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Abstract. In this paper, we study picture N-structures and apply it to semigroups. Moreover, we

define picture NV-ideals in semigroups and investigate several properties of these ideals in semigroups.

1. Introduction

Fuzzy sets were introduced by Zadeh [8] in 1965 as an extension of the classical notion of sets.
Fuzzy set theory permits the gradual assessment of the membership of elements in a set; this is
described with the aid of a membership function valued in the unit interval [0, 1]. Next, fuzzy sets
were generalized to other concepts. Atanassov [1] generalized fuzzy sets into intuitionistic fuzzy sets
in 1986 by considering for each element of the sets is a degree of membership and a degree of non-
membership. The notion of the classical sets, fuzzy sets, and intuitionistic fuzzy sets were extended
into neutrosophic sets which is the tool for dealing with incomplete, inconsistent, and indeterminate
information by Smaradache [6]. In 2009, Jun et al. [4] gave the concept of a negative-valued function
and constructed A-structures. Later, Smaradache et al. [7] introduced the notion of neutrosophic
N-structures and applied it to semigroups in 2017. Next, Elavarasan et al. [3] introduced neutrosophic
N-ideals in semigroups and investigated its several properties. In 2014, the concept of picture fuzzy
set was first introduced by Cuong [2] in 2014, which is a generalization of the concept of fuzzy sets

and intuitionistic fuzzy sets. This concept is based on adequate in situations when we face human
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opinions involving more answers of types: yes, abstain, no, refusal. Picture fuzzy sets were focused on
the degree of positive memberships, the degree of neutral memberships, and the degree of negative
memberships. Picture fuzzy sets are generalizations of fuzzy sets and intuitionistic fuzzy sets. The
concept of picture fuzzy sets will differ from the concept of neutrosophic sets. The applications of
picture fuzzy sets in semigroups were studied by Yiarayong [5] in 2020. In this paper, we study picture
N-structures and apply it to semigroup. Moreover, we define picture A-ideals in semigroups and

investigate several properties of these ideals in semigroups.

2. Notations

In this section, we introduce the concept of picture A/-structures of sets.

Definition 2.1. A picture N -structure over a set S defined to be the structure:

Py = { T Ay | < € 5

where Ty : S — [—1,0] is called the negative positive membership function,
In S — [—1,0] is called the negative neutral membership function, and
Fn @S — [—1,0] is called the negative false membership function
with the condition —1 < Tn(x) + In(x) + Fn(x) < 0 for all x € S. We denote this structure by

_ S
Py = (Tn.In.Fn) -

Definition 2.2. Let Py = m and Py = m be picture N -structures over a set S. Then
(1) Py is called a picture N -substructure of Py, over S, denote by Py C Py, if
(@) Tn(x) = Tm(x),
(b) In(x) < Im(x),
(c) Fn(x) < Fu(x)
for all x € S.
(2) The union of Py and Py, is defined to be a picture N-structure over S

Pnom = (S Tnom. Inom, Fnom)

where Tyup(x) = min{Ty(x), Tpm(x)},
Inom(x) = max{In(x), Im(x)},
Fnom(x) = max{Fn(x), Fm(x)}
forall x € S.

(3) The intersection of Py and Py, is defined to be a picture N-structure over S

Pnam = (S; Tnam, Inams, Fnowm)

where Tyam(x) = max{Tn(x), Tm(x)},

Inam(x) = min{/n(x), In(x)},
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Fnam(x) = min{Fn(x), Fpm(x)}
for all x € S.

Definition 2.3. For a subset A of a set S, consider the picture A/-structure

S
(xa(T)n xa(Dn, xa(F)n)

xa(Pn) =

-1 ifxeA,
where xa(T)n(x) =

0 otherwise,

0 if x € A,
xa(Hn(x) =

—1 otherwise,

0 if x € A,
xa(F)n(x) =

—1 otherwise
for all x € S. The picture N-structure xa(Py) is called the characteristic picture N -structure of A

over S.

Definition 2.4. Let Py be a picture A/-structure over S and let o, 3,y € [—1,0] be such that
—1<a+B+v<0. Consider the following sets:

TN ={xe€ S| Tax) <al,
/ﬁ, ={xeS|Inkx) >pB},
Fii={xeS|Fn(x) >}
The set Py(a,B,77) :={x € S| Tn(x) <, In(x) > B, Fy(x) > v} is called an (a, B, 7v)-level set of

P.
Note that Py(a, B,v) = TS N IR N Fy.

3. Applications of picture A/-sets in semigroups

The picture N-product of Py and Py, is defined to be a picture N -structure over a semigroup S

Tnom (X), Inom(X), Frnom(X)

P/\/@PM::{ yxes}

infx—ap max{Ty(a), Tm(b)} for x = ab for some a,b € S,
where Tyopm(x) =

0 otherwise,

sup,—ap Mmin{/n(a), Inm(b)} for x = ab for some a, b € S,
Inom(X) =
0 otherwise,
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sup,—ap Mmin{Fy(a), Fpm(b)} for x = ab for some a,b € S,
Frnom(x) =
0 otherwise.

We denote the picture M -product of Py and Py by Py ® Py = 2

(Tnom . INom Finom) *

For x € S, the element is simply denoted by

(TNOM-/N):M-FNOM)
(Pn © Pu)(x) = (Tnom (X)), Inom (X), Frnom (X))

for the sake of convenience.

Definition 3.1. A picture NV-structure Py over a semigroup S is called a picture N -subsemigroup of
S if it satisfies:

(1) Tu(xy) <max{Ty(x), Tn(y)},

(2) In(xy) = min{In(x), In(¥)},

(3) Fn(xy) = min{Fn(x), Fn(y)}
forall x,y € S.

Definition 3.2. A picture N-structure Py over a semigroup S is called a picture N -left ideal of S if

it satisfies:

(1) Ta(xy) < Tn(y),

(2) In(xy) = In(y),

(3) Fn(xy) = Fn(y)
for all x,y € S.

Definition 3.3. A picture NV -structure Py over a semigroup S is called a picture N -right ideal of S
if it satisfies:

(1) Tn(xy) < Tn(x),

(2) In(xy) = In(x),

(3) Fn(xy) = Fn(x)
forall x,y € S.

We called Py a picture N-ideal if it is both a picture N-left ideal and a picture N-right ideal of S.

Theorem 3.1. Let Py be a picture N-structure over a semigroup S and let o, 3,y € [—1, 0] be such
that =1 < a+ B+ < 0. If Py is a picture N-left ideal of S, then (a,3,y)-level set of Py is a

picture N -left ideal of S whenever it is nonempty.

Proof. Assume that Py(a,B,7v) # 0 for a,8,v € [-1,0] with =1 < a+ B +v < 0. Let Py be a
picture N-left ideal of S, and let x, y € Py(o, B,7). Then Ty(xy) < Tn(y) < a, In(xy) > In(y) > B,
and Fy(xy) > Fn(y) >« which imply xy € Py(a, 8,7). Hence Py(a, B,7) is a picture N-left ideal
of S. |
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Theorem 3.2. Let Py be a picture N-structure over a semigroup S and let o, 3,y € [—1, 0] be such
that —1 < a+ B+ < 0. If Py is a picture N-right ideal of S, then (a, 3,)-level set of Py is a

picture N -right ideal of S whenever it is nonempty.
Proof. It is similar to Theorem 3.1. O

Theorem 3.3. Let Py be a picture N-structure over a semigroup S and let o, B,y € [—1, 0] be such
that =1 < a+ B+ v < 0. If Py is a picture N-ideal of S, then (a, B,7)-level set of Py is a picture

N-ideal of S whenever it is nonempty.
Proof. It follows from Theorem 3.1 and 3.2. Il

Theorem 3.4. Let Py be a picture N-structure over a semigroup S and let o, 3,y € [—1, 0] be such
that -1 < a+B+v<0. If T, /ﬁ,, and F,'\Y, are left ideals of S, then Py is a picture N -left ideal of

S whenever it is nonempty.

Proof. Let a, b € S such that Ty(ab) > Tn(b). Then Ty(ab) > ty > Tn(b) for some to € [-1,0).
Thus b € Ty (b) but ab & Txx(b), this is a contradiction. So Ty(ab) < Ty(b). Similarly way we can
get In(ab) > In(b) and Fy(ab) > Fun(b). Therefore Py is a picture N-left ideal of S. O

Theorem 3.5. Let Py be a picture N-structure over a semigroup S and let o, B,y € [—1, 0] be such
that -1 < a+pB+v < 0. If Ty, lg, and F,?, are right ideals of S, then Py is a picture N -right ideal

of S whenever it is nonempty.
Proof. It is similar to Theorem 3.4. Il

Theorem 3.6. Let Py be a picture N-structure over a semigroup S and let o, B,y € [—1, 0] be such
that -1 < a+B+vy < 0. If Ty, lﬁ, and F,?, are ideals of S, then Py is a picture N -ideal of S whenever

it Is nonempty.
Proof. It follows from Theorem 3.4 and 3.5. O

Theorem 3.7. Let S be a semigroup. Then intersection of two picture N -left ideals of S is also a
picture N -left ideal of S.

Proof. Let Py 1= m and Py = m be picture N-left ideals of S. Then

Tnnm(xy) = max{Tn(xy), Tu(xy)} < max{Tn(y). Tu()} = Tnem(y).
Inam(xy) = min{In(xy), Im(xy)} = min{In(y), Im(¥)} = Inam(y),

Frnom(xy) = min{Fn(xy), Fu(xy)} = min{Fn(y), Fu(y)} = Frnom(y)

for all x,y € S. Then Pynp is a picture N-left ideal of S. [l



6 Int. J. Anal. Appl. (2022), 20:41

Theorem 3.8. Let S be a semigroup. Then intersection of two picture N -right ideals of S is also a
picture N -right ideal of S.

Proof. It is similar to Theorem 3.7. O

Theorem 3.9. Let S be a semigroup. Then intersection of two picture N -ideals of S is also a picture
N-ideal of S.

Proof. It follows from Theorem 3.7 and 3.8. O

Theorem 3.10. For any nonempty subset A of a semigroup S, the following conditions are equivalent:

(1) Ais a left ideal of S.
(2) The characteristic picture N -structure xa(Pn) over S is a picture N -left ideal of S.

Proof. Assume that A is a left ideal of S. Let x,y € S.
If y ¢ A, then

Xa(T)n(xy) <0=xa(T)n(y),
xa(HDn(xy) = =1 =xa(Hn(y),
Xa(F)n(xy) > =1 =xa(F)n(y).

Otherwise y € A. Then xy € A, we have

XA(T)n(xy) = =1 = xa(T)n(y),
xa(Hn(xy) =0=xa(Hn(y).
xa(F)n(xy) =0 =xa(F)n().

Therefore xa(Py) is a picture N-left ideal of S.
Conversely, suppose that xa(Py) is a picture N-left ideal of S. Let y € A and x € S. Then

xa(T)n(xy) <xa(T)n(y) = -1,
xa(Hn(xy) 2xa(l)n(y) =0,
xA(F)n(xy) Zxa(F)n(y) = 0.
Hence xy € A. Therefore A is a left ideal of S. O

Theorem 3.11. For any nonempty subset A of a semigroup S, the following conditions are equivalent:

(1) Ais a right ideal of S.
(2) The characteristic picture N -structure xa(Pn) over S is a picture N -right ideal of S.

Proof. It is similar to Theorem 3.10. O

Theorem 3.12. For any nonempty subset A of a semigroup S, the following conditions are equivalent:
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(1) Ais an ideal of S.
(2) The characteristic picture N -structure xa(Pn) over S is a picture N -ideal of S.

Proof. It follows from Theorem 3.11 and 3.12. [l
Theorem 3.13. Let xa(Py) and xg(Py) be characteristic picture N -structures over a semigroup S

for subsets A and B of S. Then

(1) xa(Pn) Nxa(Pn) = Xxans(Pn)-
(2) xa(Pn) © xa(Pn) = xaB(Pn)-

Proof. (1) Letse S. Ifs€e AnB, thens€ Aand s € B. Thus

(xa(T)n Nxs(T)n)(s) = max{xa(T)n(s), xa(T)n(s)} = =1 = xans(T)n(s),
(xa(HnNxs(Nn)(s) = min{xa(n(s), xa(In(s)} = 0= xans()n(S).
(xa(F)nNxs(F)n)(s) = min{xa(F)n(s), xa(F)n(s)} = 0= xans(F)n(s).

Hence xa(Pn) N xs(Pn) = Xans(Pn).
lfs¢ ANB,thens¢ Aors¢ B. Thus
(xa(M)nNxs(T)n)(s) = max{xa(T)n(s). xa(T)n(s)} = 0= xans(T)n(s),
(xa(HnNxs(n)(s) = min{xa(n(s), x(In(s)} = =1 = xans(/)n(s),
(xa(F)n Nxs(F)n)(s) = min{xa(F)n(s), xa(F)n(s)} = —1 = xans(F)n(s).
Hence xa(Pn) Nxa(Pn) = xans(Pn)-
(2) Let x € S. If x ¢ AB, then
(xa(TM)noxa(T)n)(x) = 0= xas(T)n(x),
(xa(Nnoxs(Nn)(x) =0=xas(l)n(x),
(xa(F)noxs(F)n)(x) =0 =xas(F)n(x).

If x € AB, then x = ab for some a € A and b € B. We have

(xa(T)noxs(T)n)(x) = xiggb max{xa(T)n(a), xs(T)n(b)}

< max{xa(T)n(a), xa(T)n(b)}
— 1

= xas(T)n(x),
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(xa(Nnoxs(Nn)(x) = sup min{xa(/)n(a), xs(/)n(b)}

x=ab

> min{xa(/)n(a), xs(/)n(b)}
=
= xas(n(x),

(xa(F)n o xs(F)n)(x) = ngi)bmiﬂ{XA(F)N(a): xs(F)n(b)}
> min{xa(F)n(a), xs(F)n(b)}
=0

= xaB(F)n(x).

Therefore xa(Pn) © xs(Pn) = xas(Pn).
O

Theorem 3.14. Let Py, be a picture N -structure over a semigroup S. Then Py, is a picture N -left

ideal of S if and only if Py ® Py C Py for any picture N -structure Py over S.

Proof. Assume that Py, is a picture N-left ideal of S and let s, t,u € S. If s = tu, then we have
(i) Tm(s) = Tim(tu) < Tp(u) < max{Tp(t), Tpm(u)} which implies Tps(s) < Tnom(s). Other-
wise s # tu. Then Tp(s) < 0= Tnom(s).
(i) Im(s) = Im(tu) > Iy(u) > min{ly(t), Ipm(u)} which implies Ip(s) > Inom(s). Otherwise
s # tu. Then Iy(s) > —1 = Inom(s).
(i) Fpm(s) = Fm(tu) > Fp(u) > min{Fp(t), Fpr(u)} which implies Fps(s) > Fyom(s). Otherwise
s # tu. Then Fp(s) > —1 = Fnom(s).
Conversely, assume that Py, is a picture N-structure over S such that Py ® Py C Py for any

picture N -structure Py over S. Let x,y € S. If a = xy, then
Tm(xy) = Tu(a)
< (xx(T)noTwm)(a)
= inf max{xx(T)n(s), Tm(t)}
< max{xx(T)n(x). Tu(y)}
=Tm(y),
Im(xy) = Im(a)
> (xx(Nwnolm)(a)

= asijgtmin{)()((/)N(S)r In(t)}

V
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> min{xx(Nn(x), Im(y)}
= Im(y),

Fu(xy) = Fu(a)
> (xx(F)n o Fum)(a)

- ijsptmin{xX(F)N(S), Fum(t)}

> max{xx(F)n(x), Fm(y)}
= Fu(y).

Therefore Py, is a picture N-left ideal of S. O

Theorem 3.15. Let Py, be a picture N -structure over a semigroup S. Then Py, is a picture N -right
ideal of S if and only if Py ® Py C Py for any picture N -structure Py over S.

Proof. It is similar to Theorem 3.14. |

Theorem 3.16. Let Py be a picture N -structure over S. Then Py is a picture N-ideal of S if and
only if Py ® Py C Py for any picture N -structure Py over S.

Proof. It follows from Theorem 3.14 and 3.15. O

Theorem 3.17. Let Py and Py be picture N -structure over S. If Py is a picture N -left ideal of S,
then so is Py © Py.

Proof. Assume that Py is a picture N-left ideal of S, and let x,y € S. If there exist a, b € S such
that y = ab, then xy = x(ab) = (xa)b. We have

(Th o Tm)(y) = yiggb max{Tn(a), Tm(b)}

< inf  max{Tn(xa), Tm(b)}

xy=(xa)b
= inf , max{Tn(c), Tm(b)}

xy=c

= (T o Tim)(xy),

(Inoluw)(y) = supbmin{/,\,(a), Im(b)}
y=a

> sup min{/n(xa), Im(b)}
xy=(xa)b

= supbmin{/N(C), Im(b)}

Xy=c

= (Inolm)(xy),
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(Fno Fm)(y) = supbmin{/—',\,(a), Frm(b)}
y=a

> sup min{Fy(xa), Fpm(b)}
xy=(xa)b

= X)s/i[zbmin{FN(C). Fm(b)}

= (Fn o Fm)(xy).

Therefore Py ® Py is a picture N-left ideal of S. O

Theorem 3.18. Let Py, and Py be picture N -structure over a semigroup S. If Py is a picture N -right
ideal of S, then so is Py ® Py.

Proof. It is similar to Theorem 3.17. |

Theorem 3.19. Let Py and Py be picture N -structure over a semigroup S. If Py is a picture N -ideal
of S, then so is Py ® Py.

Proof. It follows from Theorem 3.17 and 3.18. O
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