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Abstract. As general concepts of sup-hesitant fuzzy right (resp., left, interior, two-sided) ideals of
semigroups, the concepts of sup}-hesitant fuzzy right (resp., left, interior, two-sided) ideals and Ssupg-
hesitant fuzzy right (resp., left, interior, two-sided) ideals are introduced and their properties are
investigated. Then, the concepts are established by fuzzy sets, tukasiewicz fuzzy sets, tukasiewicz
anti-fuzzy sets, Pythagorean fuzzy sets, hesitant fuzzy sets, hybrid sets, interval-valued fuzzy sets and
cubic sets. Finally, we characterize which is intra-regular, completely regular, simple semigroups or

another type of semigroups in terms of sup}-type and supg -type of hesitant fuzzy sets.

1. Introduction

The fuzzy set theory presented by Zadeh [46] has been successfully and widely applied in many
areas such as robotics, expert, computer science, finite state machine, control engineering, logic
theory, automata theory, group theory, graph theory and semigroup theory. Furthermore, in the

literature, a number of concepts of fuzzy sets and their generalizations and extensions have been

Received: Aug. 24, 2022.

2010 Mathematics Subject Classification. 03E72, 08A72, 20M12.
Key words and phrases. semigroup; sup-hesitant fuzzy ideal; generalized sup-hesitant fuzzy ideal; tukasiewicz fuzzy

set; fuzzy ideal; hesitant fuzzy ideal; interval-valued fuzzy ideal.

https://doi.org/10.28924 /2291-8639-20-2022-58 © 2022 the author(s).
ISSN: 2291-8639


https://doi.org/10.28924/2291-8639-20-2022-58

2 Int. J. Anal. Appl. (2022), 20:58

introduced and studied, for instance, tukasiewicz fuzzy sets [23], tukasiewicz anti-fuzzy sets [22],
anti-type of fuzzy sets [25, 37], negative fuzzy sets [18], bipolar fuzzy sets [29, 48], interval-valued
fuzzy sets [47], intuitionistic fuzzy sets [4], Pythagorean fuzzy sets [44,45], rough sets [2,34], hesitant
fuzzy sets [41,42], cubic sets [19] and hybrid sets [1,24].

On semigroups, Kuroki [27,28] applied fuzzy sets to semigroups. Mordeson et al. [30] explained
semigroup theory to fuzzy semigroup theory and showed their applications in coding theory, languages
and fuzzy finite state machines. Shabir and Nawaz [37], Khan and Asif [25], Julatha and Siripitukdet
[17] studied anti-type of fuzzy sets based on ideal theory in semigroups. Chinnadurai and Arulselvam
[7] introduced Pythagorean fuzzy sets based on ideal theory in semigroups and investigated their
properties. Narayanan and Manikantan [33], and Thillaigovindan and Chinnadurai [40] studied interval-
valued fuzzy sets in semigroups. Jun and Khan [20], Umar et al. [43], and Muhiuddin [31] studied
cubic sets in semigroups. Anis et al. [1], Elavarasan et al. [9] studied hybrid sets in semigroups. Jun et
al. [21] and Talee et al. [39] studied hesitant fuzzy sets in semigroup. Studying hesitant fuzzy sets, in
the meaning of the supremum of their images, on semigroups, Jittburus and Julatha [12] introduced
sup-hesitant fuzzy ideals of semigroups and investigated properties via sets, fuzzy sets, interval-valued
fuzzy sets and hesitant fuzzy sets. Phummee et al. [35] introduced sup-hesitant fuzzy interior ideals of
semigroups and studied its properties by sets, fuzzy sets, interval-valued fuzzy sets and hesitant fuzzy
sets. Julatha et al. [13] introduced sup-hesitant fuzzy right (left) ideals of semigroups and studied
their characterizations in terms of sets, fuzzy sets, Pythagorean fuzzy sets, interval-valued fuzzy sets,
hesitant fuzzy sets, cubic sets and hybrid sets. Many researchers have taken intense and eager interest
in the novel area of hesitant fuzzy sets on algebraic structures in the meaning of the supremum of
their images (see [1,10, 12, 14-16, 32, 35, 36, 38]).

As previously stated, it motivated us to study hesitant fuzzy sets on semigroups in the meaning of
the supremum of their images. We will introduce concepts of supZ-hesitant fuzzy right (resp., left,
interior, two-sided) ideals and supg-hesitant fuzzy right (resp., left, interior, two-sided) ideals and
investigate their properties. Also, we will show that every sup-hesitant fuzzy right (resp., left, interior,
two-sided) ideal of a semigroup is both a sup-hesitant fuzzy right (resp., left, interior, two-sided)
ideal and a supg-hesitant fuzzy right (resp., left, interior, two-sided) ideal, but the converse is not true.
Later, the concepts will be established by fuzzy sets, tukasiewicz fuzzy sets, tukasiewicz anti-fuzzy
sets, Pythagorean fuzzy sets, hesitant fuzzy sets, hybrid sets, interval-valued fuzzy sets and cubic sets.
Finally, we will characterize which is intra-regular, left (right) regular, completely regular, left (right)

simple and simple semigroups in terms of sup}-type and supg -type of hesitant fuzzy sets.

2. Preliminaries

In this section we first give some basic definitions and results which will be used in this paper.
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In what follows, unless otherwise specified, let A be a semigroup, B be a nonempty set, p(B) be
the power set of B and ¥, A € ([0, 1]). A nonempty subset B of A is called a right ideal (resp., a
left ideal, an interior ideal) of A if

BA C B (resp., ABC B, ABAC B)

and an ideal of A if B is both a right ideal and left ideal of A.
A fuzzy subset (FS) [46] of B is defined to be a function £ : B — [0, 1] where [0, 1] is the unit
interval. For FSs & and n of B, define £ < n if £(p) < m(p) for all p € B. A FS £ of A is called

(1) a fuzzy right ideal (FRI) [30] of A if £&(p) < &(pq) for all p, g € A,

(2) a fuzzy left ideal (FLI) [30] of A if £(q) < &(pq) for all p, g € A,

(3) afuzzy ideal (FI) [30] of A if it is both a FRL and a FLI of A, thatis, max{&(p),£(q)} < &(pq)
forall p,g € A,

(4) a fuzzy interior ideal (FII) [30] of A if £&(w) < &(pwq) for all p, g, w € A,

(5) an anti-fuzzy right ideal (AFRI) [37] of A if £(pg) < &(p) for all p, g € A,

(6) an anti-fuzzy left ideal (AFLI) [37] of A if £(pg) < &(q) for all p, g € A,

(7) an anti-fuzzy ideal (AFI) [37] of A if it is both an AFRI and an AFLI of A, that is, £(pq) <
min{&(p),&(q)} for all p, g € A, and

(8) an anti-fuzzy interior ideal (AFIl) [25] of A if £(pwq) < &(w) for all p, g, w € A.

A Pythagorean fuzzy set (PFS) P [44, 45] in B is an object having the form P =
{(p.&(p),n(p)) | p € B} where the functions £ : B — [0,1] and n : B — [0, 1] denote the degree
of membership and the degree of nonmembership, respectively, and 0 < (£(p))? + (n(p))? < 1 for all
p € B. For the sake of simplicity, we shall use the symbol (£, n) of the PFS {(p,&(p), n(p)) | p € B}.
A PFS (¢,m) in A is called

(1) a Pythagorean fuzzy right ideal (PFRI) [7] of A if £ is a FRI and 7 is an AFRI of A,
(2) a Pythagorean fuzzy left ideal (PFLI) [7] of A if £ is a FLI and m is an AFLI of A,
(3) a Pythagorean fuzzy ideal (PFI) [7] of A if it is both a PFRI and a PFLI of A, and
(4) a Pythagorean fuzzy interior ideal (PFIl) [7] of A if £ is a FIl and n is an AFIl of A.

By an interval number § we mean an interval [a—, a"], where a—,a" € [0,1] and a— < a©. We
denote D([0, 1]) for the set of all interval numbers. Then, we obtain D([0,1]) C ([0, 1]). For
J=[a",at],b=[b", bt] € D([0,1]), the operations =, = and < in case of two elements in D([0, 1])
are defined by:

(1) 53b< a <b and a* < bT,

(2) 5=b< a~ =b" and a* = b*, and

(3) 5<b«< 5= band §+#b.

An interval-valued fuzzy set (IVFS) [47] on B is defined to be a function X : B — D([0, 1]), A(p) —

[XE(p), AY(p)] where AL and AY are FSs of B such that AL < XY. For FSs ¢ and n of B with £ <,
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we define the IVFS [¢, 7] on B by [¢€,n](p) = [€(p). n(p)] for all p € B. An IVFS X = [XE, XY] on A is

called

(1) an interval-valued fuzzy right ideal (IVFRI) [33,40] of A if A(p) = A(pq) for all p, g € A, that
is, AL and AV are FRIs of A,
(2) an interval-valued fuzzy left ideal (IVFLI) [33,40] of A if A(q) = A(pq) for all p, g € A, that
is, AL and AY are FLIs of A,
(3) an interval-valued fuzzy ideal (IvFl) [33,40] of A if it is both an IVFRI and an IVFLI of A, that
is, AL and AV are Fls of A, and
(4) an interval-valued fuzzy interior ideal (IvFIl) [40] of A if A(w) = X(pwq) for all p,q. w € A,
that is, AL and XY are FlIs of A.
A cubic set [19] in B is defined to be a function (X, n) : B — D([0, 1]) x [0, 1], p — (A(p), n(p)) where
X:B —D([0,1]) and n: B — [0,1]. A cubic set (X, 1) in A is called
(1) a cubic right ideal (CuRI) [20] of A if X is an IVFRI and 7 is an AFRI of A,
(2) a cubic left ideal (CuLl) [20] of A if X is an IVFLI and 7 is an AFLI of A,
(3) a cubic ideal (Cul) [20] of A if it is both a CuRI and a Cull of A, and
(4) a cubic interior ideal (Cull) [31] of A if X is an IVFIl and 7 is an AFIl of A.
A hesitant fuzzy set (HFS) [41,42] on B is defined to be a function € : B — ([0, 1]). Note that
every IVFS on B is a HFS on B. A HFS € on A is called
(1) a hesitant fuzzy right ideal (HFRI) [21] of A if €(p) C £(pq) for all p, g € A,
(2) a hesitant fuzzy left ideal (HFLI) [21] of A if €(q) C &€(pq) for all p,q € A,
(3) a hesitant fuzzy ideal (HFI) [12,21] of A if it is both a HFRL and a HFLI of A, that is,
E(p) UE(q) C E(pq) for all p,g € A,
(4) a hesitant fuzzy interior ideal (HFII) [35,39] of A if €(w) C g(pwq) for all p,q, w € A.

A hybrid set in A over a set B is defined to be a function (€,71) : A — o(B) %[0, 1], p — (€(p), n(p))
where € : A — p(B) and n : A — [0,1]. Note that every cubic set in A is a hybrid set in A over
[0,1]. A hybrid set (g,m) in A over [0, 1] is called

(1) a hybrid right ideal (HyRI) [1] of A over [0, 1] if € is a HFRI and 7 is an AFRI of A,
(2) a hybrid left ideal (HyLl) [1] of A over [0, 1] if € is a HFLI and n is an AFLI of A,
(3) a hybrid ideal (Hyl) [1] of A over [0, 1] if it is both a HyRI and a HyLI of A over [0, 1], and
(4) a hybrid interior ideal (Hyll) [13] of A over [0, 1] if € is a HFIl and 7 is an AFIl of A.
For a HFS g on B, a nonempty subset Z of B, k € [0,1] and ¥ € ([0, 1]), we define
(1) the element SUPY [12,35] of [0, 1] by

vifv ,
supy = JSUPY TV A0
0 otherwise,

(2) the subset S[e; ¥] [12,35] of B by S[e: ¥] = {p € B|SUPg(p) > SUPV},
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(3) the HFS HEY) [14,16] on B by HEY (p) = {k € ¥ | SUPE(p) > k} for all p € B,
(4) the characteristic hesitant fuzzy set (CHFS) Xz of Z on B by

[0,1] if p€ Z,

Xz: B — p([0,1]),p— .
@ otherwise,

(5) the FS € of B by f€(p) = SUP&(p) for all p € B,
(6) asupremum complement @ [36] of € on B if w is a HFS on B such that SUPW(p) = 1—SUPg(p)
for all p € B,
(7) the HFS g* by €*(p) = {1 — SUP&(p)} for all p € B.
Let SC(€) be the set of all supremum complements of €. Then, we obtain that
(1) e € SC(8),
2) f9(p) = 1 — SUPE(p) for all @ € SC(€) and p € B,
3) SUP(&*)*(p) = SUPE(p) = f&(p) for all p € B,
2) SUPg(p) =1 — (1 — SUPE(p)) = 1 — SUPwW(p) for all @ € SC(€) and p € B,
5) SUPX(p) = sup A(p) = XY(p) for every IVFS X on B and for all p € B,
(6) HELW s both a HFS and an IVFS on B

(
(
(
(

Jittburus and Julatha [12] introduced a sup-hesitant fuzzy ideal, which is a generalization of the
concepts of an IvFl and a HFI, of a semigroup and studied its properties via sets, FSs, HFSs and IvFSs

in the following.

Definition 2.1. [12] A HFS € on A is called a sup-hesitant fuzzy ideal of A related to ¥ (briefly,
V-sup-hesitant fuzzy ideal) of A if the set S|€; ¥] is an ideal of A. We say that € is a sup-hesitant fuzzy
ideal (sup-HFI) of A if € is a ¥-sup-hesitant fuzzy ideal of A for all ¥ € ©([0, 1]) when S[e; ¥] # 0.

Theorem 2.1. [12] Every HFI of A is a sup-HFI of A.
Theorem 2.2. [12] Every IvFl of A is a sup-HFI of A.

Theorem 2.3. [12] Let € be a HFS on A. The followings are equivalent:
(1) € is a sup-HFI of A,
(2) f€isa Fl of A,
(3) SUPg(pg) > max{SUP&(p), SUPE(q)} for all p,q € A,
(4) HEY is a HFI of A for all ¥ € ([0, 1]).

Theorem 2.4. [12] Let B be a nonempty subset of A. Then B is an ideal of A if and only if the
CHFS X5 is a sup-HFI of A.

Phummee et al. [35] introduced a sup-hesitant fuzzy interior ideal, shown a generalization of the
concepts of a sup-HFI, an IvFIl and a HFII, of a semigroup and studied its properties via sets, FSs,
HFSs and IvFSs.
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Definition 2.2. [35] A HFS € on A is called a sup-hesitant fuzzy interior ideal of A related to ¥
(briefly, W-sup-hesitant fuzzy interior ideal) of A if the set S[€; ¥] is an interior ideal of A. We say
that € is a sup-hesitant fuzzy interior ideal (sup-HFII) of A if € is a ¥-sup-hesitant fuzzy interior ideal
of A for all v € ([0, 1]) when S[€; v] # 0.

Theorem 2.5. [35] Every sup-HFI of A is a sup-HFIl of A.
Theorem 2.6. [35] Every HFIl of A is a sup-HFIl of A.
Theorem 2.7. [35] Every IvFll of A is a sup-HFIl of A.

Theorem 2.8. [35] Let € be a HFS on A. The followings are equivalent:
(1) € is a sup-HFIl of A,
(2) f€ is a FlIl of A,
(3) SUPe(pwq) > SUPe&(w) for all p,q, w € A,
(4) HEY is a HFIl of A for all W € ([0, 1]).

Theorem 2.9. [35] If B is a nonempty subset of A, then B is an interior ideal of A if and only if X
is a sup-HFII of A.

Julatha et al. [13] introduced a sup-hesitant fuzzy right (left) ideal, shown a generalization of the
concept of a HFRI (HFLI) and an IVFRI (IvFLI), of a semigroup and studied its properties via sets,
FSs, PFSs, HFSs, IVFSs, cubic sets and hybrid sets.

Definition 2.3. [13] Let € be a HFS on A.

(1) € is called a sup-hesitant fuzzy left ideal (sup-HFLI) of A if (Vp,q € A)(SUP&(q)
SUPE(pq)).

(2) € is called a sup-hesitant fuzzy right ideal (sup-HFRI) of A if (Vp,q € A)(SUPg&(p)
SUPE(pq)).

IN

IN

Theorem 2.10. [13] Let € be a HFS on A. The followings are equivalent:
(1) € is a sup-HFRI (sup-HFLI) of A,
(2) f€ isa FRI (FLI) of A,
(3) HEY) is a HFRI (HFLI) of A for all ¥ € p([0, 1]).

Theorem 2.11. [13] If B is a nonempty subset of A, then B is a right ideal (resp., left ideal) of A if
and only if X is a sup-HFRI (resp., sup-HFLI) of A.

3. Generalized sup-hesitant fuzzy ideals

In what follows, let a and B be elements of [0, 1], unless otherwise specified. We introduce the

concepts of sup-hesitant fuzzy left (resp., right, interior, two-sided) ideals and supg—hesitant fuzzy left
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(resp., right, interior, two-sided) ideals of semigroups and investigate their properties. The concepts
are established by FSs, PFSs, HFSs, IVFSs, tukasiewicz fuzzy sets, tukasiewicz anti-fuzzy sets, hybrid

sets and cubic sets.

3.1. supZ-hesitant fuzzy ideals. In this part, we introduce a sup-hesitant fuzzy right ideal, a sup-
hesitant fuzzy left ideal, a sup}-hesitant fuzzy interior ideal and a sup-hesitant fuzzy two-sided ideal
of a semigroup, and investigate some of their properties. Also, it is shown that a sup}-hesitant fuzzy
left (resp., right, interior, two-sided) ideal of a semigroup is a generalization of the concept of a
sup-hesitant fuzzy left (resp., right, interior, two-sided) ideal.
For a HFS €on A, and ¥, A € p([0, 1]), we define

(1) SUPE ¥ = min{SUPY + a, 1},

(2) v C2 A if and only if SUPZ ¥ < SUPZa,

(3) v A if and only if SUPY ¥ < SUP A,

(4) v =& A if and only if SUPY ¥ = SUP}A.
We denote ¥ C A (resp., VC A, Y= A) for ¥ T/ A (resp., ¥ C/ A, ¥ =} A). Then we have

(1) SUPJ v =SUPY,

(2) v C A if and only if SUPY < SUPA,

(3) v A if and only if SUPY < SUPA,

(4) v = A if and only if SUPY = SUPAa,

(5) v=4 aifandonly if vC! A and AC} V.
For elements & = [a~, a*] and b = [b—, b*] in D([0, 1]), then the following are true:

(1) if 52 b, then §C b, and

(2) if 5= b, then 5= b.

Definition 3.1. A HFS € on A is called

(1) a supf-hesitant fuzzy right ideal (supt-HFRI) of A if (Vp, q € A)(€(p) T} €(pq)).

(2) a supl-hesitant fuzzy left ideal (supt-HFLI) of A if (Vp, q € A)(€(q) =L €(pq)),

(3) a supZ-hesitant fuzzy two-sided ideal (or a supy-hesitant fuzzy ideal (supt-HFI)) of A if it is
both a supZ-HFRI and a sup}-HFLI of A,

(4) a supl-hesitant fuzzy interior ideal (sup}-HFII) of A if (Vp,q, w € A)(e(w) C} €(pwq)).

Example 3.1. Let A= {(1,1),(0,1),(0,0),(1,0)}. Then A is a semigroup with respect to multipli-
cation defined as follows: (p1, p2)(p3, pa) = (p1, pa) for all p1, p2, p3, p4 € {0, 1}.
(1) A HFS &1 of A is defined by
€1((0,0)) = (0,0.8), £1((0,1)) = {0.2,0.4,0.9}, £1((1,0)) = 0 and £1((1,1)) = {0}.
Then € is a sup§ ,-HFRI of A but not a sup ,-HFLI of A because
£1((1,0)(0,0)) 8, £1((0,0)).
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(2) A HFS &, of A is defined by
£((0,0)) = {0.2,0.4,0.5}, £((0.1)) = (0.3.0.7), £((1,0)) = [0,0.5] and
£((1,1)) = {0.7,0.8,0.9}.
Then € is a supg 3-HFLI of A but not a supg 3-HFRI of A because

€2((1,1)(1,0)) g5 €2((1,1)).

Example 3.2. Let A = {p1, po, p3, P4} and define the binary operation “-" on A as follows:

p1 P2 P3 Pa
P1|P1 P1 P1L P1
P2 |pP1 P1 P1L P1
P3| P1 P1 P2 P1
P4 | P1 pP1 P2 P2

Then A is a be the semigroup under the binary operation “-" [30]. Now, define HFSs €1 and €, on A
by
€1(p1) =[0.3,0.6], €1(p2) = {0.3,0.5}, €1(p3) = 0 and €1(ps) = {1},
Eg(pl) = [0.3, 0.7], gz(pg) = {0.3, 0.5, 0.8}, 52([)3) = @ and 52([)4) = [0.2, 0.5].
Thus

(1) €1 is a supg 4-HFII but not a sup{ ,-HFI of A because €1(papa) Ta 4 €1(pa),
(2) & is a supg 5-HFI of A.

Proposition 3.1. Every sup-HFRI (resp., sup-HFLI, sup-HFII, sup-HFI) of A is a sup}-HFRI (resp.,
supt-HFLI, sup-HFII, sup}-HFI) of A for all o € [0, 1].

Proof. Assume that € is a sup-HFRI of A, a € [0, 1] and p, g € A. Then SUP&(pq) > SUPE&(p) and

so
SUP}€(pq) = min{SUPE&(pq) + a, 1} > min{SUPE(p) + o, 1} = SUPLE(p).

Hence £(p) T} €(pg). Therefore, we obtain that € is a supt-HFRI of A.

Similarly, we can prove the other results. [l

Example 3.3. Let A = {p1, p2, p3, pa} be the semigroup defined in Example 3.2. We define a HFS €
on A by

g(p1) ={0.1,0.5,0.8}, &(p2) = [0,0.9], €(p3) = [0,0.5] and €(ps) = 0.
Then € is a supt-HFRI (resp., supt-HFLI, supt-HFII, supt-HFI) of A for all a € [0.2, 1] but € is not
a sup-HFRI (resp., sup-HFLI, sup-HFII, sup-HFI) of A. Indeed, € is not a sup-HFRI and sup-HFI of A
because SUPE(pap1) < SUPE(p2), € is not a sup-HFLI of A because SUPE(p1p2) < SUPE(p2), and
€ is not a sup-HFIl of A because SUPE(p1pap3) < SUPE(py).
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From Proposition 3.1 and Example 3.3, we have that the concept of a supZ-HFRI (resp., supg-
HFLI, supZ-HFIl, supt-HFI) of a semigroup A is a generalization of the concept of a sup-HFRI (resp.,
sup-HFLI, sup-HFIl, sup-HFI) of A.

Proposition 3.2. Let € be a HFS on A and k € [0,1]. If€ is a supt-HFRI (resp., supZ-HFLI, supg -
HFII, supt-HFI) of A for all o € [0, k], then € is a sup-HFRI (resp., sup-HFLI, sup-HFII, sup-HFI) of
A.

Proof. Let € be a supt-HFRI of A for all a € [0, k]. Suppose € is not a sup-HFRI of A, that is, there
exist p, g € A such that SUP£(pq) < SUPg(p). Choose

SUPe(p) — SUPE(pq)
2

a = min{  k}.

Then a € [0, k] and

SUPe(p) — SUPE(pq)
2 )

< SUPg(pq) + (SUPEg(p) — SUPE(pq))

SUPE(pq) + o < SUPE(pq) + (

= SUP&(p)

<1.
Thus

SUPZE(p) = min{SUPE(p) + a, 1}
> SUPe(pq) + o
= min{SUP&(pq) + o, 1}
— SUP.E(pq).

Hence €(pq) CZ €(p). Since € is a supZ-HFRI of A, we hvae
E(pq) °& E(p) CF E(pa).

This is a contradiction. Therefore, £ is a sup-HFRI of A.

Similarly, we can prove the other results. [l

Proposition 3.3. If € is a sup-HFRI (resp., supt-HFLI, supt-HFIl, supt-HFI) of A, then € is a
sup) -HFRI (resp., sup) -HFLI, sup)-HFIl, sup)f -HFI) of A for all k € [c, 1].

Proof. Assume that € is a supZ-HFRI of A, k € [a, 1] and p,q € A. Then g(p) CF €(pq), that is,
min{SUPE(pq) + a, 1} > min{SUPE(p) + a, 1}. If SUPe(pg) + o > 1, then

SUPE(pq) + k > SUPE(pq) + o > 1 > SUP}&(p)
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and so €(p) T} €(pg). On the other hand, suppose that SUPE(pq) + a > SUPE(p) + . Then
SUPe(pq) > SUPg(p) and so

SUPE(pq) + k > SUPE(p) + k > SUPE(p).

Thus €(p) T €(pqg). Therefore, £ is a sup, -HFRI of A.

Similarly, we can prove the other results. [l
Proposition 3.4. Every sup’-HFI of A is a supZ-HFII of A.

Proof. Assume that € is a sup}-HFI of A. Then &(w) C& g(wq) C}F €(pwq) for all p, g, w € A.
Therefore, € is a sup}-HFIl of A. O

From Proposition 3.4 and Example 3.2, we have that the concept of a sup}-HFIl of a semigroup

A is a generalization of the concept of a sup}-HFI of A.

3.2. sup[;-hesitant fuzzy ideals. In this part, we introduce a supﬁ_—hesitant fuzzy right ideal, a sup[;—
hesitant fuzzy left ideal, a supﬁ_—hesitant fuzzy interior ideal and a supﬁ_—hesitant fuzzy two-sided ideal
of a semigroup, and investigate some of their properties. Moreover, it is shown that a supg—hesitant
fuzzy left (resp., right, interior, two-sided) ideal of a semigroup is a generalization of the concept of
a sup-hesitant fuzzy left (resp., right, interior, two-sided) ideal.
For a HFS €on A and ¥, A € p([0, 1]), we define

(1) SUP5 v = max{SUPVY — 3, 0},

2) v C; A if and only if SUPZ ¥ < SUP; A,

3) v Cp A if and only if SUP; ¥ < SUP; A,

(4) Y =5 Aif and only if SUP; ¥ = SUP/A.
Then we have

(1) SUP, ¥ =SUPY,

(2) vC Aifandonly if v A,

(3) vC Aifandonly if v A,

(4) v= A ifandonly if v =, A.

Definition 3.2. Let € be a HFS on A.
(1) €is called a supg-hesitant fuzzy right ideal (supg-HFRI) of A if (Vp, g € A)(e(p) E5 €(pq)),
(2) € is called a supg-hesitant fuzzy left ideal (supg-HFLI) of A if (Vp, g € A)(€(q) Cg €(pq)),
(3) € is called a supg -hesitant fuzzy two-sided ideal (or a supg -hesitant fuzzy ideal (supg-HFI))
of A if it is both a supg -HFRI and a supg -HFLI of A,
(4) € is called a supg-hesitant fuzzy interior ideal (supg-HFII) of A if (Vp,q, w € A)(e(w) Cg
E(pwq)).

Example 3.4. Let A= {(1,1),(0,1),(0,0),(1,0)} be a semigroup defined in Example 3.1.
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(1) A HFS &1 of A is defined by
€1((0,0)) = (0,0.8], €1((0,1)) = {0.4,0.8}, €1((1,0)) = 0 and £1((1,1)) = [0, 0.4].
Then €1 is a supg ,-HFRI of A but not a supy ,-HFLI of A because
£1((1,0)(0,1)) S &1((0,1)).
(2) A HFS &, of A is defined by

£((0,0)) = {0.2,0.4,0.5}, £&((0,1)) = (0.3,0.6), &>((1,0)) = 0 and
&((1,1)) = {0.4,0.5,0.6}.

Then € is a supg s-HFLI of A but not a supg s-HFRI of A because
£2((0,1)(1,0)) Cq 5 £2((0, 1)).

Example 3.5. Let A = {p1, p2, p3, pa} be the semigroup defined in Example 3.2. We define a HFS €
on A by
g(p1) =[0.3,0.7], €(p2) = {0.3,0.5}, €(p3) = 0, and €(ps) = (0,0.7).
Thus
(1) €isa supg -HFIl of A for all 5 € [0, 1] but not a sup, -HFI of A for all k € [0,0.7) because
€(pap3) C, €(ps) for all k € [0,0.7).
(2) € is a supg-HFI of A for all 8 € [0.7,1].

Proposition 3.5. Every sup-HFRI (resp., sup-HFLI, sup-HFIl, sup-HFI) of A is a supg-HFRI (resp.,
supg -HFLI, supg -HFII, supz-HFI) of A for all B € [0, 1].

Proof. Assume that € is a sup-HFRI of A, 8 € [0,1] and p, g € A. Then SUP&(pq) > SUPg(p) and
thus

SUP5&(pq) = max{SUP&(pq) — B, 0} > max{SUPE(p) — B, 0} = SUP;£(p).
Hence €(p) C5 €(pq). Therefore, € is a supg-HFRI of A.

Similarly, we can prove the other results. [l

Example 3.6. From Example 3.3, we get that the HFS € is a supﬁ_—HFR/, supg—HFLl, supB—HF// and
supg -HFI of A for all B € [0.9, 1]. However, € is not a sup-HFRI, sup-HFLI, sup-HFIl and sup-HFI of
A.

From Example 3.6 and Proposition 3.5, we obtain that the concept of a supﬁ_—HFRI (resp., supﬁ_—
HFLI, supB—HFII, supg—HFI) of a semigroup A is a generalization of the concept of a sup-HFRI (resp.,
sup-HFLI, sup-HFIl, sup-HFI) of A.

Proposition 3.6. Let € be a HFS on A and k € [0,1]. IfEis a supg -HFRI (resp., supg -HFLI, supg -
HFII, supB—HF/) of A for all B € [0, k], then € is a sup-HFRI (resp., sup-HFLI, sup-HFIl, sup-HFI) of
A.
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Proof. Let € be a supg-HFRI of A for all § € [0, k]. Suppose that SUPg(pg) < SUPEe(p) for some
p,q € A. Choose B € [0, k] such that SUP&(p) — B > 0. Then

SUP5(p) = max{SUPe(p) — B, 0} = SUPe(p) — B.
Since €is a supg-HFRI of A, we have
SUP5&(pq) > SUP5&(p) = SUPE(p) — B > 0.
Thus
SUPg€(pq) = SUPE(pq) — B

< SUPg(p) — B

= SUP;&(p)

< SUPZE(pq),

which is a contradiction. Hence € is a sup-HFRI of A.

Similarly, we can prove the other results. [l

Proposition 3.7. If€ is a supB—HFR/ (resp., supB—HFLI, supg—HF//, supB—HF/) of A, then € is a
sup, -HFRI (resp., sup, -HFLI, sup, -HFII, sup, -HFI) of A for all k € |3, 1].

Proof. Assume that € is a supz-HFRI of A, k € [3,1] and p, g € A. Then &(p) T €(pq), that is,
max{SUPg&(pqg) — B, 0} > max{SUP&(p) — B,0} > SUPe(p) — B.
If 0 > SUPg(p) — B, then
SUP&(pg) > 0 > SUPE(p) — B > SUPE(p) — k

and so SUP, €(pg) > SUP, &(p), which implies that €(p) £, €(pg). On the other hand, suppose that
SUPg(pq) — B > SUPE&(p) — B. Then SUP&(pq) > SUPE(p). Thus SUPg(pq) — k > SUPE(p) — k.
Hence SUP, €(pg) > SUP, €(p), which implies that €(p) C, €(pq). Therefore, € is a sup, -HFRI of
A.

Similarly, we can prove the other results. [l
Proposition 3.8. Every supg—HF/ of Aisa supg—HF// of A.

Proof. Assume that £ is a supg-HFI of A. Then g(w) Cs e(wq) Cs g(pwq) for all p,q,w € A.
Therefore, €is a supg-HFIl of A. O

From Proposition 3.8 and Example 3.5, we have that the concept of a supE—HFII of a semigroup

A is a generalization of the concept of a supE—HFI of A.

Proposition 3.9. Let € be a HFS on A. Then the followings are true:
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(1) € is a sup-HFRI of A if and only if €(p) C
(2) € is a sup-HFLI of A if and only if€(q) C
(3) € is a sup-HFIl of A if and only if e(w) C

g(pq) for all p, g € A,
g(pq) for all p, q € A,
g(pwq) for all p,q,w € A.

Proof. It follows from Proposition 3.6. [

Proposition 3.10. Let € be a HFS on A. Then the followings are equivalent:

(1) € is a sup-HFRI (resp., sup-HFLI, sup-HFIl, sup-HFI) of A,
(2) €isa supg -HFRI (resp., supg -HFLI, supg -HFII, supg -HFI) of A for all 5 € [0, 1],
(3) € is asupt-HFRI (resp., supt-HFLI, supt-HFII, supt-HFI) of A for all o € [0, 1].

Proof. It follows from Propositions 3.1, 3.2, 3.5 and 3.6. O

3.3. Fuzzy sets, tukasiewicz fuzzy sets, tukasiewicz anti-fuzzy sets and Pythagorean fuzzy
sets. In this part, we characterize sup}-HFRIs, supt-HFLIs, supZ-HFlls, supt-HFls, supg-HFRIs,
supg—HFLIs, supE—HFIIs, and supg—HFIs of semigroups in terms of FSs, PFSs, tukasiewicz fuzzy sets
and tukasiewicz anti-fuzzy sets.

For a FS & of A, consider the FS

& A—[0,1], p— min{&(p) + a, 1},
which is called an a-tukasiewicz anti-fuzzy set [22] of £ in A. In case that 0 < a < 1 — sup{&(p) |

p € A}, the tukasiewicz anti-fuzzy set £} is called a fuzzy a-translation [8] of £ of type I.
For a FS & of A, consider the FS
&g A—[0,1], p—> max{&(p) — B, 0}
Then &5 (p) = max{€(p)+(1—-0)—1,0} forall p € A and so &5 is called an 1 — -t ukasiewicz fuzzy
set [23] of £ in A. In case that 0 < 5 < inf{{(p) | p € A}, the tukasiewicz fuzzy set {5 is called a
fuzzy B-translation [8] of £ of type II. Then we have the following results:
(1) & =E=¢7,
(2) &5 <€<¢3,
(3) & < &5 forall k € [5,1],
(4) &F <& forall k €0, q],
(5) the FS (fé)1 is an a-tukasiewicz anti-fuzzy set of f€ in A and (€)1 (p) = SUPZE&(p) for each
HFS €on A and p € A,
(6) the FS (fg)g is an 1 — B-tukasiewicz fuzzy set of € in A and (fg)g(p) = SUP;&(p) for each
HFS €on A and p € A.

Theorem 3.1. For a HFS € on A, the followings are equivalent:

(1) €is a supL-HFRI (resp., supt-HFLI, supZ-HFII, supX-HFI) of A,
(2) (f&)L is a FRI (resp., FLI, FII, Fl) of A, and
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(3) (f¢ < is a FRI (resp., FLI, FIl, FI) of A for all k € [a, 1].

Proof. (1) = (3). Assume that € is a supt-HFRI of A, k € [, 1] and p, g € A. Then £(p) T} €(pq)
and so min{SUPe(p) + a, 1} < SUP&(pq) + a. If min{SUP&(p) + a, 1} = SUP&(p) + a, then
SUPg(p) < SUPg(pg). Thus

(f)4 (pq) = SUP[&(pq) > SUPE(p) = () (p)
and so (f&)(pg) > (f€)F(p). On the other hand, suppose that min{SUPE(p) + c, 1} = 1. Then
SUPeg(pq) + k > SUPE(pg) + a > 1
and so
(f)y (pg) = SUP/€(pq) =1 > () (p).
Hence (), (pq) > () (p). Therefore, (f6)[ is a FRI of A for all k € [a, 1].
(3) = (2). It is directly obtained from taking k = a.
(2) = (1). Assume that (€)% is a FRI of A. Then (f&)Z(pq) > (f6)1(p) for all p, g € A. Thus
SUPLE(pq) = (f)4(pq) > (F)&(p) = SUPLE(p)

for all p, g € A. Hence g(p) £ €(pq) for all p, g € A, which implies that € is a supZ-HFRI of A. O

Theorem 3.2. For a HFS € on A, the followings are equivalent:
(1) €isa supB—HFRI (resp., supB—HFL/, supB—HFl/, supB—HF/) of A,
(2) (f%)g is a FRI (resp., FLI, FlI, F1) of A, and
(3) (f®), isa FRI (resp., FLI, Fll, Fl) of A for all k € |3, 1].

Proof. (1) = (3). Assume that € is a supz-HFRI of A, k € [3,1] and p, g € A. If 0 > SUPe(p) — B,
then 0 > SUPg(p) — k and so

(f)x (pq) > 0 = SUPE(p) = (), (p).

Thus (fg);(pq) > (fg);(p). On the other hand, suppose that SUPE(p) — 3 > 0. Since € is a supg -
HFRI of A, we have (p) T €(pqg). Then SUPE(pq) — B > SUPe(p) — B and so SUPe(pq) >
SUPg(p). Thus
(f)5 (Pq) = SUPL&(pq) > SUP&(p) = ()i (p).
Hence (fg);(pq) > (fg);(p). Therefore, (fg); is a FRI of A for all k € [B,1].
(3) = (2). It is directly obtained from taking k = 3.
(2) = (1). Assume that (fg)g isa FRI of A and p, g € A. Then (fg)[;(pq) > (fg)g(p) and so

SUPE(pq) = ()5 (pq) > (f5)5 (p) = SUPZ&(p).

Hence €(p) C5 €(pq). Therefore, € is a supg-HFRI of A. O
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Lemma 3.1. Let € be a HFS on A. Then SUPf@(p) = 1—SUP, €(p) and SUP, @(p) = 1—SUP&(p)

for all p € A, w € SC(€) and k € [0, 1].

Proof. Let p € A, W € SC(€) and k € [0, 1]. Then

SUP}@(p) = min{SUP@(p) + k, 1}
= min{(1 — SUPE(p)) + k, 1}
= min{1 — (SUP&(p) — k), 1}
— 1 — max{SUP&(p) — k, 0}
—1-SUP&(p)

and

SUP, &(p) = max{SUP&(p) — k, 0}
= max{(1 — SUPE(p)) — k,1 — 1}
= max{1 — (SUPE(p) + k), 1 — 1}
— 1 — min{SUPE&(p) + k, 1}
=1-SUP/}&(p).

Therefore, SUP@w(p) = 1 — SUP, €(p) and SUP, @(p) =1 — SUP&(p).

Theorem 3.3. For a HFS € on A, the followings are equivalent:

(1) € is asupt-HFRI (resp., supZ-HFLI, sup}-HFII, supt-HFI) of A,
(2) (f€)5 is an AFRI (resp., AFLI, AFIl, AFl) of A,
(3) (f¥)5 is an AFRI (resp., AFLI, AFIl, AFl) of A for all & € SC(€), and

(4) (f¥) is an AFRI (resp., AFLI, AFIl, AFl) of A for all @ € SC(€) and k € [a, 1].

Proof. (1) = (4). Assume that € is a supf-HFRI of A. By Proposition 3.3, we have that € is a

supf-HFRI of A for all k € [, 1]. By Lemma 3.1, we get

(f9); (p) = SUP,@(p) = 1 — SUP}E(p) > 1 — SUPJE(pq) = SUP, @(pqg) = (f*); (pq)

for all W € SC(¢), k € [a,1] and p,q € A. Hence (fa); is an AFRI of A for all w € SC(€) and

k € [, 1].
(4) = (3) and (3) = (2). They are clear.
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(2) = (1). Assume that (f€)5 is an AFRI of A and p, g € A. Then (f&);(p) > (f€)5(pq) and
by Lemma 3.1, we have
SUPLE(p) =1 — SUP,&*(p)
=1-(f)a(p)
<1-(f)(pa)
=1—-SUP_&*(pq)
= SUPZE&(pq).

Hence €(p) T} €(pq). Therefore, € is a supt-HFRI of A. O

Theorem 3.4. For a HFS € on A, the followings are equivalent:

(1) €isa supg -HFRI (resp., supg -HFLI, supg-HFII, supf_j—/-/F/) of A,

(2) (f)} is an AFRI (resp., AFLI, AFIl, AFI) of A,

(3) (f*) is an AFRI (resp., AFLI, AFIl, AF1) of A for all @ € SC(€), and

(4) (f¥)[ is an AFRI (resp., AFLI, AFIl, AFl1) of A for all @ € SC(€) and for all k € [3,1].

Proof. (1) = (4). Assume that € is a supg-HFRI of A. By Proposition 3.7 and Lemma 3.1, we get
(f)5 (pg) = SUP{@(pg) = 1 — SUP; E(pg) < 1 — SUP; €(p) = SUP@(p) = (F*){ (p)

for all @ € SC(€), k € [8,1] and p, g € A. Hence (f¥) is an AFRI of A for all @ € SC(€) and
ke [B,1].
(4) = (3) and (3) = (2). They are clear.
(2) = (1). Assume that (fg*)ﬁ_ is an AFRI of A. By Lemma 3.1, we get
SUPZE(pg) =1~ SUPEE*(pq)
=1—(f)f(pa)
>1-(f)5(p)
— 1-SUP{E"(p)
= SUP;&(p)
for all p,g € A. Thus g(p) Cs g(pq) for all p, g € A, which implies that € is a supg-HFRI of A. [

Theorem 3.5. For a HFS € on A, the followings are equivalent:

(1) € is a supL-HFRI (resp., supt-HFLI, supZ-HFII, supX-HFI) of A,

(2) ((F)Z, (f5)3) is a PFRI (resp., PFLI, PFIl, PFI) of A,

(3) ((f)Z, (f¥);) is a PFRI (resp., PFLI, PFII, PFl) of A for all @ € SC(€), and

(4) ((fg)j, (fa’);) is a PFRI (resp., PFLI, PFll, PFl) of A for all w € SC(g) and k € [a, 1].
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Proof. It follows from Theorems 3.1 and 3.3. O

Theorem 3.6. For a HFS € on A, the followings are equivalent:
(1) €isa supg -HFRI (resp., supg -HFLI, supg -HFlII, supﬁ’-HF/) of A,
(2) ((f8)5.(f€)}) is a PFRI (resp., PFLI, PFII, PFI) of A,
(3) ((fg)g, (fa)g) is a PFRI (resp., PFLI, PFll, PFl) of A for all W € SC(€), and
(4) ((fg);, (fa’)j{) is a PFRI (resp., PFLI, PFll, PFl) of A for all w € SC(€) and k € [B, 1].

Proof. It follows from Theorems 3.2 and 3.4. |

3.4. Hesitant fuzzy sets and hybrid sets. In this part, we characterize supj;—HFRIs, supjx‘—HFLIs,
sup;‘—HFIIs, sup;;—HFIs, supE—HFRIs, supB—HFLIs, supB—HFIIs and sup[g—HFIs of semigroups in terms
of HFSs and hybrid sets.

Theorem 3.7. For a HFS € on A, the followings are equivalent:

(1) € is asupt-HFRI (resp., supt-HFLI, supt-HFII, supt-HFI) of A, and
(2) ’H(S%,'D) is a HFRI (resp., HFLI, HFII, HFI) of A for all ¥ € p([0,1 — a]).

Proof. (1) = (2). Assume that € is a sup}-HFRI of A. Let ¥ € p([0,1 —a]), p,g € A and
k € H(Si;)(p). Then €(p) EF €(pq) and SUPE(p) > k € Y. Thus

SUPg(pq) = (SUPe(pg) + a) —
> SUP3E(pq) - o
> SUPLE(p) — a
= min{SUPg&(p),1 — a}
>k
which implies that k € Héi’,!)(pq). Hence H(S%;)(p) - H(S%,';)(pq). Therefore, ng;) is a HFRI of A
for all v € p([0,1 — af).
(2) = (1). Assume that ng;) is a HFRI of A for all ¥ € p([0,1 — a]). Let p,g € A and
v =1[0,1—qa]. Then
SUPZE(p) — o = min{SUP&(p), 1 — a} € HED (p) € HEY (pq).
Thus
SUP}E€(pq) — o = min{SUPE(pq), 1 — a} > SUPLE(p) — a.
Hence SUPL€(pq) > SUPZE(p) which implies that £(p) T €(pq). Therefore, £ is a supt-HFRI of
A. 0

Theorem 3.8. For a HFS € on A, the followings are equivalent:

(1) €isa supg -HFRI (resp., supg -HFLI, supg-HFII, supﬁ_—HF/) of A,
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(2) HEY is a HFRI (resp., HFLI, HFII, HFI) of A for all ¥ € p((8, 1]).

Proof. (1) = (2). Assume that €is a supg-HFRIof A. Let ¥ € p((B8,1]), p.qg € Aand k € Hé‘%;)(p).
Then SUPE(p) > k> B, k € ¥ and &(p) Ty €(pg). Thus

max{SUP&(pq), B} = SUP;&(pq) +
> SUPgE(p) + 8
= max{SUP&(p), B}

>k
>0,

that is, SUPE(pq) > k. Hence k € H(Si;)(pq) and so ’HSUP (p) C %(5 v)(Dq). Therefore, %gj,'p) is a
HFRI of A for all ¥ € p((8, 1]).

(2) = (1). Assume that HE% is a HFRI of A for all ¥ € p((8, 1]) and p, g € A. If SUPE(p) < B,
then

SUP5&(p) = 0 < SUP5£(pq)
and so £(p) Cg €(pq). On the other hand, suppose that SUPg(p) > B. Let ¥ = (B, 1]. Then
SUP,(p) + 8 = max{SUPE(p), B} = SUPE(p) € HEW (p) € HEN (pa).
Thus
SUP€(pq) + B > (SUPe(pq) — B) + B = SUPe(pq) > SUP;&(p) +B.

Hence SUP;&(p) < SUP,(pq) and so €(p) T €(pq). Therefore, £'is a supg-HFRI of A. O

Theorem 3.9. For a HFS € on A, the followings are equivalent:
(1) € s a supL-HFRI (resp., supt-HFLI, supZ-HFII, supX-HFI) of A,
(2) (’Hgij;), (f€)) is a HyRI (resp., HyLl, Hyll, Hyl) of A over [0,1] for all ¥ € p([0,1 — a]),
(3) (ng';), (f9)3) is a HyRI (resp., HyLl, Hyll, Hyl) of A over [0,1] for all @ € SC(€) and
v € p([0,1—qal), and
(4) (H(SSU (f“)k) is a HyRI (resp., HyLl, Hyll, Hyl) of A over [0, 1] for all w € SC(€), k € [a, 1]
and ¥ € p([0,1 — a).

Proof. It follows from Theorems 3.3 and 3.7. O

Theorem 3.10. For a HFS € on A, the followings are equivalent:
(1) €isa supg -HFRI (resp., supg -HFLI, supg-HFII, supg-HF/) of A,
(2) (HSD. (F9)}) is a HyRI (resp., HyLl, Hyll, Hyl) of A over [0, 1] for all ¥ € p((6.1]),
(3) (Héﬂ}), (f9)4) is a HyRI (resp., HyLl, Hyll, Hyl) of A over [0,1] for all @ € SC(€) and
v € p((8,1]), and
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(4) (HEYD (f9)]) is a HyRI (resp., HyLl, Hyll, Hyl) of A over [0, 1] for all & € SC(£), k € [B, 1]
and v € p((B, 1]).

Proof. It follows from Theorems 3.4 and 3.8. O

3.5. Interval-valued fuzzy sets and cubic sets. In this part, we characterize supt-HFRIs, supf-
HFLIs, supt-HFlls, supt-HFls, supB—HFRIs, supB—HFLIs, supE—HFIIs, and supE—HFIs of semigroups
in terms of IvFSs and cubic sets.
Let £ and m be FSs of A such that & < 7, the followings are true.

(1) [€.€l [€5.m]. [€.ma] and [€5.mq] are IVFSs on A.

(2) If o =B, then [¢5,mg5] is an IVFS on A.

(3) If a < B, then [£5,nf] is an IVFS on A.

(4) If Xis an IVFS on A and A = [£, 7], then AL = ¢ and XY = 1.

Theorem 3.11. For a HFS € on A, the followings are equivalent:
(1) € s a supL-HFRI (resp., supt-HFLI, supZ-HFII, supX-HFI) of A,
(2) [(FO)E, (F) ) is an IVFRI (resp., IVFLI, IvFIl, IvFI) of A for all k € [, 1],
(3) [(fi)j (fg)g] is an IvFRI (resp., IvFLI, IVFIl, IvFl) of A for all k,B € [a, 1] with k < 3,
(4) HEQID s an WFRI (resp., IVFLI, IVFIL, IVFI) of A.

Proof. (1) < (2) and (1) < (3). It follows from Theorem 3.1.
(1) = (4). Assume that € is a supf-HFRI of A and p,q € A. Then &(p) T} €(pqg) and so
SUPLE(p) < SUPLE(pq). Thus

HELI=D () = [0, SUPLE(p) — o] 3 [0, SUPLE(pg) — a) = HER =D (pg).

Therefore, HE0 D is an IVFRI of A.

(4) = (1). Assume that %é%[g’lfa]) is an IvFRI of A and p, g € A. Then
[0, SUPEE(R) — @] = HEGE P (p) 2 HEE ™ (pg) = [0, SUPLE(pa) — al.
Thus
SUPLE(p) = (SUPLE(p) — a) + a < (SUPLE(pq) — a) + a = SUPLE(pq).
Hence €(p) T} €(pq). Therefore, € is a supt-HFRI of A. O

Theorem 3.12. For a HFS € on A, the followings are equivalent:

(1) €isa supg -HFRI (resp., supg -HFLI, supg-HFII, supﬁ_—HF/) of A,
(2) [(f9). (5)5] is an IWFRI (resp., IVFLI, IvFII, IvF1) of A for all k € [B, 1], and
(3) [(FO), (f5)]) is an IVFRI (resp., IVFLI, IvFII, IvFl) of A for all k, o € [, 1] with a < k.

Proof. It follows from Theorem 3.2. |
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Theorem 3.13. Let € be a HFS on A and X = H(Si[g'lfa]). Then the followings are equivalent:
(1) € is asupt-HFRI (resp., supZ-HFLI, sup-HFII, sup}-HFI) of A,

(2) (X, (fF);) is a CuRI (resp., Cull, Cull, Cul) of A,

(3) (A (9

(

>/(

(f)5) is a CuRlI (resp., CuLl, Cull, Cul) of A for all w € SC(€),
4) (X, (f9) ) is a CuRlI (resp., CuLl, Cull, Cul) of A for all @ € SC(€) and k € [, 1].

Proof. It follows from Theorems 3.3 and 3.11. O

Theorem 3.14. Let € be a HFS on A, k € [3,1] and X = [(fg);, (fg)g]. Then the followings are
equivalent:

(1) €isa supg -HFRI (resp., supg -HFLI, supg-HFII, supB-HF/) of A,

(2) (X, (f)f) is a CuRl (resp., CuLl, Cull, Cul) of A,

(3) (X, (f9)f) is a CuRI (resp., CuLl, Cull, Cul) of A for all & € SC(€).

Proof. It follows from Theorems 3.4 and 3.12. O

4. Characterizing semigroups by sup-type and supg-type of HFSs

In this section, we characterize intra-regular, completely regular, left (right) regular, left (right)
simple and simple semigroups and groups in terms of sup-type and supg-type of HFSs.

A semigroup A is called

(1) intra-regular if for each w € A, there exist p, g € A such that w = pw?q,

(2) completely regular if for each p € A there exists g € A such that p = pgp and pg = gp,
(3) left regular if for each p € A there exists g € A such that p = gp?,

(4) right regular if for each p € A there exists g € A such that p = p°q,

(5) left simple if A = B for each left ideal B of A,

(6) right simple if A = B for each right ideal B of A,

(7) simple if A= B for each ideal B of A,

(8) group if it is both left simple and right simple.

It is well-known that A is completely regular if and only if it is both left and right regular.

Proposition 4.1. Let € be a HFS on an intra-regular semigroup A. Then € is a supX-HFII (resp.,
supﬁ_—HF/I) of A if and only if € is a supt-HFI (resp., supﬁ_—/-/F/) of A.

Proof. (=). Assume that € is a supt-HFIl of A and p,q € A. Then there exist wy, wa, wa, wy €
A such that p = wip?ws and g = wsq’ws. Thus &(p) CF e(wip?waq) = E(pq) and €(q) C}
E(pwsq°wy) = E(pq). Therefore, £ is a sup}-HFI of A.

(«). It follows from Proposition 3.4. O

Theorem 4.1. Let A be a semigroup. The followings are equivalent:
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(1) A is intra-regular,

(2) &(p) = €(p?) for each k € [0,1], sup, -HFI € of A and p € A,
(3) &(p) = €(p?) for each k € [0,1], sup)-HFII € of A and p € A,
(4) €(p) =, €(p?) for each k € [0,1], sup, -HFI € of A and p € A,
(5) €(p) =, €(p?) for each k € [0,1], sup, -HFII € of A and p € A,
(6) €(p) = &(p?) for each sup-HFI € of A and p € A,

(7) €(p) = &(p?) for each sup-HFII € of A and p € A.

Proof. (7) = (6). It follows from Proposition 3.4.

(2) & (4) < (6) and (3) < (5) < (7). They follow from Proposition 3.10.

(1) = (2). Assume that (1) holds, k € [0,1], € is a sup;-HFI of A and p € A. There exist
g, w € A such that p = gp°w. Thus

E(p) Ef €(p*) T €(p°w) Tf €(gp®w) = E(p).
Hence £(p) = €(p?). Therefore, €(p) = €(p?) for each k € [0, 1], sup, -HFI € of A and p € A.

(1) = (3). It is similar to prove (1) = (2).

(7) = (1). Assume that (7) holds and p € A. Then J[p?] = {p?} U Ap? U p?A U Ap?A
is an interior ideal of A and by Theorem 2.9, X 2 is a sup-HFIl of A. Since p? € J[p?], we get
Xp2)(P) & QJ[DQ](pZ) = [0, 1] which implies that X j,2;(p) = [0, 1]. Thus p € J[p®] and so p € Ap?A.
Hence A is intra-regular.

(6) = (1). Itis similar to prove (7) = (1). O

Proposition 4.2. Let € be a HFS of an intra-regular semigroup A. Then the followings are true:

(1) €(pq) = €(qgp) for each supt-HFIl of A and p, q € A,
(2) €(pq) = €(qp) for each supt-HFI of A and p, q € A.

Proof. (1). Let € be a sup}-HFIl of A and p, g € A. By Theorem 4.1, we have
€(ap) £ €(p(ap)q) = €((pq)?) =L €(pq) EF €(a(pa)p) = E((ap)*) =L €(ap).

Thus €(pq) =4 €(ap).
(2). It follows from (1) and Proposition 4.1. O

Similarly we can prove the following theorem.

Proposition 4.3. Let € be a HFS of an intra-regular semigroup A. Then the followings are true:

(1) €(pq) =5 €(gp) for each supg-HFIl of A and p, q € A,
(2) €(pq) =5 g(qp) for each supg -HFI of A and p, g € A.

Theorem 4.2. Let A be a semigroup. The followings are equivalent:

(1) A is left regular,
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(2) €(p) =} €(p?) for each k € [0, 1], sup, -HFLI of A and p € A,
(3) €(p) =, €(p?) for each k € [0, 1], sup, -HFLI of A and p € A,
(4) €(p) = &(p?) for each sup-HFLI of A and p € A.

Proof. (2) < (3) & (4). It follows from Proposition 3.10.
(1) = (2). Assume that (1) holds, k € [0, 1], € is a sup, -HFLI of A and p € A. Since A is left
regular, there exists g € A such that p = gp®. Thus, by € is a sup) -HFLI of A, we obtain

IIZ

E(p) Cf €(p?) Tf €(qp®) = E(p).
Hence €(p) =/ &(p?). Therefore £(p) = €(p?) for each k € [0, 1], sup,-HFLI of A and p € A.

(4) = (1). Assume that (4) holds and p € A. Then L[p?] = {p?} U Ap? is a left ideal of A and
by Theorem 2.11, we get that X2 is a sup-HFLI of A. Since p? € L[p?], we have X, ,2(p) =
X1[p2(P?) = [0, 1] and so X, 2)(p) = [0, 1]. Thus p € L[p?] which implies that p € Ap?. Therefore,
A is left regular. O

The left-right dual of Theorem 4.2 reads as follows:

Theorem 4.3. Let A be a semigroup. The followings are equivalent:
(1) A is right regular,
(2) €(p) = €(p?) for each k € [0, 1], sup,-HFRI € of A and p € A,
(3) €(p) =, €(p?) for each k € [0, 1], sup, -HFRI € of A and p € A,
(4) €(p) = &(p?) for each sup-HFRI € of A and p € A.

Theorem 4.4. [et A be a semigroup. The followings are equivalent:
(1) A is completely regular,
(2) €(p) = €(p?) and w(p) =f wW(p?) for each k € [0, 1], sup; -HFRI €, supf-HFLI @ of A and
peA
(3) €(p) =, €(p?) and W(p) =, w(p?) for each k € [0,1], sup, -HFRI €, sup, -HFLI & of A and
peEA
(4) €(p) = &(p?) and W(p) = w(p?) for each sup-HFRI €, sup-HFLI @ of A and p € A.

Proof. It follows from Theorems 4.2 and 4.3. O

A HFS € on A is called

(1) constant if €(p) = &(q) for all p,q € A,

(2) supZ-constant if €(p) =t £(q) for all p,q € A,

(3) supg-constant if €(p) =5 €(q) for all p, g € A, and
(4) sup-constant if €(p) = s(q) for all p, g € A.

Then it can be easily seen the following conditions:

(1) if € is constant, then £ is sup-constant,
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(2) if € is sup-constant, then € is both supZ-constant and supg-constant.

Theorem 4.5. Let A be a semigroup. The followings are equivalent:
(1) A is left simple,
(2) € is supj -constant for every k € [0, 1] and sup; -HFLI € of A,
(3) € is sup, -constant for every k € [0, 1] and sup, -HFLI € of A,
(4) € is sup-constant for every sup-HFLI € of A.

Proof. (2) < (3) < (4). It follows from Proposition 3.10.

(1) = (2). Assume that (1) holds, k € [0, 1] and € is a sup, -HFLI of A. Let p,q € A. Since A is
left simple, we have p € A = Ag and g € A= Ap. Thus p = wiq and g = wop for some p, g € A.
Since € is a sup; -HFLI of A, we get

€(p) T} E(wap) =€(q) £, E(wiq) = E(p).

Then &(p) =} €(qg). Hence € is sup, -constant. Therefore, we obtain that € is sup, -constant for
every k € [0,1] and sup, -HFLI € of A.

(4) = (1). Assume that (4) holds. Let L be a left ideal of A and w € L. Then, by Theorem
2.11, we have ¥, is sup-HFLI of A. By assumption (4), we get that ¥, is sup-constant. Thus
XL(p) = x.(w) =1[0,1] foll p € A which implies that X, (p) = [0, 1] for all p € A. Hence A = L.
Therefore, A is left simple. O

The left-right dual of Theorem 4.5 reads as follows:

Theorem 4.6. Let A be a semigroup. The followings are equivalent:
(1) A is right simple,
(2) € is sup -constant for every k € [0, 1] and sup;-HFRI € of A,
(3) € is sup, -constant for every k € [0, 1] and sup, -HFRI € of A,
(4) € is sup-constant for every sup-HFRI € of A.

The following theorem can be seen in a similar way as in the proof of Theorem 4.5.

Theorem 4.7. Let A be a semigroup. The followings are equivalent:
(1) A is simple,
(2) € is sup -constant for every k € [0, 1] and sup; -HFI € of A,
(3) € is sup, -constant for every k € [0, 1] and sup, -HFI € of A,
(4) € is sup-constant for every sup-HFI € of A.

From Theorems 4.5 and 4.6, we have the following theorem.

Theorem 4.8. Let A be a semigroup. The followings are equivalent:

(1) A is group,
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(2) € and @ are sup} -constant for every k € [0, 1], sup, -HFLI € and sup; -HFRI w of A,
(3) € and w are sup, -constant for every k € [0, 1], sup, -HFLI € and sup, -HFRI w of A,
(4) € and W are sup-constant for every sup-HFLI € and sup-HFRI @ of A.

5. Conclusions and Future Works

In present paper, we have introduced the concepts of sup}-HFRIs (resp., sup}-HFLIs, supZ-HFlls,
supZ-HFls) and supg-HFRIs (resp., supg-HFLlIs, supg-HFlls, supB—HFIs) which are generalizations of
the concepts of sup-HFRIs (resp., sup-HFLIs, sup-HFlls, sup-HFIs) of semigroups, and discussed their
some properties. Furthermore, the concepts have been established by FSs, tukasiewicz fuzzy sets,
tukasiewicz anti-fuzzy sets, PFSs, HFSs, hybrid sets, IvFSs and cubic sets. Finally, we have charac-
terized intra-regular, left (right) regular, completely regular, left (right) simple and simple semigroups
in terms of sup}-type and supg-type of hesitant fuzzy sets.

The following are objectives for study and research in semigroups and other algebras:

e to introduce and study sup-type and supg -type of HFSs based on bi-ideals of semigroups,

e to introduce and study sup}-type and supg-type of HFSs based on ideal theory in BCK/BCI-
algebras, ternary semigroups, '-semigroups and LA-semigroups,

e to introduce and study sup}-type and supg -type of HFSs based on substructures of GE-
algebras, BRK-algebras, BE-algebras and IUP-algebras [5, 6,11, 26],

e to apply this study to the concept of rough sets according to Ansari’'s study [2, 3].
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