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Abstract. In this article we consider a class of frictional contact problem of p(x)-Kirchhoff type, on
a bounded domain © C R? . Using an abstract Lagrange multiplier technique and the Schauder's
fixed point theorem we establish the existence of weak solutions. Furthermore, we also obtain the

uniqueness of the solution assuming that the datum f; satisfies a suitable monotonicity condition.

1. Introduction

The purpose of this work is to investigate the existence of weak solutions for the boundary value

problem
1
- R p(X) ; D(X)—2 _ )
M(/Q p(x)|VU| dX)d/V(]Vu| Vu) Al u) in Q
u=0 on Fl
M( [ o5 ITuPa) [Fupt =228 = () on T
2 P(X) ov (1.1)

1 ou
p(x) p(x)—2 <
‘M</QP(X)|VU| dx)|Vu| o <900,
ou B

1 u
M( | == IVulPXdx )|V uP)=2 —gr—, if 0 r
(/QP(X)| ‘ X>| -7

where Q C R? is a bounded domain with smooth enough boundary I, partitioned in three parts
1,72, 3 such that meas (I;) >0, (i =1,2,3); 1 QxR >R, KL :I» >R, g: 3 - R and
M : [0, +oo[— [mg, +o0[ are given functions, p € C(Q).

The study of the p(x)- Kirchhoff type equations with nonlinear boundary conditions of different class
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have attracted expensive attention in recent years, we refer to some interesting works [1,6,13,16] and
references therein. One reason of such interest is that various real fields require PDE problems with
variable exponent, for example, electrorheological fluids and image restoration. The other reason is that
the nonlocal problems with variable exponent, in addition to their contributions to the modeling of many
physical and biological phenomena, raise greater mathematical difficulties due to their nonlinearities;
see for example [2,15, 19]. Cojocaru-Matei [5] studied the unique solvability of problem (1.1) in the
case M(s) =1, f1i(x,u) = fi(x), p = constant > 2, which models the antiplane shear deformation of
a nonlinearly elastic cylindrical body in frictional contact on '3 with a rigid foundation; see, e.g. [18].
They used a technique involving dual Lagrange multipliers, this allow to write efficient algorithms to
approximate the weak solutions; see [14]. For our situation, the behavior of the material is described

by the Hencky-type constitutive law:

p(x)—2

a(x) = ktre(u(x))ls + p)[e® (W)= eP(u(x))

where o is the Cauchy stress tensor, tr is the trace of a Cartesian tensor of second order,o(x) € is
the infinitesimal strain tensor, u is the displacement vector, /3 is the identity tensor, k, i are material

parameters, p is a given function;e® is the desviator of the tensor € defined by eP = ¢ — %(U’E)lg
3

where tre = ) €j;; see for instance [12]. If, the Lamé coefficient is given by
i=1

w= /\/I(/Qp(lx)WuV’(X)dx)

we obtain our mechanical problem (1.1).

Thanks to the above mentioned research articles, we consider the problem (1.1), under appropriate
assumptions on M and f;, and establish the existence of a unique weak solution of this problem via
Lagrange multipliers and the Schauder fixed point theorem. In this sense, we generalize the main
result in [5]. Also, we state a simple uniqueness result under suitable monotonicity condition on f;.

The paper is designed as follows. In Section 2, we introduce the mathematical preliminaries and
give several important properties of p(x)-Kirchhoff-Laplace operator. We deliver a weak variational
formulation with Lagrange multipliers in a dual space. Section 3, is devoted to the proofs of main

results.

2. Preliminaries

For the reader’'s convenience, we point out some basic results on the theory of Lebesgue-Sobolev
spaces with variable exponent. In this context we refer the reader to [8,17] for details. Firstly we state
some basic properties of spaces WP (Q) which will be used later. Denote by S(S2) the set of all

measurable real functions defined on Q. Two functions in S(Q2) are considered as the same element
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of S(2) when they are equal almost everywhere. Write
Ci(Q)={h:heC(Q) h(x)>1 for any x € Q},
h™ = mﬁin h(x), h":= mﬁax h(x) for every h € C(Q).
Define
LPCN(Q) = {u e S(Q) : / |u(x)[PX) dx < 400 for p € C1(Q)}
with the norm ’
[l sy = [0l = INF{A >0 /Q|“(Ax)|p<x> dx <1},

and
Wl,p(x)(Q) — {U c LP(X)(Q) : |Vu| c LP(X)(Q)}

with the norm
[ull1 o0 = Ul oco () + [Vl oo -

Proposition 2.1 ( [11]). The spaces LP*™)(Q) and W1-P()(Q) are separable reflexive Banach spaces.

Proposition 2.2 ( [11]). Set p(u) = lu(x)|PX) dx. For any u € LPX)(Q), then
(1) for u# 0, |ulpxy = X if and only if p(5) = 1,
(2) lulpy <1 (=1,>1) ifand only if p(u) <1 (=1;>1);
. - +
(3) if [ulpxy > 1, then |ul? < p(u) < |u|g(x);

p(x)
. + -
(4) if lulpey <1, then |ulp v < p(u) < |ulp

(5) liMg—syoo [Uk|px) = 0 if and only if limy_s oo p(ux) = 0;

(6) liMg—syoo [Uk|p(x) = +00 if and only if limy_ 1o p(Uk) = +o00.
Proposition 2.3 ( [9,11]). Ifg € C.(Q) and q(x) < p*(x) (q(x) < p*(x)) for x € Q, then there is a
continuous (compact) embedding W1PC)(Q) — LIX)(Q), where
NPC) if p(x) < N
pr(x) = NP
+o0 if p(x) > N.

Proposition 2.4 ( [11]). The conjugate space of LPX)(Q) is LIX)(Q), where ﬁ + ﬁ =1 holds

a.e. inQ. Forany u € LPX(Q) and v € LIX(Q), we have the following Holder-type inequality
1 1
|/qu dx} < (p—_ + q—_)Iulp(X)|v|q(X).
We introduce the following closed space of W1 P(X)(Q)
X={veW'P™(Q):yu=0 a. e on I} (2.1)

where 7y denotes the Sobolev trace operator and I'; C I, meas (I'1) > 0, therefore X is a separable

reflexive Banach space. Now, we denote

lullx = [Vulpy, uveX.
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This functional represents a norm on X.
Proposition 2.5 ( [3]). There exists ¢ > 0 such that
lull1,p(xy < Cllullx ~ for all ue X.

Then, the norms ||.|[x and ||.[|1 p(x) are equivalent on X.

We write
1
L(u :/Vup(x)
W= Jaoeo ™

Proposition 2.6. The functional L : X — R is convex. The mapping L' : X — X' is a strictly

monotone, bounded homeomorphism, and is of (S4) type, namely
up — u and limsup L'(up)(up — u) < 0 implies up — u,
n—-+oo

where X' is the dual space of X.

Proof. This result is obtained in a similar manner as the one given in [10], thus we omit the details. [

Now, we define the spaces

1
S :{u € WW”’(X)(F) :dve X suchthat u=-<v a.eon F} (2.2)
1
which is a real reflexive Banach space, — + —— =1 forall x € Q, and
p(x) P( )
Y =S’ the dual of the space S. (2.3)

Let us introduce a bilinear form
b: X xY —R :b(v,u) = (LY )yys. (2.4)
a Lagrange multiplier A € Y,
1 0
(A7) :—/ /\//(/ —|Vu|P<X>dx)|Vu|P<X>—2—“zdr . Vzes
s o P(x) ov
and the set of Lagrange multipliers

/\:{uey:<u,z></rg(x)|z(x)| , vZes}. (2.5)

3

From (1.1)4 we deduce that X € A.
Let u be a regular enough function satisfying problem (1.1). After some computations we get (by

using density results)

1
/\/I(/ \Vu\p(x)dx)/ |Vu\p(x)_2VU.Vvdx:/ fi(x, u)vdx
q P(x) Q Q

1 ou
+ [ BO)yvdlr + M /Vup(x)dx / VulPX) 2= "~y gr 26
RS ([ sgIvulrOax) [ 1vul9== Ty (26)
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for allv € X , where u satisfies (1.1)s on '3
Now, we write problem (2.6) as an abstract mixed variational problem (by means a Lagrange
multipliers technique)

We define the following operators:

N A: X — X' given by

(Au,v) = M(/ p(lx)|Vu|p(X)dx> / IVulPO=2Vu.Vvdx, u, v e X.
Q Q

(2.7)
i) F: X — X' given by
{( F(u),v) —/ f1(x, u)vdx—i—/ HL(x)yvdx , u,veX
Q M2
So, we are led to the following variational formulation of problem (1.1)
Problem 1. Find u € X and X € A such that
(Au,v)+bv,\) = (F(u),v) , VveX (2.8)

bluyp—X) < 0 VueACY

To solve this problem, we will apply the Schauder fixed point theorem.

Firstly, we "freeze" the state variable u on the function F, that is we fix w € X such that
f=Fw)eX.

So, we are led to the following abstract mixed variational problem.

Problem 2. Given f € X’ find u € X and X € A such that

(Au,v)+bv,\) = (fv)y , VveX
blu,p—X) < 0 YueACY. (2.9)

The unique solvability of Problem 2 is given under the following generalized assumptions.
Let (X, ]lllx) and (Y, ]||ly) be two real reflexive Banach space.
(B1): A: X — X’ is hemicontinuous;
(B2): 3h: X — R such that
(a) h(tw) = tTh(w) withy>1,Vt>0,we X;
(b) (Au—Av,u—V )xyx > h(v—u), Yu,veX;
(c) V(x) C X :x, = xinX = h(x) < UIme sup h(xy)
(B3): Ais coercive.
(B4): The form b: X x Y es bilinear, and
() V() CSX:u —uin X = b(uy, \y) = b(u, \)
([{HYO)CY: A —=yinY = b(v,,\) = b(v, )

N : b(v, ~
(iii) 3a > 0 : inf supM >a
wel vex |vix|uly
u#0 v£0
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(Bs): A is a bounded closed convex subset of Y such that 0y € A.
(Be): 3C1 >0,g>0:h(v) > Cfvl|E . VveX.

Theorem 2.1. Assume (B1) - (Bs). Then there exists a unique solution (u, \) € X x \ of Problem
2.

Proof. See [5].

To solve Problem 1, we start by stating the following assumptionson M , f; , f> and g

(A1) M [0, +o00[— [mq, +ool is a locally Lipschitz-continuous and nondecreasing function; mg > 0.

(A2) 1: Q2 xR — Ris a Caratheodory function satisfying
1f(x, 1) < a1+ a|t|271 | Y(x, t) € Q xR,

a € Co(Q)with a(x) < p*(x), at < p~.
(As) fo € LPXI(IL), g€ LP(T3), g(x)>0aeonls.

We have the following properties about the operator A.

Proposition 2.7. If (A1) holds, then

(i) A is locally Lipschitz continuous.

(i) A is bounded, strictly monotone. Furthermore
(Au—Av,u—v) > kpllu—v||%

where

p~ ifllu—v|x>1,

=
Il

pt ifllu—v|x <1

So, we can take h(v) = kp||v||f<.

(iii) 482 — +oo  as |luflx — +oo.

Proof. (i) Assume that M is Lipschitz in [0, R1] with Lipschitz constant Ly, R; > 0. We have, for
u,v,w € B(0, Ry)

(Au— Av, w) = [M(L(u)) — I\/I(L(v))]/ IV ulPX=2T 0. Vv dx
Q
+ /\//(L(v))/ (|Vu|p(x)_2VU - |VV|P(X)_2VV) Vw dx.
Q

Using the Lipschitz continuity of M, the Holder inequality and the inequality {||x|*2x—|y|*72y, x—
W< clx =yl (Ix] +yD* 2, V¥x,y € R", 2 < a < +oo, we get

[(Au — Av, w)| < Cllu — v|Ix|wllx,

which implies ||[Au — Av||x: < Cllu — v||x.
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i) The functional S : X — X’ defined by
(Su,v) = /Q |V ulPX =2V 4.V dx, Yu,v € X, (2.10)
is bounded (See [10]). Then
(Su,v) = M(L(u))(Su,v) Yu,v e X. (2.11)

Hence, since M is continuous and L is bounded (see Proposition 2.6), A is bounded.
To obtain that A is strictly monotone we develop the same arguments to those in [7], we omit it.

To establish the inequality in ii), we apply Lemma 3 in [4] to obtain

(Au—Av,u—v) 2/ (M(L(u))|VU|P(X)_2Vu - /\/l(L(v))|Vv|”(X)_2Vv) (Vv —=YVu)dx
Q

1
zmo/ ——(|[Vu = VulPX) dx > rr:?/ IVu — VulPX) dx
o p(x) rt Jo

mo 5
>—|lu—vllk.
5 X
iii)For u € X with [Jul|x > 1 we have

(Au, u) _M</Qp(1X)|VU|p(X) dx)/g\vu\p(x) dx

lullx [[ull

2m0||u||’)’<7_1 — 400 as |Jul|x — +oo.

0

Proposition 2.8. The form b : X x Y — R defined in (2.4) is bilinear and, it verifies i), ii) and iii) in

assumption (Bg). Moreover

b(u, w) §/ g(x)|u(x)| dr for all u € A, (2.12)

M3
bu ) = | aGoluGoldr (213)
b(u,u—X) <0 forall u e A. (2.14)

Moreover, N\ is a bounded closed convex subset of Y such that Oy € A.

Proof. The assertions i), ii), iii) and A bounded are word for word as [5], Theorem 3, pags 138-1309.
It is obvious to check (2.12). To justify (2.13), we have to show that, a.e. x € Q

([ S 19uPax) 90 P2 25 ) = g(lute)
In fact, let x € Q . If |u(x)| =0, then

—I\/l(/Q p(1X)|Vu|”(X) dx>|Vu(X)|p(X)2ag(;)u(X) =0=g(x)|u(x)| on I3.
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Otherwise, if |u(x)| # 0,then

M [ 9P 19 )220 ) =0 (D
—9()lu(x)] on T3
Furthermore, for all 1z € A -
b(u, pp—=X) = b(u, u) = b(u, A) = (&, YU )y s = (A YU yxs- (2.15)
Hence, thanks to (2.12), (2.13) and (2.15), we obtain (2.14). 0

3. Existence and uniqueness of solutions

We are ready to solve problem 1. For this, we consider the Banach spaces X and Y given in (2.1)
and (2.3) respectively, the form b : X x Y — R defined in (2.4) and the set A in (2.5).

Theorem 3.1. Suppose (A1) — (A3) hold. Then problem 1 admits a solution (u, X) € X x A.

Proof. We apply the Schauder fixed point theorem.

As has been said before, we "freeze" the state variable v on the function F , that is, we fix w € X
and consider the problem:

Find u € X and X € A such that

(Au,v)+bv,\) = (fv) , VveX (3.1)

b(u,p—X) < 0 YueACY. (3.2)
with f = F(w) € X’. Note that by the hypotheses on a and f;, given in (Az), we have fi(w) €
LYC)(Q) — X

By theorem (2.1), problem (3.1)-(3.2) has a unique solution (uy, Ay) € X x A.
Here we drop the subscript w for simplicity. Setting v = v in (3.1) and u = Oy in (3.2), using
proposition 2.7 ii), we get
kollull§ < (2C1Callwl% + 2C2CalQl + ol ol ) llullx (3:3)
where
a”  if lw|x > 1,
at ifwlx <1,
and Cy is the embedding constant of X < LX()(Q).
Then
_1
lullx < [C(1+ llwllx)]? .

Therefore, either ||u||x <1 or

lullx < [C(1+ [[wllx)]7 7 . (3.4)
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Since p~ > at + 1, we have
tP 1 —Ct"—C— 400  ast— +o
Hence, there is some R; > 0 such that
R '—CR7-C>0 (3.5)
From (3.4) and (3.5) we infer that if ||w|/x < Ry then ||ul|x < R;.
Thus there exists R; = min{1, R1} such that
lullx <Ry forall ueX. (3.6)
For this constant, define K as
K={vive L@ |vlx < Ri}
which is a nonempty, closed, convex subset of LO‘(X)(Q). We can define the operator
T:K— LX), Tw = uy,

where u,, is the first component of the unique pair solution of the problem (3.1)-(3.2), (uw, Aw) €
X x A

From (3.6) || Twl|x < Ri, for every w € K, so that T(K) C K.

Moreover, if (u,),>1 (U, = u,) is a bounded sequence in K, then from (3.6) is also bounded in
X. Consequently, from the compact embedding X — L2X)(Q), (Twy)u>1 is relatively compact in
L>)(Q) and hence, in K.

To prove the continuity of T , let (w,),>1 be a sequence in K such that
w, — w  strongly inL*®)(Q) (3.7)
and suppose u, = T w,. The sequence {(u,, \y)},>1 satisfies

(Auy,v)+blv,r) = (Fw),v) , VveX

b(uy, u—xAy) < 0 VueA

Using (3.6)-(3.7) we can extract a subsequence (u,,) of (u,) and a subsequence (w,,) of (w,) such
that
Uy, — u*weakly inX,

Uy, — u* strongly in L2X)(Q) and a.e. in €,
(3.8)
Wy, — w a.e.in €,

L(uy,) — to, for some ty >0,
and in view of continuity of M
M(L(u,)) — M(to). (3.9)
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We shall show that u* = Tw. To this end, by choosing u,, — u* as a test function, we have

{ Auy,, uy, — u* )+ b(uy, — u*, N) = ( F(wy,), uy, —u*)

(3.10)
{ Au*, uy, — u* )+ b(uy, — u*, X)) = F(w), u,, —u* ).
Then
[IM(L(u*) — M(L(uuk)]/ IV POO=2T 0% (Y, — Vu*) dx+
Q
M(L(uy,)) /Q(VU*\P<X>—2VU* — |V, PY729 0, ) (Vu, — Vu*) dx+ (3.11)

b(uy, — u*, X = X,) = ( F(w) — F(w,), uy, — u* ).
Since b(uy, — u*, X\* — X\,,) > 0, by the inequality [x|[P~2x — |y|P~2y > C|x — y|P,
p > 2, we obtain

moc,,/Q IV, — Vur|PX) dx + [M(L(u*) — M(L(uy,)] /Q IV |PRI=2u* (Y, — Vu*) dx

<|{ F(wy,) — F(w), uy, — u* )|
(3.12)
But, using (3.8) we get

IIM(L(u*) — M(L(uy,)] /Q IV [PO2 0 (Y, — Vu*) dx|

) (3.13)
<o / VU P72V (Vuy, — Vi) dx| = 0 as k — oo,
Q

where 9, = max{||u,, |% . ltw, 1% } + max{|[u*]|% . |u*]|% } is bounded.
Also, by (A), (3.8) and the compact embedding of X «— L2)(Q) we deduce, thanks to the

Krasnoselki theorem, the continuity of the Nemytskii operator

Np, : L20(Q) — L¥CI(Q)

(3.14)
w — Ng(w),
given by (Ng(w))(x) = fi(x, w(x)), x€Q.
Hence
(W) = A(W)llar(x) = O
It follows from the definition of F and the above convergence that
|< F(w,,)— F(w),u,, —u* >|—>O (3.15)

Thus, from (3.12)-(3.15) we conclude that
Uy, = u* inX

Since the possible limit of the sequence (u,),>1 is uniquely determined, the whole sequence converges
toward u* € X
Therefore, from (3.7) and the continuous embedding X < L*X)(Q), we get v* = Tw = u,,.
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On the other hand

b(v, \) _ (F(w),v)— (Au, v) < (F(w), v) +1lAulx
[K415% Ivlx = vlix X
< |1||x [ /Q f(x, w)v dx + /r @(x)wdr} + Lallullx + | A0]|x: (3.16)

< C(”fl(W)Ha/(X) + ||f2||p/(x),rg + HAO”X’ + 1)

Next, using the boundedness of the operator Ng, and the sequence (u,),>1, and the inf-sup property

of the form b, we get || A\, |ly < C. It follows that up to a subsequence
Ay — Ao weakly inY

for some \g € Y.

So (u*, \*) and (u*, \g) are solutions of problem (3.1)-(3.2).Then, by the uniqueness A\g = \* =
Aw. This shows the continuity of T.

To prove that T is compact, let (w,),>1 € K be bounded in L2*)(Q) and u, = T(w,). Since

(W,)v>1 C K, [[wy|lx < C and then, up to a subsequence again denoted by (w,),>1 we have
w, — w  weakly in X
By the compact embedding Xinto LX) (Q), it follows that
w, — w strongly in L¥X)(Q).
Now, following the same arguments as in the proof of the continuity of T we obtain
u,=T(w,) — T(w)=u strongly in X

Thus
T(w,) = T(w) strongly in L**)(Q).
Hence, we can apply the Schauder fixed point theorem to obtain that T possesses a fixed point.

This gives us a solution of (u, A\g) € X x A of Problem 1, which concludes the proof. O

Next, we consider the uniqueness of solutions of (2.8). To this end, we also need the following
hypothesis on the nonlinear term f;.
(A4) There exists by > 0 such that

(A(x, t) — f(x, s))(t —s) < bo|t —s|P®)  ae. xeQ VvVt seR.
Our uniqueness result reads as follows.

Theorem 3.2. Assume that (A1) — (A4) hold. If, in addition 2 < p for all x € Q, then (2.8) has a

unique weak solution provided that
K

7P,1 <1,
boAx



12 Int. J. Anal. Appl. (2022), 20:52

where
Jo IV ulP™) dx

>\* —
ue>?\{0} Jo lulPO) dx

Proof. Theorem 3.1 gives a weak solution (u, A\) € X x A. Let (u1, A1), (o, A2) be two solutions of

(2.8). Considering the weak formulation of u; and u, we have
(Auj,v)+b(v,\) = (F(u),v) , VveX (3.17)
b(uj,u—2X) < 0 VueACY i=1,2.
By choosing v=u1 — s, p=Xp if i=1and u= X if i =2, we have
(Aup — Awp, un — tp) + b(ur — 2, A1 = X2) = (F(u1) — Fu2),un —wp ) Vv eX
b(ug —u, o —A1) < 0 VYVueACY. (3.18)

It gives
(Aup — Ao, up — ) = (F(ur) — F(u2), up — up ) + b(uy — tz, Ao — A1)

Thus, using (3.18) and repeating the argument used in the proof of Proposition 2.7, ii) we get

kp/Q IVur — Vi |PX dx < [ (A(u1) — A(w), v — ) |
< |/Q(f1(x, u1) — f1(x, ) (up — wp) dx|

= |/ un = 6l dx < b0>‘>«<_1/ Vi — Vi [P™ dx
2 Q

Consequently when bol;f’,l < 1, it follows that u; = up. This completes the proof. [l
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