 7 (w7 (Blewta) + (1= 0006 + 510 - D00(a) + ()] )

s

Multiplying the above inequality with w (¢~ (t@(a) + (1 — t)@(b))), integrating over [0, 1] and using
condition (3.2), we get

(o7 (B2220)) [ w0t ttota) + 1 - Do) o

1
<h G) /O o (tp(a) + (1 — t)p(b)))w (9 (tp(a) + (1 — t)p(b))) dt

Th (1) / o (1~ (@) + to(b)w (0 (1 )(a) + tw(b) dt
2) Jo

1 b
:(p(;)hfi(a) [ FGow(ow/ () dx

and the first inequality in (3.3) is proved.
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Multiplying inequality (1.1) with w (¢~ *(te(a) + (1 — t)¢(b))) and integrating, we get
1
/0 F(o~ (tp(a) + (1 = t)p(b))we ™ (tp(a) + (1 — t)p(b)) dt

1
< /O [A(£)F(a) + h(L — D)F (B)w (t(a) + (1 — t)p(b)) d.

Using condition (3.2) and substitution t@(a) + (1 — t)e(b) = ¢(x), we get the second inequality in
(3.3).
The last inequality follows from (3.3) for the particular weight w(t) = 1. O

Remark 3.1. Some particular results related to the non-weighted Hermite-Hadamard inequality are
know. If h(t) = t, then the counterpart of the Hermite-Hadamard inequality (3.4) is given in [7].
The Hermite-Hadamard inequality (3.4) for a HA-h-convex function is given in [10], see also [15].

Inequality (3.4) for an My,A-convex function is given in [14] and for M,A-h-convex is given in [5].

Corollary 3.1. Let h be a non-negative function defined on the interval J, (0,1) C J. Let w : [a, b] —
[0,00), [a, b] C (0,00) be a function such that

W(atblft) — W(alftbt)

for all t € (0,1). If f is GA-h-convex, then

' [P <

b X X
< [f(a)+f(b)]/ h (:ZZ Z%) Wi ) ax.

w(x) 4
X

provided that all integrals exist. Furthermore,

1 f(x)
2h(é)f(\/%)g/a a)+ f(b ]/

provided that all integrals exist.

Proof. Putting in inequalities (3.3) and (3.4) ¢(x) = log x, we get the required results. 0

The following theorem contains estimations for the integral mean of the product of two M,A-h-

convex functions.

Theorem 3.2. Let ¢ be a differentiable, strictly monotone function defined on the interval [a, b]. Let
hi,i = 1,2 be non-negative functions defined on the interval J;, (0,1) C J;, and let f, g : [a, b] —
[0, 00).

If fis MyA-hi-convex and g is MyA-ha-convex, then the following hold:
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(i)
b
M / F(x)g(x)@'(x) dx

1

< M(a, b)/olhl(t)hQ(t) dt+ N(a, b)/o hy(t)ha(1 — t) dt
(i)
%(;)/72(1)7‘ </\/I<p(a, b 1, 1)) g (/\//(p(a, b: % ;)
W / F(x)g(x)¢(x) dx

1
< M(a, b)/o hy(£)ha(1 — ) dt + N(a, b)/o hy(£)ho(t) dit,

where h(3)ha(3) # 0.

(iii)

(3.5)

(3.6)

2(p(b) — w(a))2/ / / F(Mo(x,y;t. 1= 1))g(My(x,y; t. 1 —t)) dt dy dx

1
< oo | e ax [ m(om(

1 1 1
+[M(a, b) + N(a, b)]/o h(t) dt/o ho(t) dt/o h(£)ho(1 — 1) dt

//(p(x)f(M(p(x 1( ("”)“’( )> 81— 1) x

xg(Mg(x, o (W) 't

(iv)

1—1t))dtdx

<W / F()g() ! (x) dx /O h (D) ha(t) dt

+[M(a, b) + N(a, b)] {hl <2> ho (;)/O hi(t)ho(t) dt

+[h1 (;) /01 ha(t) dt + ho (;) /Olhl(t) dt] /01 hl(t)hz(l—t)dt},

where
M(a, b) = f(a)g(a) + f(b)g(b), N(a,b) = rf(a)g(b)+ f(b)g(a)

and provided that all integrals exist.

Proof. (i) Since f is MyA-hi-convex and g is M,A-hy-convex, we get

(3.7)

(3.8)

f(My((a, b;t,1—t)) < hi(t)f(a)+hi(1—t)f(b) and g(My(a, b; t, 1—-t)) < hao(t)g(a)+ha(1—t)g(b).
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Multiplying these two inequalities and integrating it over [0, 1], we obtain

/1 f(Mp(a, b;t, 1 —1t))g(My(a,b;t, 1 —1t))dt

0

< M(a, b)/1 ha(t)ho(t) dt + N(a, b)/1 P ()ho(1 — 1) dt
0 0

and after a substitution My(a, b; t,1 — t) = x, we get inequality (3.5).
(i) Since

RO _ L (1p(a) + (1 - 10(0)) + 2((1 ~ D(a) + to(b))

for t € (0,1) and since f is M,A-hi-convex and g is My, A-ho-convex, we get

f (/\/Iq,(u, Vit ;>> < (;) [F () + F(v)]

and

g (Mot 3.3)) < (3 ) lata) + 9l
where @(u) = tp(a) + (1 — t)e(b) and p(v) = (1 — t)p(a) + te(b). Multiplying these inequalities,
we obtain

f <M(p(a, b; % é)) g </\/I¢,(a, b; % ;)) =f (/\/lw(u, v; % ;)) g (M(p(u, v % ;))
<t (3) e (3) {9 + )90 + Fu)g0) + F(r)g0)}
<t (3) e (3) {Ir@9) + FOW + ADg(@A (R~ ©) + (1 = (1)

+F(@)9(b) M (D)ha(t) + hu(L = )ha(L = )] + F(B)g() [ (L = E)ha(L = £) + hu(E)ha( )]
FF(B)g(B) (1~ )a(t) + hu(E)ha(1 = D]},

where in the last inequality we used the M,A-h-convexity again. Integrating the above inequality and

using into account that

b
7 [ 0900 () dx

1 1
/O F(u)g(u) dt = /O FVov) dt = s

1

1 1 1
/0 hy(£)ho(1 — t) dt = /0 hi(1— t)h(t) dt,/o hy(£)ho(t) dt = /O (1= t)ho(1 — t) dt

we obtain inequality (3.6).

(i) Since f is My,A-h1-convex and g is M, A-hy-convex, we get
F(My(x,y;t,1—t)) < hi(t)f(x) + h(1 - t)f(y)

and

g(Me(x,yit,1—1)) < ha(t)g(x) + ha(1 = t)g(y).
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Multiplying these two inequalities, then multiplying with ¢’(x)¢’(y) and integrating it over [a, b] with

respect to x and y and over [0, 1] with respect to t, we obtain
b b o1
/ / /0 O ()P (V) f (My(x,y: t. 1= t))g(My(x,y: t, 1 — t)) dt dy dx

1 b

< 2(0(6) ~ (@) [ m(Oha(e) de [ F()90)0' () dx
0 a

1 b b
+2/O hi(1 — t)ha(t) dt/ f(x)e'(x) dx/ g(x)¢’(x) dx.

Using the right-hand side of inequality (3.4) to estimate fab f(x)¢'(x) dx and fab g(x)¢’(x) dx and
some simple transformations, we get (3.7).

(iv) In this case we begin with inequalities

F(My(x, @ <‘W> 6 1—1) < h(B)Ff(x)+ h(1—t)f <(p—l <W)>
oMot (E2FEEY 1 ) < mte)gto0 + it - g (o7 (22EED))

and proceed in the similar way, i.e. multiply them mutually, then multiply with ¢’(x) and integrate

with respect to x and t. We get

/ab/ol & () F (Mo (x, 01 <W> R

1(‘P(a)+‘ﬂ<b>

xg(My(x, o~ > > (t,1—t))dtdx

1

b
< / F()g()¢' (x) dx /O h(E)ho(t) dt

+g < < (b)>> /ab f(x)e'(x) dx /01 hi(t)ho(1 — t) dt
(e

((p(a)-f-(P(b)))/ g(x)0'(x) dx/l hi(1—t)hy(t) dt
3 0

+f <<p_1 (W)) g <<p‘1 <W)> /01 hi(1 —t)ho(1 —t) dt.

In the next step we use the right-hand side of (3.4) to estimate fab f(x)¢'(x) dx and
f 9(x)¢'(x)dx and definition of My,A-h-convexity to estimate f ((p_l (M)) and

+f

g ((p_ (M)). After a short calculation we get the required inequality (3.8). O

Remark 3.2. Particular cases of the above results are already known. If ¢(x) = x, then (3.5) and
(3.6) for AA-h-convex functions are given in [11]. The above results for M,A-convex functions, i.e.
with h(t) = t are given in [14]. If ¢(x) = xP, p # 0, then (3.5) -(3.8) for MpA-h-convex functions

are given in [5].
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The case p = 0 is not considered in [5], so, in the following corollary we give this, complementary

result.

Corollary 3.2. Let h;,i = 1,2 be non-negative functions defined on the interval J;, (0,1) C J;, and
let f, g : [a, b] — [0, 00), [a, b] C (0, ).
If f is GA-hi-convex and g is GA-hx-convex, then
()
1
log b/a
(ii)

b 1 1
[ 09005 < ma, b)/o by (£)hae) dt + N(a, b)/o by (£)ho(1— £) dt

1 b dx
Sy VIV o [ 0a00

1 1
< M(a, b)/o h(t)ha(1 — t) dt + N(a, b)/o h(t)ho(t) dt,

where hl(%)hz(%) # 0

(iii)
l t t 1-t dt dv dx
s, L ) ey sty aray
1
< wasrs /. T )g(x)/o m(D)(t) dt
1 1
+[M(a, b) + N(a, b)] hl(t)dt/ h2(t)dt/ hi(t)ha(1 —t) dt.
0 0 0
Proof. Applying the function ¢(x) = log x in Theorem 3.2, we get results of this corollary. [l

The following theorem also contains some estimations for the integral mean of the product of two

functions, but the proofs of these inequalities are based on the following inequality:

if a<band c<d, then ad + cb < bd + ac. (3.9)

Theorem 3.3. Let the assumptions of Theorem 3.2 be satisfied. Then

()
[ foom (S =0) +som (5o )] eowoe

v ’ o (B2 =00 & o (£ =0 ] (x40 0

1 1
< (o(b) - (a)) [M(a, ) [ u(oya(e) de+ Mz, b) [ (o1 0t

b
+ / F(x)g(x) e (x) dx (3.10)
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(i1)

—
=
j\Y)
)
~
>
flary
—~
~
~—
>
N
—~
—_
|
~
N—
Q
~
+
=
—~
Q
o
~—
>
flary
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;)> : </\//¢(a, bl ;) , (3.11)

M(a, b) = f(a)g(a) + f(b)g(b), N(a, b) = f(a)g(b) + f(b)g(a).

where

Proof. (i) Putting in (3.9)
a="f(My(a b;t,1—1t)), b=hi(t)f(a)+ hi(1—t)f(b)

c=9g(My(a bit,1-1)), d=ht)g(a)+ ha(l - 1t)g(b)

and integrating obtained inequality with respect to t, we get

1
/0 [9(@)ha(t) + g(b)ha(1 — )] F (My(a, bit, 1 — £)) dt
+/1 [f(a)hi(t) + f(b)hi (1 —t)] g(My(a, b;t, 1 —t)) dt
0
1 1
< M(a, b)/ hi(8)ha(t) dt + N(a, b)/ m(t)ha(1 — t) dt
0 0

—i—/l f(My(a, b;t,1—1t))g(My(a, b;t,1—1t)) dt.
0

After substitution u = My(a, b; t, 1 —t) in integrals the above inequality collapses to inequality (3.10).

(i) From M,A-h;-convexity we get

f <l\//¢,(a, b; % ;)) =f <M¢,(u, v;%, ;)) <Mmh < > f(u)+ h < ) f(v)
" g (/\/Iw(a, b; % ;)) =g (/\/l(p(u, v % ;)) < h (;) g(u) + ho <;> g(v),

where p(u) = (1 — t)p(a) + te(b) and w(v) = te(a) + (1 — t)p(b). Putting in (3.9)

2= (Moot 3 )). b= (3) 1)+ Fv)

c—g (Mp(a, b3 ) Cd=h, (;) [9(u) + g(v)]
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and integrating with respect to t, we get

hy (;) f (/\/I(p(a, b %% )/Ol[g(u)+g(v)] dt
s (3) 9 (Metabi5.3) [ 1) + () dt
o () 2) [ ]
w2i (3) e (3) [M6.0) [ o - 0yat+wa0) [ miomio o
b
>

o (Mo(a.6:5.3)) o (Meta i35 ).

After substitution p(x) = (1 —t)@(a)+ te(b) in integrals fol f(u)g(u) dt, fo u) dt and fo u) dt,
and substitution @(x) = tp(a) + (1 — t)p(b) in integrals fol f(v)g(v) dt, fo f(v)dt and fo g(v)dt,
we obtain inequality (3.11). O

Remark 3.3. If h(t) = t, results (3.10) and (3.11) are given in [14].
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