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Abstract. Manifolds with £,(6, 4) structure was defined and studied in the past. Later the geometry of
tangent and cotangent bundles in a differentiable manifold with £,(6, 4) structure was studied. The aim
of the present paper is to study complete, horizontal and vertical lifts from a manifold with £ (6, 4)-

structure to its cotangent bundle.

1. Introduction

The research on the properties of tensorial structure on manifolds and its extension to tangent and
cotangent bundles is always gaining attraction from the researchers. Yano [12], [13], [14] introduced
the idea of horizontal and vertical lifts on the tangent bundles. Kim [6] studied properties of f mani-
fold. Dube [5], Upadhyay and Gupta [11] studied integrability conditions of f2*t% 4 f2 = 0: f® = 0
and of type (1; 1) and F(K; —(K — 2)) - structure satisfying FX — FK=2 = 0; (F # 0;/). Srivas-
tava [9], [10] studied complete lifts of (1,1) tensor field F satisfying structure F¥*1 — X\2F¥~1 =0
and extended in M" to cotangent bundle. Nivas and Saxena [8] studied horizontal and complete
lifts from a manifold with £,(7, —1) structure to its cotangent bundles. Li and Krupka [7] dis-
cussed the properties of tangent bundles. Cayir [1], [2] and [3] studied lifts of F¥*1, A\2F¥~1 structure.
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Let M be a differentiable manifold of class C* and let € TM denote the cotangent bundle of M.
Then € TM is also a differentiable manifold of class C* and dimension 2n. Throughout this paper we
shall use the following notations and conventions:

(i) The map n: €TM — M denotes the projection map of € TM onto M.

(i) Suffixes a, b, c....h, i, j....take value I to nand i =i+ n. Suffixes A, B, C, ... ., take the
value 1 to 2n.

(iii) J5 (M) denote the set of tensor fields of class C* and type (r,s) on M. Similarly J5 (¢ TM)
denotes the set of such tensor fields in € TM.

(iv) Vector fields in M are denoted by X, Y, Z....and the Lie-derivative by Lx.

(v) The Lie product of X, Y is denoted by [X, Y].

If Alis a pointin M and n=! (A) is a fibre over A. Any point p € n~! (A) is the ordered pair (A,
Pa), where pis 1-form in M and ‘P4’ is the value of p at A. Let U be a coordinate neighborhood in M
such that A € U. Then U induces a coordinate neighbourhood n=! (U) in € TM and p € n~! (V)

by [4].

2. Complete Lift of £,(6,4) - Structure

Let M be an n — dimensional differentiable manifold of class C*°. Suppose there exists on M, a tensor
field f (#0) of type (1,1) by [6] and [10] we have

fo— XNft=0 (2.1)

where X\ is a complex number not equal to zero. In such a manifold M, let us put

f4 f4

where | denote the unit tensor field. Then it can be easily shown that

P=1I m?>=m I+m=/land l*xm=mx/=0 (2.3)

Thus, the operators /" and ‘'m’ when applied to the tangent space M at a point are complementary
projection operators. Hence there exist complementary distributions L* and M* corresponding to the
projection operators ‘/" and ‘m’ respectively. If the rank of f is constant everywhere and equal to r,
the dimension of L* and M* are r and (n-r) respectively. Let us call such a structure on M as £, (6, 4)

- structure of rank r.

Let fl-h be component of f at A in the coordinate neighbourhood U of M. Then the complete lift £
of f is also a tensor field of type (1,1) in © TM, where components 72 in m=1 (U) are given by [4]
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fl=fr =0
5 off O\ & . (24)
fi = pa i axh ) f7 =1,
where (x!, x°,...., x" ) are coordinates of A in U and p, has components ( p1, pa......pn). Thus
we can, write
- fh 0

where 8; = 9/0x'.

If we put
oif? — oh =20 [i 7],

LA
Then we can write fg as

- fh 0
fC:<f§)=[ o ,-] (2.6)
2p,0 [/fh] fy
Thus, we have
wy=| 7 0] [ o0
| 2,0 [if7] £y | | 2p:0 [Jff] ]
Or
- | \ @)
| 2p,f/0 [if?] + 2pfp0 [jfT] ff, |
If we put
2p,1/0 iff]+ 2p 0 [jff] = Ly (2.8)
2 frfl 0
(F9)" = [ g ] (2.9)
hi ity
Squaring again from [4] we get
(fC)4 [ fihfii 0 ] [ f/if/k 0 ]
Ly ff, L; fk’fj
Or
hfi g £k
4 N 0
(fC):[jk ooy /kj_,_] (2.10)
fefi Lo+ B, L fF6F,
Thus
(fC)6: [ ihGifliflk . 0 . ] [ fr£7 nm 0 ] (2 11)
KLy + ff, L (AT, Lin Tl
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Or
(fC)6 _ ihﬂlf/{ﬂkfrf’lfnm 0
- i P k i k i i
FEFELEM Ly + E LT L+ fF L GAFTELE F,

Putting again
FRKENEM L, + FELELEM Ly + £ L (2.12)
= >\2{fqpfnthP + ﬁpfhern}
Thus, in view of the equations (2.12) and also (2.1), the above equation (2.11) takes the form

N2 Fprrafy 0

(F) = 2 (£P £q P r 2N r £4cP
N {2 TG Lnp+ B 6] Lpn} NAIELE0E

FREEIfT 0
fOfiLop+ fFliLon fFLfIE

Or (F5)° = X2 (r)* =0

Hence the complete lift f¢ of f also has fy (6, 4) - structure in the cotangent bundle ¢ TM. Thus, we

have

Theorem 2.1. In order that the complete lift f¢ of a (1,1) tensor field f admitting fy (6, 4)-structure

in M may have the similar structure in the cotangent bundle € TM, it is necessary and sufficient that
BT Ly + PO+ AE )= 3 (1 15 Lo+ 17 5 L)
3. Nijenhuis Tensor of Complete Lift of £°
The Nijenhuis tensor of (1,1) tensor field f on M is given by
Ner(X,Y)=[FX, Y] —=F [fX, Y] =F [X, Y]+ f2[X Y] (3.1)

Also, for the complete lift of £°, the Nijenhuis tensor is given by

Nigoye oy (XEYE) = [(F)7 XS, (FOYY] = (F)T1(FO)° X, Y]

65 C Cc Cc 65 C c (32)
= (FO)7[XS, (F9)" Y] +(F°) (FO)[X°, Y]
In the view of the equation (2.1), the above equation takes the form
Nirsye oy (XE V) = [P XS (A7)
_()\2,__4)6 |:(>\2f4)CXC, Yc:|
(3.3)

(N2 [XC, (A2F4)° YC}

FOZFH X, Y9
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= XI(FHT X (FYTY T = (F)7 [(FHXE, Y]
—(F° X (P Y+ (S IXE L Yely
Also,
(FY°XE = (FAX)" +u(Lxf?) (3.4)
where (vf) has components
(vF) = [ 7] (35)

In view of the equation (3.4), the equation (3.3) takes the form of a horizontal lift of £,(6,4)
structure.
)C

(FH%(r°

N )(XC, Y€)= a4 {[(f4X)C, (f‘*v)c} + [u(LXf4), (f‘*Yﬂ + [(f4X>C,u(Lyf4)}
v (xf) v ()] = ([0 e = (7 [ v (LS ve]

= (X = (T X ()] + (T TIXE YD

(3.6)
Let us now suppose that
Lxf*— Lyf*=0 (3.7)
The equation (3.6) takes the form
c c c c
e (XE, Y€)= A {[(f“X) C(F4Y) }} (Y [(f4) , YC} (3.8)
= (Y [XEE T+ (T TIXE v
Suppose further that the (1,1) tensor field f satisfies
4= X2 (3.9)

Then in the view of the equation (3.8), the equation (3.7) takes the form of

Ny (X YE) = 3 {IXE Y] = XS ¥ET = IX€ v XS, vl =o

Hence, we have

Theorem 3.1. The Nijenhuis tensor of the complete lift of f© vanishes if the Lie — derivatives of the
tensor field f* with respect to X and Y are both zero and the tensor field f2 acts as GF- structure

operator on M.
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4. Horizontal Lift of £, (6, 4)- Structure

Let £, g be the tensor fields of type (1, 1) of manifold M. If £ be the horizontal lift of f, we have
by [4] and [14]
g + g"'f" = (fg + gf)" (4.1)
Equating f and g, we get
2 H
(717 = () (4.2)
Squaring equation (4.2) on both sides we get,
4 H
(FN" = () (4.3)
Taking cube of (4.2) and using (4.2) itself and (4.3) we get,
6 H
(F7)" = (%) (4.4)
Since f gives £,(6,4) — structure on M, so
o — Nf* =0
Taking horizontal lift in the above equation we get,
H
)

)" — 2= o (4.5)

In view of the equation (4.3) and (4.4), the above equation (4.5) takes the form
H
)

()" — (= o

Thus, we have the following theorem:

Theorem 4.1. Let f be the tensor field of type (1, 1) admitting £,(6,4) structure in M. Then the

horizontal lift f of f also admits the similar structure in the cotangent bundle crp.

5. Vertical Lift of £, (6, 4)- Structure
Let f, g be the tensor fields of type (1, 1) of manifold M. If ¥ be the vertical lift of f, we have
Vg¥ + ¢“fY = (fg + gf)¥ (5.1)
Equating f and g, we get
(F)" = ()"
Squaring equation (5.2) on both sides we get,
() = (" (53)
Taking cube of (5.2) and using (5.2) itself and (5.3) we get,

(F)° = ()"
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Since f gives f,(6,4) — structure on M, so
o — Nt =0

Taking vertical lift in the above equation we get,

()Y — 2 Y = 0 (5.5)

In view of the equation (5.3) and (5.4), the above equation (5.5) takes the form
(F)" = X() " = 0
Thus, we have the following theorem:

Theorem 5.1. Let f be the tensor field of type (1, 1) admitting fi\(6,4) structure in M. Then the

vertical lift fV of f also admits the similar structure in the cotangent bundle cr .

6. Conclusion

In this research, (6, 4) structure has been defined on an n-dimensional differentiable manifold of
class C*°. Further properties of complete, horizontal and vertical lifts of £,(6, 4) structure are defined
on its cotangent bundle. The necessary and sufficient conditions for cotangent bundles to have the
properties of M in complete, horizontal and vertical lifts are also discussed. Properties of Nijenhuis
tensor of complete lift of 9 is also a part of this paper.

Conflicts of Interest: The authors declare that there are no conflicts of interest regarding the publi-
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