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Abstract. Difference equations are widely utilized to describe some phenomena arising in nonlinear
sciences. In particular, systems of difference equations play an important role in investigating most
nonlinear applications. Future behaviors of such phenomena can be sometimes known and understood
by using exact solutions of systems of difference equations. Therefore, this article investigates the exact
solutions of fourth order systems of difference equations. We use successive iterations and Padovan
numbers to obtain the exact solutions in the form of rational functions. The stability of the considered
systems are analyzed using Jacobian matrix. Real equilibrium points are found saddle. Under some
selected parameters, we plot some 2D figures to show the behavior of the obtained solutions. The

used methods can be successfully applied for high order systems of difference equations.

1. Introduction

Differential equations have been widely used to model various economical, physical, biological and
artificial phenomena. These equations describe populations or objects in which time is continuous. In
contrast, difference equations have been extensively used to describe populations or objects that evolve
discrete time. The study of the theory of difference equations has strongly become an active topic
for some researchers. The main reason behind that is that difference equations are used to model
and describe most natural and non-natural phenomena such as those occurred in physics, biology,
chemistry, economy, engineering, etc. Difference equations appear as discrete mathematical models
of these phenomena. Recursive equations model wide spectrum of biomedical phenomena such as cell

proliferation, cancer growth and genetics [1]. Discrete dynamical systems are also used to describe
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various applications in different sciences. Moreover, difference equations play a key role in investigating
the solutions of various differential equations.
The solutions and the stability of many systems of difference equations have been recently discussed.

For instance, Tollu et al. [2] used Fibonacci numbers to investigate the solutions of the difference

equations
L 1
n+1—1+Xn: Yn+1—_1+yn-
Yazlik et al. [3] obtained the solutions of the following systems
Xn—1 +1 Yn—1 +1
Xnbl = ————, Ynt1 = — . 11
" YnXn—1 " XnYn—1 ( )
The author in [4] investigated the solutions of the the system
Xn—1Yn-3 Yn—1Xn-3
Xn4+1 = Yn+1 = n=20,1, ..,

Y1 (=1 —=Xp—1¥n-3) Xp—1 (£l £ yn_1Xp-3)"
Moreover, Almatrafi and Alzubaidi [5] investigated the stability, periodicity and the solutions of the

difference equation
O Xp-3

Xp+1 = C1Xp—3 + .
C3Xn—3 — C4Xp—7

Cinar [6] obtained the positive solutions of the following system

DSV S
" Yo' " Yn—1Xn—1
In [7], Elsayed extracted the solutions of the following system of difference equations
X _ Xn—1 y _ Yn—-1
n+l +1 +xn,1yn' ntl Fl1 +Yn71Xn.

Alayachi et al. [8] discussed the solutions of nonlinear rational systems of difference equations of third

order given by

X _ YnZn—1 y _ ZnXn—1 > _ Xn¥n—1
=70 Yrri=o—F/—— Znt1= - -
5 Yn £ Xp—2 ! Zn % Yp—2 " Xn £ Zn—2
Alayachi et al. [9] obtained the solutions of the following systems

Xn—3Yn—4 Yn—3Xn—4

Xn+1 - ’ Yn-‘rl -

Yn(l + Xn71Yn72an3Ynf4) Xn(il =+ YnflxanYnf3an4) .
More information about systems of difference equations and their stability can be obtained in [10-16].
The motivation of this paper arises from the investigation of system (1.1). Hence, the main purpose

of this paper is to investigate the solutions of the following system using Padovan numbers:

bp3+1 Vy_3+1
[0) = - \s = 1.2
i Wn,1¢n,3' n+l (anlwnf:*‘.’ ( )
¢n—3 -1 wn—?) -1
o =" - vy = 1.3
m \Un—lcbn—S el CI)n—lwn—?) ( )

where the initial conditions are real numbers. We also present the future pattern of the considered
systems under some selected values for the initial conditions. The Padovan sequence {pn}nen is

defined by pp+1 = pp—1 + pp—2, where p_> =0, p_1 =0, po = 1.
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This paper is organized as follows. Section 4 presents the solutions of system (1.2) while Section 3
gives the solutions of system (1.3). Section (4) analyzes the stability of the equilibrium points. The
numerical solutions of the considered systems are shown in Section 5. Finally, we conclude this article

in Section 6.

2. Solutions of System (1.2)

This section is devoted to give explicit forms for the solutions of system (1.2) using Padovan

numbers.

Theorem 2.1. Let {®,, V,}°2 5 be the solutions of system (1.2) and assume that ®_3 = a, ®_o =
B, 1=, Po=0,V 3=¢ V o=( V_1=mn andVog=k. Then, forn=0, 1, ..., we have

a (:02177177 + :02n) + pon—2

Pan-s = a (pop—2m+ pon—1) + P2n—3'
Do = B(p2n—1K + p2n) + p2n—2 ,
B(p2n—2K + p2n—1) + p2n-3
Gy g = €(02nY + P2n+1) + P2n—1 |
€(P2n—17 + p2n) + P2n—2
Cb4n _ C (,02,76 + p2n+1) + P2n—1 -
¢ (p2n—-10 + p2n) + P2n-2
And
Wy, s = € (p2n—17Y + p2n) + P2n-2 ’
€ (p2n—27% + P2n-1) + p2n-3
Wy o = ¢ (p2n-10 + p2n) + P2n—2 v
¢ (P2n—20 + p2n—1) + p2n-3
Wy, g = a(p2nm + p2n+1) + P2n-1 |
a(pan-1M+ p2n) + p2n—2
W, — B(p2nk + pan+1) + p2n—1
4n

"~ B(p2n—1K + p2n) + p2n—2’
where pp+1 = pp—1 + pn—2 V n € N is the Padovan sequence.
Proof. The forms of the solutions are true for n = 0. We assume that n > 0 and that our assumption

holds for n— 1. That is,
a (p2n—3M+ p2n—2) + P2n—a

Pan-7 = a (p2p—am + p2n—3) + Pon—s’
bar 6 = B(p2n—3K + p2n—2) + Pzn—4,
B(p2n—4ak + p2n-3) + p2n-5
&, . — P2n—27 + pon-1) + p2n-3
4n—-5 —

E(p2n—3'Y + ,0217—2) + P2n—4a ’



4 Int. J. Anal. Appl. (2022), 20:38

C(p2n—26 + ,02n—1) + p2n—3

Pypg = '
" C(pZn—36 + pZn—Z) + p2n-4
and

v € (p2n—37 + p2n—2) + p2n-4
4n—7 — )
€ (p2n—4'Y + p2n—3) + p2n-5

v _ ¢ (p2n—35 + p2n—2) + P2n—4
4n—6 — '
C (p2n—45 + p2n—3) + p2n-5

W _ a(pan—2m + pan-1) + p2n—3
4n—-5 — )
a(p2n—3N + P2n—2) + P2n—4

v _ B(p2n—2k + p2n—1) + p2n-3

4n—4 —

B(p2n-3K + p2n—2) + p2n-a
Next, it can be easily observed from system (1.2) that

Gyp7+1
Pypz=c——
" Vap-5Pgp-—7

a (p2n-3M+p2n—2)+P2n-4 +1
o (p2n—an+p2n-3)+p2n-5

a(p2n—2M+p2n-1)+p2n-3 o (p2n—3N+p2n—2)+p2n-4
a(p2n—3N+p2n—2)+p2n-4 o (p2n—an+p2n-3)+p2n-5

o (p2n—3n+p2an—2)+p2n—s+a (Pon—4M+p20-3)+P2n-5
a (p2n—an+p2n-3)+p2n-5
a(pon—oM+p2n-1)+pP2n-3
a (p2n—an+p2n-3)+p2n-5

_a (p2n—3m+ p2n—2) + p2n—4 +  (2n—aM + p2n-3) + P2n—5
B a(pzn—2m + p2n-1) + p2n-3

O pop—3M + QPop—2 + Pop—4 + QA P2p—4M + QP23 + P2p—5

B a(p2n—277 + p2n—1) + p2n-3

_an(pn-3+ p2n-a) +a(p2p—2+ p2n-3) + (p2n-4 + p2n-5)
B a(pzan—2m + p2n-1) + p2n-3 '

Since ppt1 = Pn—1 + Pn—2, We have

a (panln + pZn) + pop—2
a(pan—2M + p2n—1) + P2n-3

Pyp_3 =

Vap7+1

Vip3=—""—
5 DypsWVap-7

€ (P2n—3Y+P2n-2)+p2n4 +1
€ (pon—aY+p2n-3)+P2n—5

€(p2n—2Y+p2n—1)+pP2n-3 € (p2n—3Y+P2n—2)+pP2n-4
€(p2n—3Y+p2n—2)+p2n-4 € (p2n—aY+p2n-3)+p2n-5

€ (p2n—3Y+p2n—2)+pon-—a+e€ (p2n-aY+p2n-3)+P2n-5
€ (p2n—4Y+p2n-3)+P2n—5
€(p2n—2Y+p2n-1)+P2n-3
€ (p2n—4Y+p2n-3)+p2n—5

€ (p2n—37Y + p2n—2) + p2n—4 + € (P2n—4Y + P2n-3) + P25

B E(p2n—2fy + an—l) + 02n—3

€02n—37Y + €02n—2 + P2n—a + €02n—47 + €P2n—3 + P2n—5
€(p2n—2Y + p2n-1) + P2n-3
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€Y (p2n—3 + p2n—4) + € (P2n—2 + P2n—3) + P2n—4 + P2n—5
€(P2n—2’Y + pZn—l) + P2n—3
€YP2n—1 + €02 + P2n—2 €(p2n—1Y + p2n) + P2n—2

€(pon—2Y + pan—1) + p2n—3  €(P2n—2Y + p2n-1) + p2n-3

Also, system (1.2) gives

® o CD4n—6 +1
2T Wy a®an s

B(p2n—3K5+p2n—2)+p2n-4 +1
B(p2n—ak~+p2n-3)+p2n—5

([ B(pan_ak+p2n-1)+p2n3 B(p2n—3K+p2n-2)+P2n—4
B(p2n—3Kk+p2n-2)+P2n-4 B(p2n—ak~+p2n-3)+p20-5

B(p2n—3K+p2n-2)+P2n-a+B(p2n—ak+p2n-3)+p20—5
B(p2n—ak+p2n—3)+p2n-5
B(p2n—2k+p2n—1)+P2n-3
B(p2n—ak+p2n-3)+02n—5

_ B(p2n—3Kk + p2n—2) + p2n—a + B(P2n—ak + p2n-3) + p2n-5
B B(p2n—2k + p2n-1) + p2n-3

_ Bpan—3Kk +Bpan—2 + pan—a + Bpan—ak + Bpan—3 + p2n—5

B B(p2n—2K + p2n-1) + p2n-3

_ Bk (p2n—3 + pan—a) + B (p2n—2 + p2n-3) + p2n—4 + P2n—5

B B(p2n—2k + p2n—1) + p2n-3

_ BKp2n-1+Bpon+ pon—2 _ B(p2n-1K + p2n) + p2n-2
 B(p2n—2k + p2n-1) + p2n-3  B(p2n—2k + p2n-1) + p2n-3

\U4n—6 +1
Gyn—aVan—s

¢ (p2n—30+p2n—2)+P2n—4 +1
¢ (p2n-40-+p2n-3)+p2n—s

([ C(p20—28+p20-1)+P20-3 ¢ (p2n—30+p2n—2)+p2n-4
C(p2n—30+p2n-2)+P2n-4 ¢ (p2n-40+p2n-3)+p2n-5

¢ (p2n-30+p2n-2)+p2n-a+C (P2n-40+p2n-3)+P2n-5
¢ (p2n—40-+p2n—3)+pP2n—5

¢(p2n—20+p2n—1)+p2n-3
¢ (p2n-40+p2n-3)+p2n-5

€ (p2n-30 + p2n—2) + p2n—a + € (P2n-40 + p2n-3) + P2n—5
B C(p2n-20 + p2n—1) + p2n-3

~ Cp2n-30 +C pon—2+ p2n—4+C p2n—46 + C p2n-3 + P2n—5
B C(p2n—20 + p2n—1) + P2n-3

_ C0(p2n—3 + pon-a) + ¢ (p2n—2 + p2n-3) + P2n—4 + P25

B C(p2n-20 + p2n-1) + P2n-3

_ C0pon-1+Cpon+pon—2  C(p2n-10 + p2n) + p2n—2
~ C(p2n—20 4 p2n-1) + p2n-3  C(p2n—20 + pan—1) + p2n-3

Wypo =

Furthermore, from system (1.2), we have
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cl>4n*5 +1
Spp1=
Wap—3Psn—s
€(p2n—2Y+p2n—1)+pP2n-3 +1
_ €(p2n—3Y+p2n—2)+p2n-4
( € (p2n—1Y+pP2n)+p2n—2 €(p2n—2Y+pP2n-1)+P2n-3
€ (p2n—27v+p2n-1)+p20-3 €(p2n—3Y+p2n-2)+p2n-4
€(Pan—2Y+p2n-1)+P2n—3+€(P2n—3Y+p20—2)+P2n—4
— €(p2n—3Y+p2n—2)+p2n—4
€ (p2n—1Y+p2n)+p2n-2
€(p2n—3v+p2n—2)+p2n-4
_ €(p2n—2Y + p2n-1) + p2n-3 + €(P2n-3Y + P2n-2) + P2n—4
€ (p2n—17 + p2n) + P2n-2
_ €(p2nY + p2n+1) + P2n-1
€ (anflry + an) + P2n—2 .
w4n75 +1
Vgp1=——
®yp—3V4p-s

a(p2n—2M+p2n—1)+pP2n-3 +1
o (p2n—3N+p2n-2)+p2n—4

o (P2n—1M+p2n)+P2n—2 a(P2n—2M+p2n—1)+P2n-3
a (p2n—2n+p2n-1)+p20-3 a(p2n—3N+p2n—2)+P2n-4

a(pan—oM+p2n—1)+p2n—3+a(pan—3n+p2n—2)+P2n—4
a(p2n—3N+p2n—2)+p2n—4
o (p2n—1M+p2n)+pP2n-2
o(p2n—3N+p2n—2)+P2n-4

a(p2nm + p2nt1) + P2n—1

a (pop—1m+ p2n) + p2n—2

Moreover, from system (1.2), we have

4n—a+1

4n—2Pan—g
¢(p2n—20+p2n—1)+P2n—3 +1
C(p2n—30+p2n—2)+p2n—4

< ¢ (p2n-10+p2n)+p2n-2 ¢(p2n—20-+p2n—1)+p2n-3

¢ (p2n—20+p2n-1)+p2n-3 C(p2n—30-+p2n—2)+P2n-2

C(p2n—20+p2n—1)+p2n-3+C(P2n—30+p2n—2)+P2n—4
€(P2n—3Y+pP2n—2)+p2n-4
¢ (p2n—10+p2n)+p2n-2
C(p2n—30+p2n—2)+P2n-4

_ C(p2n0 + p2n+1) + P2n—1
¢ (p2n—16 + P2n) + pon—2’

(D4n -

Wang+1

Wy = A T2
T gy oWy g

B(p2n—2K+p2n-1)+p2n-3 +1
_ B(p2n—3K+p2n—2)+02n—4
B(p2n—1K+p2n)+p2n-2 B(p2n—2K+p2n-1)+p2n-3
B(p2n—26+p2n-1)+P2n-3 B(p2n—3Kk+p2n—2)+p2n-4
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B(p2n—2k+p2n—1)+P2n—3+8(p2n—3K+p2n-2)+P2n—4
a(p2n—3N+p2n—2)+p2n—4
B(p2n—1K+p2n)+p2n-2
B(p2n—3k~+p2n—2)+P2n—4

B(p2nk + p2n+1) + P2n—1

B(p2n—1K + p2n) + pon—2

The proof has been completed.
3. Solutions of System (1.3)
In this section, we show analytic solutions for system (1.3) using Padovan numbers.

Theorem 3.1. Let {®,, V,}52 5 be the solutions of system (1.3) and assume that ®_3 = a, _o =
B, O 1=7 P0=0V 3=¢ VWV >,=( V_1=mnandVo=k. Then, forn=0, 1, ..., we have

a (:0217 - p2n7177) — P2n-2

Pan-3 = a (p2n—2m — p2n-1) + P2n-3’
b = B(p2n — p2n—1K) — p2n—2 ,
B(p2n—2K — p2n—1) + P2n-3
Pypq = €(P2n+1 — P2nY) — P2n—1’
€(p2n—17Y — P2n) + P2n—2
q)4n _ C (,02n+1 - ,02n6) _ p2n—1_
¢ (p2n-10 — p2n) + p2n—2
And
W, 5 — € (p2n — p2n-17) — P2n-2 ’
€ (p2n—27Y — P2n-1) + P2n-3
Wy o — ¢ (p2n — p2n-10) — p2n—2 ’
¢ (P2n—20 — p2n—1) + p2n-3
Wy, g = a(pant1 — p2nm) — P2n71’
a(p2n—1m — P2n) + P2n-2
W, — B(p2nt+1 — p2nk) — P2n—1
4n

"~ B(p2n-1K — p2n) + p2n—2'

where pp+1 = pp—1 + Pn—2 V n € N is the Padovan sequence.

Proof. The above solutions are true for n = 0. We suppose that n > 0 and that our assumption holds
for n—1. That s,

_a (pan-—2 — p2p—3N) — P2n—4

Pan-7 = a (p2n—4m — P2n-3) + p2n-5'
®u o = B(p2n—2 — pan—3k) — 92n74,
B(p2n—ak — p2n-3) + p2n—5
P €(p2n—1 — P2n—27Y) — P2n—3y
€(p2n—37Y — p2n—2) + p2n—4
® _ C(p2n—1 — ,02n—26) — P2n-3
4n—4 —

C(p2n—35 - ,02n—2) + P2n—a .
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And
€ (p2n—2 — P2n—37Y) — P2n—4a

Vyp—7 = '
! € (P2n—4Y — P2n—3) + P2n—s
Vap o= ¢ (p2n—2 — p2n—30) — p2n—a
" C (p2n—45 - p2n—3) + )02n—5v

W _a(p2n-1 = p2p—2M) — P2n-3
4n—5 — )
a(p2n—377 - ,02n—2) + 02n—4

w _ B(p2n-1 — p2n—2K) — p2n-3

4n—

4 = .
B(p2n—3K — p2n—2) + p2n—a

System (1.3) leads to

Gyp-7—1

e
! \U4n—5q)4n—7

a (p2n—2—P20-3M)—P2n-4
a (p2n—4M—p2n-3)+P2n-5

a(P2n—1—P2n-2M)—P2n-3 a(p2n—2—P2n-3M)—P2n-4
a(p2n-3N—p2n—2)+p2n-4 a (p2n-4aM—p20-3)+P2n-5

o (p2n—2—p2n—3M)—p2n—4—( (P2n—4M—pP2n—3)+P2n-5)
o (p2n—an—p2n-3)+p2n-5
_ o(p2n-1—P2n-2M)—P2n-3
o (p2n—an—p2n-3)+p2n-5

a (p2n—2 — p2n-3M) — P2n—4 — (¢ (P2n—4M — P2n-3) + P2n-5)
—a(p2n—1 — P2p—2M) — P2n-3
a (p2n—2 + p2n-3) — an (p2n—3 + P2n-4) — (P2n—4 + P2n—5)
a(p2n—277 - ,02n—1) + p2n-3
__Qpon—ompon-1 —pan—2 _ A(P2n— P2n-17M) — P2n-2
a(p2n-2m— p2n-1) + P2n-3  (p2n-2M — p2n-1) + P2n-3

w4n—7 -1
cl>4n—5 \U4n—7

€ (p2n—2—p2n-37Y)—P2n-42 __
€ (p2n-4Y—p2n-3)+P2n-5

€(p2n—1—P2n-27)—P2n-3 € (P2n—2—p2n-3Y)—P2n-4
€(p2n—3Y—P2n—2)+p2n-4 € (p2n—4Y—P2n-3)+pP2n-5

\U4n—3 =

€ (p2n—2—p20-3Y)—P2n—a—(€ (P2n—4Y—P2n-3)+P2n-5)
€ (92n74ryfp2n73)+92n75
_ €(pan—1—pP2n-27)—P2n-3
€ (p2n—4Y—p2n-3)+P2n—5

€ (p2n—2 — P2n-37) — p2n—4 — (€ (P2n—47Y — P2n—3) + P2n-5)
—€(p2n—1 — P2n—2Y) — P2n-3
€ (p2n—2 + p2n-3) — €Y (p2n—3 + p2n—4) — (P2n—4 + P2n—5)
6(/72n—2')’ - PZn—l) + p2n-3
€020 — €YP2n—1 — P2n—2 _ €(P2n — P2n-17Y) — P2n—2
€(p2n—2Y — p2n—1) + p2n-3  €(p2n-2Y — P2n—1) + P2n-3

Furthermore, we can obtain from system (1.3) that
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CI)4n—6 -1
V4n—4Psan—s

B(p2n-2—P2n-3K)—P2n—4 _
B(p2n—ak—p2n-3)+P20—5

B(p2n—1—P2n—2K)—P2n-3 B(p2n—2—P2n-3K)—P2n—4
B(p2n-3K—p2n—2)+P2n—4 B(p2n—ak—p2n-3)+p2n-5

B(p2n-2—p2n-3K)=p2n-4—(B(P2n-aK—P2n-3)+P2n-5)
. B(p2n-4Kk—p2n-3)+p2n-5
B(p2n—1—P2n—2K)—P2n—3
ﬁ(p2n74"<'*92n—3)+,02n—5

_ B(p2n—2 — p2n-3K) — pan—4 — (B(p2n-4K — p2n-3) + P2n-5)
B —B(p2n-1 — P2n—2K) — P2n-3

_ B(pan — pan-1K) — pan—2

~ B(p2n-26 — p2n-1) + p2n-3°

Pap_o =

_ W4n—6 -1
Pgn—aVan-6

¢ (P2n—2—p2n-30)—P2n—4 __
_ ¢ (p2n—40—p20-3)+p2n-5

T ¢ (p2n—2—p2n-30)—P2n—a
C(p2n—30—p2n—2)+P2n-4 ¢ (p2n—40—p2n-3)+p2n—s

¢ (p2n—2—p2n-30)—p2n—4—(¢ (p2n-40—pP2n—3)+pP2n-5)
_ ¢ (p2n—40—p2n—3)+p2n—s
¢(p2n—1—p2n—20)—pP2n—3
¢ (p2n-40—p20-3)+p2n-5

- C (p2n—2 - p2n—36) — P2p—4 — (C (p2n—45 - an—3) + p2n—5)
B _C(p2n—1 - p2n—26) — P2n-3

_ C(p2n — p2n-10) — pan—2

- C(p2n—25 - p2n—1) + p2n—3-

Wyn—2

In addition, one can obtain from system (1.3) that

®gp5—1
V4n-3Pgn-s

€(p2n—1—p2n-27)—P2n-3 _
_ €(p2n—3Y—p2n—2)+p2n—4

€ (p2n—P2n—17Y)—P2n—2 €(p2n-1—p2n—2Y)—P2n-3
€ (p2n—2Y—P2n—-1)+pP2n-3 €(p2n—3Y—P2n-2)+P2n-4

Pyp_1 =

5(p2n—1 _p2n—2’Y)_p2n—3 —(€(P2n—3’Y—Pzn—2)+P2n—4)
_ €(p2n—3Y—P2n—2)+p2n—4
€ (P2n—P2n—17)—P2n—2
€(p2n—3Y—P2n-2)+P2n-4

€(p2n—1 — p2n—27Y) — P2n—3 — (€(p2n—3Y — P2n—2) + P2n—4)
—€ (p2n — P2n-17Y) — P2n-2

_ €(pan+1 — P2nY) — P2n-1

B € (p2n—1’Y - p2n) + p2n—2-
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W4nf5 -1
Dan—3Vsp_s

a(p2n—1—P2n-2M)=P2n-3 __
_ a(p2n-3N—p2n—2)+p2n-4

N o (p2n—p20-1M)—P2n—2 a(p2n—1—P2n—2M)—P2n-3
o (p2n—2m—p2n-1)+p2n-3 a(p2n—3N—p2n—2)+p2n—4

Vyp1 =

a(p2n—1—P2n-2M)—pP2n-3—((p2n-3M—P2n-2)+p2n-4)
_ a(p2n-3N—p2n—2)+p2n-4
_a (p2n—p2n-1M)—P2n-2
a(p2n—3N—p2n—2)+P2n-4

a(p2n-1 — p2n—2M) — p2n—3 — ((P2n-3M — P2n-2) + P2n-4)
—Q (p2n - ,02n7177) — P2n-2

_ a(pant1 — p2nM) — P2n—1

o (p2n—1m — p2n) + p2n—2’

Finally, system (1.3) leads to

Dypg—1
Opp=——
T Wy oPapg
C(pan-1=p2n-20)—pon-3 __
_ C(p2n-30—p2n—2)+P2n—a
( ¢ (p2n—pP2n-10)—p2n—2 ¢(p2n—1—p2n—20)—pP2n—3
¢ (p2n—20—p2n-1)+p2n-3 ((p2n-30—p2n—2)+p2n-4
C(p2n71_P2n725)_p2n—3_(C(p2n736_p2n72)+p2n74)
_ ((p2n—30—p2n—2)+P2n—4
_ € (p2n—p2n-10)—p2n-—2
C(p2n736792n—2)+p2n—4
_ C(p2n—1 — p2n-20) — p2n—3 — (C(P2n—30 — p2n—2) + P2n—4)
—C (p2n — p2n-10) — p2n—2
_ C(p2nt1 — p2nd) — p2n—1
¢ (p2n—10p2n) + p2n—2
Wypa—1
w4n 4n—4

Dap—oWVan_s

B(p2n-1—P2n—2K)—Pon-3
_ B(p2n—3K—p2n—2)+P2n-4

- B(p2n—p2n-1K)—p2n-2 B(p2n—1—P2n—2K)—P2n-3
B(p2n—26—p2n—-1)+P2n-3 B(p2n—3Kk—p2n—2)+p2n-2

B(p2n—1—P2n—2K)—P2n—3—(B(P2n—3K—p2n—2)+P2n-4)
B(p2n-35—p2n—2)+p2n—4
_ B(an*p2n71KI)*p2n72
B(p2n—3Kk—p2n-2)+P2n-4

o :6()02n—1 — pZn—2Kl) — P2p—-3 — (ﬁ(p2n—3/<' — p2n—2) + p2n—4)
B —B(p2n — P2n-1K) — P2n-2

_ B(p2n+1 — p2nK) — p2n—1

~ B(p2n—1K — p2n) + p2n—2"

Hence, the proof is completed.
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4. Stability of the equilibrium points

This section discusses the stability of the equilibrium points of the considered systems.
Theorem 4.1. System (1.2) has a unique real equilibrium point (g1, g1) which is a saddle point.

Proof. The equilibrium point of system (1.2) is given by

U* 4+ 1
v = CD*ZIL/* '
. (4.1)
oF — d*+1
Subtract the second equation of system (4.1) from the first equation to have
or,
(P*V* — 1) (d* — V™) =0.
Hence,
PV —1=0, OUr=1, (4.2)
O —Wr=0,  Vr=o". (4.3)

Equation. (4.2) dose not satisfy system (4.1). Therefore, the only real equilibrium point is obtained
from substituting equation. (4.3) into any equation of system (4.1). This gives

P —* —1=0. (4.4)
Solving equation. (4.4) gives
_a?+12
a1 = 60
__@t12 V3 ia 2,
23~ "6 2 \6 3a)"

where, o = v/108 4+ 12v/69. Hence, the only real equilibrium point is (g1, g1). Now, we find the
Jacobian matrix. Let F(u,v) = (f(u,v), g(u,v)), where

u+1 v+1
f(u,v)= , V) = .
w)=""2 guwv=""
Then,
=1  _utl
u’v uv2
Jr =
_v+1 -1
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Evaluating the Jacobian matrix about (g1, g1) gives,

-1 _ g+l
@ a3
Jr(qr, 1) =
_qitl -1
a a

Thus, the characteristic equation of this matrix is given by

1 1 (g1 +1)?
>\—|—> <>\—|—>——0.
( a3 a q?

12 +1)2
a1 ai

Note that w = 1. Hence,

a;
1\2
<>\+3> —1:0
ai
Then,
1
ai
For A+ % =1 wehave Ay =|1— | <1.ForA+L =—1 wehave o =|—-1—- | =1+ > 1.
q1 a1 a3 a1 ay

Since A1 < 1 and X > 1, the point (g1, g1) is a saddle point.
Theorem 4.2. System (1.3) has a unique real equilibrium point (—q1, —q1) which is a saddle point.

Proof. The proof is similar to the proof of Theorem 4.1.

5. Behavior of the solutions

This section presents the future pattern of the considered systems under specific initial conditions.
We selected some random values for the initial conditions to illustrate the long behavior solutions.
Example 1. Figure 1 (left) presents the dynamical behavior of the solutions of system (1.2) under the
selected values ®_3 =7, ®_», =3, d_1 =4, $g=6,V_3=5 V_,=3, V_; =5 and ¥y =6.
Example 2. The exact solutions of system (1.2) are also plotted in Figure 1 (right) under the initial
conditions ®_3=1,d »,=3, ¢ 1 =1, dg=2, V. 3=1, V. =4 V_; =2 and Vg =4.
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Plot of The First System Plot of The First System

D(n),¥(n)
D(n),¥(n)

15r CA
2F
1

Figure 1. The dynamical behavior of the solutions of system (1.2).

Example 3. In Figure 2 (left), we plot the dynamical behavior of the solutions of system (1.3) under
the selected values ®_3 =7, ®_ > =25 & 1 =6, Pg =44, V. 3=38 V. ,=2 V_1 =25, and
Vo =3.3.

Example 4. This example illustrates the behavior of the exact solutions of system (1.3) when we use
the following initial values: ®_3=7, ®_ >, =3, ®o_1 =4, &g=6,V_3=5 V_,=3, V¥_; =5, and
Vo = 6. See Figure 2 (right).

BotofThe Seund System Plot of The Second System
T T T T T T T T

D(n),¥(n)

Figure 2. The dynamical behavior of the solutions of system (1.3).

6. Conclusion

In brief, we have discussed the solutions of the considered systems using Padovan numbers. Succes-
sive iterations have been successfully used in extracting the exact solutions. Theorem 2.1 presents the

solutions of system 1.2 while Theorem 3.1 gives the solutions of system 1.3. The obtained solutions
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are presented in the form of rational relations. Jacobian matrix has been successfully used to examine

the stability of the real equilibrium points. The equilibrium points are saddle. In Section 5, we depict

the behavior of the solutions for some random initial conditions. The constructed exact solutions

are stable. The used approaches can be utilized to deal with high order systems of difference equations.

Conflicts of Interest: The author declares that there are no conflicts of interest regarding the publi-

cation of this paper.

[1]

]

[3]

[4]

[5]

[6]

[7]

(8]

[9]

[10]

[11]

References

J.D. Murray, Mathematical Biology: I. An Introduction, 3rd Ed., Springer-Verlag, New York,
2001. https://doi.org/10.1007/b98868.

D.T. Tollu, Y. Yazlik, N. Taskara, On the Solutions of Two Special Types of Riccati Difference
Equation via Fibonacci Numbers, Adv. Differ. Equ. 2013 (2013), 174. https://doi.org/10.
1186/1687-1847-2013-174.

Y. Yazlik, D.T. Tollu, N. Taskara, On the Solutions of Difference Equation Systems with Padovan
Numbers, Appl. Math. 04 (2013), 15-20. https://doi.org/10.4236/am.2013.412a002.
M.B. Almatrafi, Solutions Structures for Some Systems of Fractional Difference Equations, Open
J. Math. Anal. 3 (2019), 52—61. https://doi.org/10.30538/psrp-oma2019.0032.

M.B. Almatrafi, M.M. Alzubaidi, Analysis of the Qualitative Behaviour of an Eighth-Order Frac-
tional Difference Equation, Open J. Discret. Appl. Math. 2 (2019), 41-47. https://doi.org/
10.30538/psrp-0dam2019.0010.

C. Cinar, On the Positive Solutions of the Difference Equation System xp+1 = 71,, Yo+l =
ynjl’QH, Appl. Math. Comput. 158 (2004), 303-305. https://doi.org/10.1016/j.amc.2003.
08.073.

E.M. Elsayed, Solutions of Rational Difference Systems of Order Two, Math. Computer Model.
55 (2012), 378-384. https://doi.org/10.1016/j.mcm.2011.08.012.

H.S. Alayachi, A.Q. Khan, M.S.M. Noorani, On the Solutions of Three-Dimensional Rational
Difference Equation Systems, J. Math. 2021 (2021), 2480294. https://doi.org/10.1155/
2021/2480294.

H.S. Alayachi, A.Q. Khan, M.S.M. Noorani, A. Khalig, Displaying the Structure of the Solutions
for Some Fifth-Order Systems of Recursive Equations, Math. Probl. Eng. 2021 (2021), 66820009.
https://doi.org/10.1155/2021/6682009.

H.S. Alayachi, M.S.M. Noorani, A.Q. Khan, M.B. Almatrafi, Analytic Solutions and Stability of
Sixth Order Difference Equations, Math. Probl. Eng. 2020 (2020), 1230979. https://doi.org/
10.1155/2020/1230979.

S. Elaydi, An Introduction to Difference Equations, Springer-Verlag, New York, 2005. https:
//doi.org/10.1007/0-387-27602-5.


https://doi.org/10.1007/b98868
https://doi.org/10.1186/1687-1847-2013-174
https://doi.org/10.1186/1687-1847-2013-174
https://doi.org/10.4236/am.2013.412a002
https://doi.org/10.30538/psrp-oma2019.0032
https://doi.org/10.30538/psrp-odam2019.0010
https://doi.org/10.30538/psrp-odam2019.0010
https://doi.org/10.1016/j.amc.2003.08.073
https://doi.org/10.1016/j.amc.2003.08.073
https://doi.org/10.1016/j.mcm.2011.08.012
https://doi.org/10.1155/2021/2480294
https://doi.org/10.1155/2021/2480294
https://doi.org/10.1155/2021/6682009
https://doi.org/10.1155/2020/1230979
https://doi.org/10.1155/2020/1230979
https://doi.org/10.1007/0-387-27602-5
https://doi.org/10.1007/0-387-27602-5

Int. J. Anal. Appl. (2022), 20:38 15

[12] M.B. Almatrafi, E.M. Elsayed, F. Alzahrani, Qualitative Behavior of Two Rational Difference
Equations, Fund. J. Math. Appl. 1 (2018), 194-204. https://doi.org/10.33401/fujma.
454999.

[13] M.B. Almatrafi, E.M. Elsayed, Solutions And Formulae For Some Systems Of Difference Equa-
tions, MathLAB J. 1 (2018), 356-369.

[14] M.B. Almatrafi, E.M. Elsayed, F. Alzahrani, Qualitative Behavior of a Quadratic Second-Order
Rational Difference Equation, Int. J. Adv. Math. 2019 (2019), 1-14.

[15] M.B. Almatrafi, Exact Solutions and Stability of Sixth Order Difference Equations, Electron. J.
Math. Anal. Appl. 10 (2022), 209-225.

[16] M.B. Almatrafi, Abundant Traveling Wave and Numerical Solutions for Novikov-Veselov System
With Their Stability and Accuracy, Appl. Anal. (2022). https://doi.org/10.1080/00036811.
2022.2027381.


https://doi.org/10.33401/fujma.454999
https://doi.org/10.33401/fujma.454999
https://doi.org/10.1080/00036811.2022.2027381
https://doi.org/10.1080/00036811.2022.2027381

	1. Introduction
	2. Solutions of System (1.2)
	3. Solutions of System (1.3)
	4. Stability of the equilibrium points
	5. Behavior of the solutions
	6. Conclusion
	References

