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Abstract. The aim of this paper is to apply the concept of £L-fuzzy sets (LFSs) to UP (BCC)-algebras
and introduce five types of LFSs in UP (BCC)-algebras: L-fuzzy UP (BCC)-subalgebras, L-fuzzy
near UP (BCC)-filters, £-fuzzy UP (BCC)-filters, £-fuzzy UP (BCC)-ideals, and L-fuzzy strong UP
(BCCQ)-ideals. Also, we study the characteristic LFSs, t-level subsets, and the Cartesian product of
LFSs in UP (BCC)-algebras.

1. Introduction and preliminaries

Among many algebraic structures, algebras of logic form important class of algebras. Examples
of these are BCK-algebras [16], BCl-algebras [17], (B-algebras [27], BG-algebras [24], BP-algebras
[1], UP-algebras [11], fully UP-semigroups [12], topological UP-algebras [32], UP-hyperalgebras [14],
extension of KU/UP-algebras [31] and others. They are strongly connected with logic. In 2022, Jun
et al. [19] have shown that the concept of UP-algebras (see [11]) and the concept of BCC-algebras

Received: Sep. 14, 2022.

2010 Mathematics Subject Classification. 03G25, 03E72, 06B23.
Key words and phrases. UP (BCC)-algebra; lattice; £-fuzzy set; characteristic £-fuzzy set; t-level subset; Cartesian

product.

https://doi.org/10.28924 /2291-8639-21-2023-59 © 2023 the author(s).
ISSN: 2291-8639


https://doi.org/10.28924/2291-8639-21-2023-59

2 Int. J. Anal. Appl. (2023), 21:59

(see [25]) are the same concept. Therefore, in this article and future research, our research team will
use the name BCC instead of UP in honor of Komori, who first defined it in 1984.

The concept of fuzzy sets was first considered by Zadeh [39] in 1965. The fuzzy set theories
developed by Zadeh and others have found many applications in the domain of mathematics and
elsewhere. After the introduction of the concept of fuzzy sets by Zadeh, Atanassov [4] defined new
concept called intuitionistic fuzzy set which is a generalization of fuzzy set, Goguen [8] generalized the
notion of fuzzy sets into the notion of LFSs. Lee [26], introduced an extension of fuzzy sets named
bipolar-valued fuzzy sets.

The concept of LFSs was applied to many logical algebras such as: in 2010, Chandramouleeswaran
[5] introduced the notions of intuitionistic £-fuzzy subalgebras of a BG-algebras and some of their
basic properties. In 2012, Subramanian et al. [38] introduced the notions of interval-valued bipolar
fuzzy lattices, Cartesian products, fuzzy fully invariant lattices, characteristic and homomorphic image
of bipolar fuzzy lattices, and then they investigated several properties. In 2014, Rajam and Chan-
dramouleeswaran [30] introduced the notion of £-fuzzy B-subalgebras on B-algebras and investigate
some of their properties. In 2017, Christopher Jefferson and Chandramouleeswaran [18] studied the
notions of fuzzy structures, fuzzy subalgebras, fuzzy ideals, and £-fuzzy subalgebras and T-ideals of
BP-algebras.

In this paper, we apply the concept of £-fuzzy sets (LFSs) to BCC-algebras and introduce five types
of LFSs in BCC-algebras: L-fuzzy BCC-subalgebras, L£-fuzzy near BCC-filters, L-fuzzy BCC-filters,
L-fuzzy BCC-ideals, and £-fuzzy strong BCC-ideals. Also, we study the characteristic LFSs, t-level
subsets, and the Cartesian product of LFSs in BCC-algebras.

The concept of BCC-algebras (see [25]) can be redefined without the condition (1.1) as follows:

Definition 1.1. [10] A BCC-algebra is one that has the algebrald = (U, , 0) of type (2,0), where U

Is @ nonempty set, = is a binary operation onU, and 0 is a fixed element of U if it meets the following

axioms:
(Va, b, c € U) (b c)* ((ax b)x (axc)) = 0), (BCC-1)
(Va e U)(0*a=a), (BCC-2)
(Va € U)(a*0=0), (BCC-3)
(Va,beU)((axb=0bxa=0)=a=b). (BCC-4)

For more examples of BCC-algebras, see [2,3,7,12,15,33-36]. According to [11], we know that
the concept of BCC-algebras is a generalization of KU-algebras (see [29]).

From now on, unless otherwise stated, U = (U, *, 0) is a BCC-algebra.



Int. J. Anal. Appl. (2023), 21:59 3
In U, the following assertions are valid (see [11,12]).
(VaelU)(axa=0), (1.1)
(Va,b,celU)((axb=0,bxc=0)=arxc=0), (1.2)
(Va,b,ceU)(axb=0= (c*a)~(cxb)=0), (1.3)
(Va,b,ceU)(axb=0= (bxc)*(axc)=0), (1.4)
(Va,beU)(ax(bxa)=0), (1.5)
(Va,belU)((bxa)xa=0&a=bxa), (1.6)
(Va,beU)(ax(bxb)=0), (1.7)
(Vu,a,b,ceUd)((ax(bxc))*(ax((uxb)x(uxc)))=0), (1.8)
(Vu,a,b,c e U)((((uxa)x(uxb))*c)x((axb)xc)=0), (1.9)
(Va,b,c eU)(((axb)xc)*(bxc)=0), (1.10)
(Va,b,ceU)(axb=0= ax(cxb)=0), (1.11)
(Va,b,ceU)(((axb)xc)*(ax(bxc))=0), (1.12)
(Vu,a,b,c eUd)(((axb)*xc)x(bx(uxc))=0). (1.13)
According to [11], the binary relation < on U is defined as follows:
(Va,beU)(a<be axb=0).
Definition 1.2. [9, 11, 13,20-22, 37] A nonempty subset S of U is called
(1) a BCC-subalgebra of U if it satisfies the following condition:
(Va,be S)(axbeS), (1.14)
(2) a near BCC-filter of U if it satisfies the following condition:
(Va,beU)beS=axbe)), (1.15)
(3) a BCC-filter of U Iif it satisfies the following conditions:
the constant 0 of U is in S, (1.16)
(Va,beU)((axbe S,ae S)=beS), (1.17)
(4) a BCC-ideal of U if it satisfies the condition (1.16) and the following condition:
(Va,b,ceU)((ax(bxc)eS,beS)=axceS), (1.18)
(5) a strong BCC-ideal of U if it satisfies the condition (1.16) and the following condition:
(Va,b,ceUU)(((cxb)*x(cxa)e S, beS)=ach). (1.19)
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We proved that the concept of BCC-subalgebras is a generalization of near BCC-filters, near BCC-
filters is a generalization of BCC-filters, BCC-filters is a generalization of BCC-ideals, BCC-ideals is a
generalization of strong BCC-ideals. They also proved that U/ is the only strong BCC-ideal.

Definition 1.3. [39] A fuzzy set (FS) L in a nonempty set U is described by its membership function
“r. To every point a € U, this function associates a real number ~g(a) in the closed interval [0, 1].
The real number ~g(a) is interpreted for the point as a degree of membership of an object a € U to
the FS L, that is, L := {(a,"r(a)) | a € U}. We say that a FS L in U is constant fuzzy set if its
membership function "¢ is constant. If AC U and t € (0, 1], the t-characteristic function [23] x4 of
U is a function of U into {0, t} defined as follows:

i) = t ifacA,
0 otherwise.

By the definition of t-characteristic function, x4 is a function of U into {0, t} C [0,1]. We denote
the fuzzy set LY in U is described by its membership function xY, is called the t-characteristic fuzzy
setof AinlU.

Definition 1.4. [6] An ordered set (or partially ordered set) L = (L, <) equipped with a nonempty

set L and a binary relation < on L if it meet the following axioms:

(Vue L)(u < u), (reflexivity)
(Vu,ve L) (u<v,v<u=u=yv)), (anti-symmetry)
Vu,v,iwe L) (u<v,v<w=u<w), (transitivity)

Definition 1.5. [6] An ordered set L = (L, <) is called a linearly ordered set if it satisfies the following
condition:

(VYu,v € L)(either u < v orv < u).

We call a relation < on L that a linear order.

In this paper, for each elements u, v of an ordered set £, we shall write uV v (read as u join v)
in place of sup{u, v} and u A v (read as u meet v) in place of inf{u, v} if them exist. Similarly, for
subset S of £, we write \/' S (read as join of S) in place of supS and A'S (read as meet of S) in

place of inf S if them exist.

Definition 1.6. [6] Let L = (L, <) be a nonempty ordered set. Then an ordered set L with sup
operation V and inf operation A\ on L is called
(1) a lattice if
(Vu,v e LY(uV v and uA v exist),

(2) a complete lattice if
(VS C E)(\/S and /\S exist).
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We write L = (L, <,V, A\) to denote a lattice.

For a complete lattice L is easy to verify that it has the least element O, and the greatest element
1,. So we denote a complete lattice by £ = (£, <,V, A, 0z, 17).

Definition 1.7. [6] Let L be a lattice with the least element Oy and the greatest element 1,. For

ue L, wesayv € L is a complement of u if
uANv=0g,uVv=I1,.
If u has the unique complement, we denote this complement by u.

Definition 1.8. [6] A lattice L = (£, <,V, A) is called a Boolean lattice if it satisfies the following
conditions:

(1) L is distributive,

(2) L has the least element O, and the greatest element 1.

For a Boolean lattice £ is easy to verify that for each u € £, u' € L exists. So we denote a Boolean
lattice by £ = (£, <,V, A, , 0z, 12).

Lemma 1.1. [6] Let L= (L, <,V,A,' .0z, 17) be a Boolean lattice. Then the following statements
hold:

(1) (Vu,veL)(uvv) =u AV),
(2) (Vu,veL)(uAv) =u VvV),
) (Vu,vel)(u<ved >V),
4) Vu,vel)u=ved =),
(5) (Vu,vel)(u<ved >V).

Definition 1.9. [8] Let L = (L, <,V, ) be a lattice. An L-fuzzy set (LFS) L in a nonempty set U
Is described by its membership function ~ . To every point a € U, this function associates an element
“L(a) in L. The element ~| (&) is interpreted for the point as a degree of membership of an object
a€U tothe LFSL, thatis, L :={(a,"L(a)) | a€ U}. Wesay that an LFSL inU is a constant LFS

if its membership function ~| is constant.

2. LFSs in BCC-algebras

In this section, we introduce the new concepts of LFSs in BCC-algebras: £-fuzzy BCC-subalgebras,
L-fuzzy near BCC-filters, L£-fuzzy BCC-filters, £-fuzzy BCC-ideals, and L-fuzzy strong BCC-ideals,

and provide their properties and relationships.

Definition 2.1. Let L = (L, <,V,A\) be a lattice. Then an LFS L inU is called
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(1) an L-fuzzy BCC-subalgebra of U if it satisfies the following condition:
(Va,beU)("Llaxb) ="L(a) A7L(b)), (2.1)
(2) an L-fuzzy near BCC-filter of U if it satisfies the following condition:
(Va,bel)("L(axb) ="L(b)), (2.2)
(3) an L-fuzzy BCC-filter of U if it satisfies the following conditions:

(VaeU)(TL(0) > "L(a)), (2.3)

(Va, b eU)("L(b) > "L(axb)ATL(a)), (2.4)
(4) an L-fuzzy BCC-ideal of U if it satisfies the condition (2.3) and the following condition:

(Va, b, c eU)("L(axc)>"L(ax(bxc))A~L(D)), (2.5)

(5) an L-fuzzy strong BCC-ideal of U if it satisfies the condition (2.3) and the following condition:

(Va,b,ceU)("L(a) > "L((c*b)x(c*a))A"L(b)). (2.6)
Theorem 2.1. An LFS inU is an L-fuzzy strong BCC-ideal if and only if it is constant.

Proof. Assume that L is an £-fuzzy strong BCC-ideal of 4. Then it satisfies (2.3). Thus for all a € U,

“L(a) = "L((ax0)x(axa)) AL(0)} ((2.6))
=" (0x(axa)A"L(0)} (BCC-3)
="L(axa)A"L(0)} (BCC-2)
="L(0) ATL(0)} ((1.1))
="1(0).

Since 7L(0) > T (a), we have T (x) = T.(0) for all a € U. Hence, 7 is constant, that is, L is
constant.
The converse is obvious because L is constant. OJ

Theorem 2.2. Every L-fuzzy near BCC-filter of U is an L-fuzzy BCC-subalgebra.

Proof. Let L be an L-fuzzy near BCC-filter of U. Then for all a, b € U,

“L(axb) = "L(b) ((2.2))
> "(a) ATL(b).
Therefore, L is an L-fuzzy BCC-subalgebra of . Il

The converse of Theorem 2.2 does not hold in general. This is shown by the following example.
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Example 2.1. Consider a BCC-algebrald = (U, *,0), whered = {0, 1, 2,3} is defined in the Cayley

table below.

2
2
1
0

w W w|w

*
0
1
2

O O O o|o
_ O O = |~

3 1 0
Consider a lattice L = (£, <,V, A), where L ={a, b, c, d, e} is drawn in Figure 1.

e

Figure 1. Lattice

(0123
M=\eaca)

We define an LFS L in U as follows:

Then L is an L-fuzzy BCC-subalgebra of U. Since u (1+2) = pi (1) =a # ¢ = uL(2), we have L is

not an L-fuzzy near BCC-filter of U.
Theorem 2.3. Every L-fuzzy BCC-filter of U is an L-fuzzy near BCC-filter.

Proof. Let L be an L-fuzzy BCC-filter of U. Then for all a, b € U,
“L(@xb) = "L(bx(ax b)) ATL(D)
="L(0) A7L(b)
="L(b).

Therefore, L is an £-fuzzy near BCC-filter of U.

((2.4))
((1.5))
((2.3))

O

The converse of Theorem 2.3 does not hold in general. This is shown by the following example.

Example 2.2. Consider a BCC-algebrad = (U, *,0), whered = {0, 1, 2,3} is defined in the Cayley

table below.

O O N NN
O W W W|w

W N = O *
o O O oo
O O O ~ |
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Figure 2. Lattice

Consider a lattice L = (L, <,V, ), where L ={a, b, c, d, e} is drawn in Figure 2.
We define an LFS L inU as follows:
(0123
M=\ebdn)

Then L is an L-fuzzy near BCC-filter of U. Since u (1) = b # d = eAd = pu (0) A puL(2) =
wL(2+ 1) A uL(2), we have L is not an L-fuzzy BCC-filter of U.

Theorem 2.4. Every L-fuzzy BCC-ideal of U is an L-fuzzy BCC-filter.

Proof. Let L be an £-fuzzy BCC-ideal of U. It is sufficient to prove the condition (2.3). Then for all
abel,

“L(b) ="L(0xb) (BCC-2)
>~ (0 (ax b)) A~L(a) ((2.5))
= 'L(a * b) A 'L(a). (BCC—2)

Therefore, L is an L£-fuzzy BCC-filter of U. O

The converse of Theorem 2.4 does not hold in general. This is shown by the following example.

Example 2.3. Consider a BCC-algebrald = (U, *,0), whered = {0, 1, 2,3} is defined in the Cayley

table below.

3
3
2
2

S N NN

*
0
1
2

= = O ==

o O O Oo|o

3 0 0
Consider a lattice L = (L, <,V, ), where L ={a,b,c,d, e, f} is drawn in Figure 3.

We define an LFS L inU as follows:
(0123
o= fdee)’
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Figure 3. Lattice

Then L is an L-fuzzy BCC-filter of U. Since p(2x3) =puL(2) =e 2 d=7FfAd=pu(0) Aup(l) =
wL(2* (1 x3)) A (1), we have L is not an L-fuzzy BCC-ideal of U.

Theorem 2.5. Every L-fuzzy strong BCC-ideal of U is an L-fuzzy BCC-ideal.

Proof. Let L be an £-fuzzy strong BCC-ideal of /. By Theorem 2.1, we have L is constant. Therefore,
it is obvious that L is an £-fuzzy BCC-ideal of U. [

The converse of Theorem 2.5 does not hold in general. This is shown by the following example.

Example 2.4. Consider a BCC-algebrad = (U, *,0), where U = {0, 1,2, 3} is defined in the Cayley

table below.

10 1 2 3
0|j0 1 2 3
110 0 2 3
2/0 1 0 3
3|01 20

Consider a lattice £L = (£, <,V, ), where L ={a,b,c,d, e, f, g} is drawn in Figure 4.

Figure 4. Lattice
We define an LFS L in U as follows:

<0123>
pL = :
gcae

Then L is an L-fuzzy BCC-ideal of U. Since p(2) =a? c=gAc=p (0) Au(1) = u ((2+1) %
(2%2)) A (1), we have L is not an L-fuzzy strong BCC-ideal of U.
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3. Characteristic LFSs

Our aim in this section is to study the relation between special subsets and special LFSs in BCC-
algebras. In this section only, we shall determine £ is a complete lattice (£, <,V, A, 0z, 12).

Let A be a subset of U. Then the characteristic function xa of U is a function of U into {1.,0,}

1, ifaec A
xa(a) = ,
Oy otherwise.

defined as follows:

By the definition of characteristic function, x is a function of U into {1.,0,} C £. We denote the
LFS L4 in U is described by its membership function x4, is called the characteristic LFS of Ain U.

Lemma 3.1. Let the constant O of U is in A. Then xa(0) > xa(a) forallacU.
Proof. Assume that 0 € A. Then for all a € U, xa(0) = 12 > xa(a). O

Lemma 3.2. Let A be a nonempty subset of a BCC-algebra U. If xa(0) > xa(a) for all a € U, then
the constant O of U is in A.

Proof. Assume that xa(0) > xa(a) for all a € U. Since A is a nonempty subset of U, we have an
element v in A, thatis, xa(u) = 1. Thus 1z > xa(0) > xa(u) = 1. So xa(0) = 1., that is,
0€A O

Theorem 3.1. A nonempty subset A of U is a BCC-subalgebra of U if and only if the characteristic
LFS La is an L-fuzzy BCC-subalgebra of U.

Proof. Assume that A is a BCC-subalgebra of . Let a,b € U.

Case1l: a,b € A. Thenxa(a) =1, = xa(b), so xa(a)Axa(b) = 1,. Since Ais a BCC-subalgebra
of U, we have ax b € A and so xa(a*b) = 1,. Therefore, xa(axb) =1, > 1, =xa(a) A xa(b).

Case 2: a¢ Aor b¢ A. Then xa(a) = 0r or xa(b) = 0r, so xa(a) A xa(b) = 0r. Therefore,
xa(axb) > 0r =xa(a) Axa(b).

Hence, L4 is an £-fuzzy BCC-subalgebra of U.

Conversely, assume that Ly is an L-fuzzy BCC-subalgebra of U. Let a,b € A. Then xa(a) =
1z = xa(b), so xa(a) A xa(b) = 1. Since L is an L-fuzzy BCC-subalgebra of U, we have
1r > xa(axb) > xa(a) Axa(b) = 1. By anti-symmetry, we have xa(axb) = 1., thatis, axb € A.
Hence, A is a BCC-subalgebra of U.

[l

Theorem 3.2. A nonempty subset A of U is a near BCC-filter of U if and only if the characteristic
LFS La is an L-fuzzy near BCC-filter of U.

Proof. Assume that A is a near BCC-filter of /. Let a, b € U.
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Case 1: b€ A. Then xa(b) = 1,. Since A is a near BCC-filter of U, we have ax b € A and so
Xa(axb) =1z, Therefore, xa(a*xb) =1, > 1, = xa(b).

Case 2: b¢ A. Then xa(b) = 0z. Therefore, xa(ax b) > 0z = xa(b).

Hence, L4 is an L-fuzzy near BCC-filter of U.

Conversely, assume that L4 is an £-fuzzy near BCC-filter of . Let b € A. Then xa(b) = 1. Since
La is an L-fuzzy near BCC-filter of U, we have 1, > xa(a*b) > xa(b) = 1. By anti-symmetry, we
have xa(axb) = 1., thatis, ax b € A. Hence, A is a near BCC-filter of U.

[l

Theorem 3.3. A nonempty subset A of U is a BCC-filter of U if and only if the characteristic LFS
La is an L-fuzzy BCC-filter of U.

Proof. Assume that A is a BCC-filter of U. Since 0 € A, it follows from Lemma 3.1 that x(0) >
xa(x) forall aeU. Next, let a,belU.

Case 1: a,b€ A. Then xa(a) =1z =xa(b). Thus xa(b) =1, > xa(axb) = xa(axb)Axa(a).

Case 2: a¢ Aorb¢ A. If a¢ A, then xa(a) = 0. Thus xa(b) > 0 = xa(a*b) A xa(a).
If b ¢ A, then xa(b) = 0. Since A is a BCC-filter of A, we have axb ¢ Aor a ¢ A and so
Xa(axb)=0g or xa(a) =0g. Thus xa(b) =0r >0z =xa(axb) Axa(a).

Hence, L4 is an £-fuzzy BCC-filter of U.

Conversely, assume that L, is an L-fuzzy BCC-filter of U. Since xa(0) > xa(a) for all a € U,
it follows from Lemma 3.1 that 0 € A. Next, let a,b € U be such that ax b,a € A. Then
xa(a*b) =1r = xa(a), so xa(ab) Axa(a) = 1g. Since La is an L-fuzzy BCC-filter of U, we
have 1, > xa(b) > xa(a*b) Axa(a) = 1.. By anti-symmetry, we have xa(b) = 1., thatis, y € A.
Hence, A is a BCC-filter of U. 0

Theorem 3.4. A nonempty subset A of U is a BCC-ideal of U if and only if the characteristic LFS
La is an L-fuzzy BCC-ideal of U.

Proof. Assume that A is a BCC-ideal of &. Since 0 € A, it follows from Lemma 3.1 that x(0) >
xa(x) for all a € U. Next, let a,b,c € U.

Case 1: ax(bxc),be A Then xa(ax(bxc)) =1, =xa(bh), so xa(ax(b*c))Axa(b)=1,.
Since A is a BCC-ideal of U, we have axc € Aand so xa(axc) =1,. Thus xa(axc)=1,> 1, =
xa(ax (bxc))Axa(b).

Case 2: ax(bxc) ¢ Aorb ¢ A. Then xa(ax(bxc)) =0z orxa(b) =0, so xa(ax(bxc))Axa(b) =
Oz. Thus xa(a*c) >0 = xa(ax (bxc))Axa(b).

Hence, L4 is an L-fuzzy BCC-ideal of U.

Conversely, assume that L4 is an £-fuzzy BCC-ideal of U. Since xa(0) > xa(a) for all a € U,
it follows from Lemma 3.1 that 0 € A. Next, let a,b,c € U such that ax (bxc),y € A. Then
xa(ax(bxc)) =1, =xa(b), so xa(ax(b*c)) Axa(b) =1r. Since La is an L-fuzzy BCC-ideal of
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U, we have 17 > xa(axc) > xa(ax(bxc))Axa(b) = 1.. By anti-symmetry, we have xa(axc) = 1.,
that is, ax c € A. Hence, A is a BCC-ideal of U/. [l

Theorem 3.5. A nonempty subset A of U is a strong BCC-ideal of U if and only if the characteristic
LFS La is an L-fuzzy strong BCC-ideal of U.

Proof. It is straightforward by Theorem 2.1, and U is the only one strong BCC-ideal of itself. O

4. t-Level subset of an LFS

In this section, we shall discuss the relationships between £-fuzzy BCC-subalgebras (resp., £-fuzzy
near BCC-filters, £-fuzzy BCC-filters, £L-fuzzy BCC-ideals, and £-fuzzy strong BCC-ideals) of BCC-
algebras and their t-level subsets. We shall determine £ = (£, <,V, A) is a lattice.

Definition 4.1. Let L be an LFS in U with the membership function w. . For any t € L, the sets

Ulpe, t) =f{acU | p(a) > t},
Ut(uL,t) ={aclU | p(a) > t},
Lpe t) ={acl|u(a) <t}
L (uL, t)y={acl|u(a) <t}
E(ue.t)={acl|p.(a) =t}

are referred to as an upper t-level subset, an upper t-strong level subset, a lower t-level subset, a

lower t-strong level subset, and an equal t-level subset of L, respectively.

Theorem 4.1. An LFS L is an L-fuzzy strong BCC-ideal of U if and only if E(u., w (0)) is a strong
BCC-ideal of U.

Proof. Assume that L is an £L-fuzzy strong BCC-ideal of /. By Theorem 2.1, we have L is constant.
Then

(Va e U)(uL(a) = u(0)).

Thus a € E(ur, 4.(0)) and so E(u, u.(0)) =U. Hence, E(ur, 1 (0)) is a strong BCC-ideal of U.
Conversely, assume E(ui, 4 (0)) is a strong BCC-ideal of /. Then E(u, u(0)) = U. We consider

(Va e U)(uL(a) = uL(0)).

Thus L is constant, that is, L is an £-fuzzy strong BCC-ideal of U. Il
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4.1. Upper t-level subset of an LFS.

Theorem 4.2. An LFS L is an L-fuzzy BCC-subalgebra of U if and only if U(u, t) is, if it is nonempty,
a BCC-subalgebra of U for every t € L.

Proof. Assume L is an £-fuzzy BCC-subalgebra of U. Let t € L be such that U(u.,t) # (0. Let
a,beU. Then

a,beU(uL t) = pL(a) >t u(b) >t
= ui(a) Auc(b) >t
= pi(axb) > p(a) Apc(b) =t ((2.1))
=pu(axb)>t (< is transitive)
= axbe U(u,t).
Hence, U(u, t) is a BCC-subalgebra of U.
Conversely, assume for all t € £, U(u, t) is a BCC-subalgebra of I if it is nonempty. Let a, b € U.
Choose t = p(a) Aur(b) € L. Then p(a) > tand p(b) > t. Thus a,b € U(u, t) # 0. As the
hypothesis, we get U(u, t) is a BCC-subalgebra of ¢ and so axb € U(u, t). Thus u(axb) >t =

p(a) A pc(b).
Hence, L is an £-fuzzy BCC-subalgebra of U. O

Theorem 4.3. An LFS L is an L-fuzzy near BCC-filter of U if and only if U(uL, t) is, if it is nonempty,
a near BCC-filter of U for every t € L.

Proof. Assume L is an L-fuzzy near BCC-filter of U. Let t € L be such that U(up,t) # 0. Let
a,beU. Then
be U(uL, t) = p(b) >t
= pr(axb) = (b) >t ((2.2))
= u(axb)>t (< is transitive)
=axbeU(u t).
Hence, U(u, t) is a BCC-subalgebra of U.
Conversely, assume for all t € £, U(u, t) is a near BCC-filter of U if it is nonempty. Let a,b € U.
Choose t = ui(b) € L. Then u (b) > t. Thus b € U(ur,t) # (. As the hypothesis, we get

U(up, t) is a near BCC-filter of U and so ax b € U(u, t). Thus u (axb) >t = u (b).
Hence, L is an £-fuzzy near BCC-filter of U. O

Lemma 4.1. Let L be an LFS inU. Then L satisfies the condition (2.3) if and only if U(uL, t), if it

Is nonempty, contains 0 € U for every t € L.
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Proof. Let t € L be such that U(u,t) # 0. Let a€U. Then
aeU(pL t)=pu(a) >t
= u(0) > pi(a) >t ((2.3))
=0¢€ U(u,t).

Conversely, assume for all t € £, U(u, t) contains 0 € U if it is nonempty. Choose t =y (a) € L.
Then pi(a) > t. Thus a € U(up, t) # 0. As the hypothesis, 0 € U(u, t). Thus u (0) > t =

pi(a). O
Theorem 4.4. An LFS L is an L-fuzzy BCC-filter of U if and only if U(u, t) is, if it is nonempty, a
BCC-filter of U for every t € L.

Proof. Assume L is an L-fuzzy BCC-filter of . Let t € L be such that U(u,, t) #0. Let a,be U.
Then

axb,aeU(uL, t) = u(axb) >t pu(a) >t
= p(axb)Auc(a) >t
= uL(b) = p(axb) Au(a) >t ((2.4))
=beU(ut).

By Lemma 4.1, we have 0 € U(u, t). Hence, U(uL, t) is a BCC-filter of U.

Conversely, assume for all t € £, U(u, t) is a BCC-filter of U if it is nonempty. Let a,b € U. By
Lemma 4.1, we have L satisfies the condition (2.3).

Choose t = (axb)Au(a) € L. Then u(axb) > tand u (a) > t. Thusaxb,a € U(u,,t) #0.
As the hypothesis, we get U(u, t) is a BCC-filter of & and so b € U(u, t). Thus pu (b)) > t =
p(a*b) Ap(a).

Hence, L is an L-fuzzy BCC-filter of U. O

Theorem 4.5. An LFS L is an L-fuzzy BCC-ideal of U if and only if U(uL, t) Is, if it is nonempty, a
BCC-ideal of U for every t € L.

Proof. Assume L is an L-fuzzy BCC-ideal of U. Let t € L be such that U(u,t) #0. Let a,be U.
Then

ax(bxc),beU(u, t)= u(ax(bxc)) >t u(b)>t
= i (ax(bxc))AuL(b) >t
= pr(axc) > pu(ax(bxc)) Auc(b) =t ((2.5))
=axceU(u t).

By Lemma 4.1, we have 0 € U(u, t). Hence, U(u, t) is a BCC-ideal of U.
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Conversely, assume for all t € £, U(u, t) is a BCC-ideal of U if it is nonempty. Let a,b € U. By
Lemma 4.1, we have L satisfies the condition (2.3).

Choose t = u(ax(bxc)) Aur(b) € L. Then u(a*x(bxc)) >t and u(b) > t. Thus
ax(bxc),b e U(uL, t) # 0. As the hypothesis, we get U(u,t) is a BCC-ideal of & and so
axceU(uL, t). Thusu(axc)>t=pu(ax(bxc))Au(b).

Hence, L is an L-fuzzy BCC-ideal of U. Il

Theorem 4.6. An LFSL is an L-fuzzy strong BCC-ideal ofU if and only if U(u, t) is, if it is nonempty,
a strong BCC-ideal of U for every t € L.

Proof. Assume L is an L£-fuzzy strong BCC-ideal of U. Let t € L be such that U(u,,t) # 0. Let
a,belU. Then
(cxb)x(cxa),beU(uL, t)=u((cxb)*(cxa)) >t u(b)>t
= uL((cxb)x(cxa)) Aur(b) =t
= pi(a) 2 u((cxb)x(cxa)) Auc(b) >t ((2.6))
=aec U(u, t).
By Lemma 4.1, we have 0 € U(u, t). Hence, U(u, t) is a strong BCC-ideal of U.
Conversely, assume for all t € £, U(u, t) is a strong BCC-ideal of U if it is nonempty. Let a, b € U.
By Lemma 4.1, we have L satisfies the condition (2.3).
Choose t = u ((cxb)x (cxa)) AuL(b) € L. Then u((c*b)x(cxa)) >t and u (b) >t. Thus
(cxb)*(cxa),be U(uL,t)# 0. As the hypothesis, we get U(u, t) is a strong BCC-ideal of ¢/ and

soa€ U(ur,t). Thus up(a) >t =pu ((cxb)*(c*a)) Awu(b).
Hence, L is an L-fuzzy strong BCC-ideal of U. [l

4.2. Upper t-strong level subset of an LFS.

Theorem 4.7. Let L = (L, <,V,A) be a linearly ordered set. Then L is an L-fuzzy BCC-subalgebra
of U if and only if Ut (uL, t) is, if it is nonempty, a BCC-subalgebra of U for every t € L.

Proof. Assume L is an L-fuzzy BCC-subalgebra of U. Let t € £ be such that Ut (u., t) # 0. Let
a,beU. Then pi(a)and u(b) are compatible. Suppose that u (a) > uL(b), thatis, u (a)AuL(b) =
wi(b). Then
abeU(uL, t)= p(a) >t u(b) >t
= pr(a) Apc(b) = pc(b) >t
= pi(axb) = pi(a) Apc(b) >t ((2.1))

= axbe Ut (u,t).
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Hence, U™ (u, t) is a BCC-subalgebra of U.

Conversely, assume for all t € £, UT(u, t) is a BCC-subalgebra of U/ if it is nonempty. Suppose
there exist a, b € U such that w (a* b) # u(a) A pL(b). It means that i (axb) < ui(a) A uL(b).
Choose t = pu(axb) € L. Then u(a) A u (b) > t, and so u(a) > ur(a) A u(b) > t and
uL(b) > up(a) AuL(b) > t. Thus a,b € UT(u, t) # 0. As the hypothesis, we get UT(u, t) is a
BCC-subalgebra of &4 and so ax b € U (., t). Thus u(ax b) >t = u(axb), a contradiction.
Hence, ui(a* b) > up(a) A u(b) for all a,b € U. Therefore, L is an L-fuzzy BCC-subalgebra of
U. O

Theorem 4.8. If L is an L-fuzzy near BCC-filter of U, then U™ (., t) is, if it is nonempty, a near
BCC-filter of U for every t € L.

Proof. Assume L is an L-fuzzy near BCC-filter of 4. Let t € L be such that Ut (u., t) # 0. Let
a,beU. Then

be Ut (uL t) = u(b)>t
= p(axb) = u(b) >t ((2.2))
=axbec U (u,t).

Hence, U™ (i, t) is a near BCC-filter of U. O

Theorem 4.9. Let L = (L, <,V, A) be a linearly ordered set. If Ut (u, t) is, if it is nonempty, a near
BCC-filter of U for every t € L, then L is an L-fuzzy near BCC-filter of U.

Proof. Assume for all t € £, UT(u, t) is a near BCC-filter of I if it is nonempty. Suppose there exist
a, b € U such that p(a* b) # pL(b). It means that p(a b) < pL(b). Choose t = pu(axb) € L.
Then w (b) > t. Thus b € U (uL, t) # (0. As the hypothesis, we get UT (i, t) is a near BCC-filter of
U and so axb € UT (i, t). Thus u(axb) > t = p (axb), a contradiction. Hence, u(axb) > u (b)
for all a, b € U. Therefore, L is an L-fuzzy near BCC-filter of U. O

Lemma 4.2. Let L= (L, <,V,A) be a linearly ordered set and L an LFS inU. Then L satisfies the
condition (2.3) if and only if UT(uL, t), if it is nonempty, contains 0 € U for every t € L.

Proof. Let t € L be such that Ut (ur,t) #0. Let a€U. Then

acU"(uL,t) = p(a) >t
= uL(0) > pL(a) >t ((2:3))
=0¢ U+(/J,|_, t).

Conversely, assume for all t € £,U%(uL, t) contains 0 € U if it is nonempty. Suppose there
exists a € U such that u (0) # wi(a). It means that u (0) < wi(a). Choose t = u (0) € L.
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Then p (a) > t. Thus a € Ut(ur, t) # 0. As the hypothesis, we get 0 € Ut (u,t). Thus
wL(0) > t = w1 (0), a contradiction. Hence, u (0) > u(a) for all a € U. O

Theorem 4.10. Let L = (L, <,V, A) be a linearly ordered set. Then L is an L-fuzzy BCC-filter of U
if and only if Ut (u, t) is, if it is nonempty, a BCC-filter of U for every t € L.

Proof. Assume L is an L-fuzzy BCC-filter of U. Let t € L be such that UT(u.,t) # 0. Let
a,b € U. Then pi(a*b) and u(a) are compatible. Suppose that u(a = b) > pi(a), that is,

pr(ab) A pi(a) = p(a). Then
axbac U (u, t)=pu(axb) >t u(a)>t

= pL(axb) Ap(a) =pL(a) >t

= pL(b) = p(axb) A (a) >t ((2.4))

=be U+(,U,|_, t).
By Lemma 4.2, we have 0 € Ut (u, t). Hence, Ut (u, t) is a BCC-filter of U.

Conversely, assume for all t € £, Ut (u, t) is a BCC-ilter of U if it is nonempty. Suppose there exist

a, b € U such that p (b) # uL(axb)ApL(a). It means that p (b) < uL(axb)ApL(a). By Lemma 4.2,
we have L satisfies the condition (2.3). Choose t = u(b) € L. Then u(axb) A (a) > t, and so
wr (axb) > u(axb)Au(a) > tand u (a) > p(axb)AuL(a) > t. Thusaxb,a€ Ut (uL, t) #0. As
the hypothesis, we get Ut (u, t) is a BCC-filter of U« and so b € U™ (i, t). Thus up(b) > t = u(b),

a contradiction. Hence, up(b) > u (a* b) Au(a) for all a, b € U. Therefore, L is an L-fuzzy BCC-
filter of U. ]

Theorem 4.11. Let L = (L, <,V, A) be a linearly ordered set. Then L is an L-fuzzy BCC-ideal of U
if and only if Ut (u, t) is, if it is nonempty, a BCC-ideal of U for every t € L.

Proof. Assume L is an L-fuzzy BCC-ideal of . Let t € L be such that UT(u.,t) # 0. Let
a,b,c eU. Then p(ax(bxc))and u (b) are compatible. Suppose that u(a* (b*c)) > uL(b),
thatis, u(ax (b*c)) AuL(b) =uL(b). Then

ax(bxc),be Ut (uL, t)=u(ax(bxc)) >t u(b) >t
= pi(ax(bxc)) Ap(b) =p(b) >t
= p(axc)=zp(ax(bxc))Au(b)>t ((2.5))
= axceUt(u,t).

By Lemma 4.2, we have 0 € U™ (u, t). Hence, Ut (u, t) is a BCC-ideal of U.

Conversely, assume for all t € £, U"(u, t) is a BCC-ideal of U if it is nonempty. Suppose there
exist a, b,c € U such that pi(a*c) # u(a*(bxc))AuL(b). It means that ui(a*c) < u(a~*
(b*c)) AuL(b). By Lemma 4.2, we have L satisfies the condition (2.3). Choose t = u(axc) € L.
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Then pp(ax(b*c)) Au(b) > t, and so u(ax(bxc)) > u(ax(bxc))Awu(b) >t and
uL(b) > p(ax(bxc))Aur(b) >t. Thus ax(bxc),be U (uL, t)# 0. As the hypothesis, we
get UT(u, t) is a BCC-ideal of U and so axc € Ut(u.,t). Thus u(axc) >t =pu(axc), a
contradiction. Hence, u(axc) > up(ax(bxc))AuL(b) for all a, b.c € U. Therefore, L is an L-fuzzy
BCC-ideal of U. O

Theorem 4.12. Let L = (L, <,V, A) be a linearly ordered set. Then L is an L-fuzzy strong BCC-ideal
of U if and only if Ut (uL, t) is, if it is nonempty, a strong BCC-ideal of U for every t € L.

Proof. Assume L is an L-fuzzy strong BCC-ideal of U. Let t € £ be such that Ut (u, t) # 0. Let
a,b,ceU. Then u ((cxb)x(cxa)) and u_(b) are compatible. Suppose that u ((c*b)x(cxa)) >
wL(b), thatis, u ((c x b) x (c xa)) A u(b) = u(b). Then

(ckb)x(cxa),be U (uL, t)=puL((cxb)x(cxa)) >t u (b)>t
= pL((cxb) x (cxa)) Aur(b) = u(b) >t
= pr(a) = pL((cxb) x (c*a)) App(b) >t ((2.6))

=ac U (ut).

By Lemma 4.2, we have 0 € U™ (u, t). Hence, UT(u, t) is a strong BCC-ideal of U.

Conversely, assume for all t € £, Ut (u, t) is a strong BCC-ideal of U if it is nonempty. Suppose
there exist a, b, ¢ € U such that p(a) 2 uL((c*b)*(c*a)) AuL(b). It means that i (a) < pL((c*
b)x(cxa)) A uL(b). By Lemma 4.2, we have L satisfies the condition (2.3). Choose t = u(a) € L.
Then p ((cxb)x(c*a)) AuL(b) > t, and so u ((cxb)x(cxa)) > u ((c*b)*(c*a))AuL(b) > t and
w(b) > uL((cxb)x(cxa)) AuL(b) > t. Thus (cxb)*(cxa),b € UT(uL, t)# (. As the hypothesis,
we get UT(ug, t) is a strong BCC-ideal of & and so a € UM (u, t). Thus i (a) > t = u(a), a
contradiction. Hence, u(a) > u ((c x b) x (c * a)) A u(b) for all a, b, c € U. Therefore, L is an
L-fuzzy strong BCC-ideal of U. O

4 3. Lower t-level subset of an LFS.

Definition 4.2. Let £L = (£, <,V,A, 0z, 1;) be a Boolean lattice. Let L be an LFS inU. The LFS
L' defined by

(Va € U)(u(a) = (ui(a) =u(a))

is called the complement of L in U.

Theorem 4.13. Let £ = (£, <,V,A,",0z, 1) be a Boolean lattice. Then L' is an L-fuzzy BCC-
subalgebra of U if and only if L(uy, t) is, if it is nonempty, a BCC-subalgebra of U for every t € L.
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Proof. Assume L’ is an £-fuzzy BCC-subalgebra of U. Let t € £ be such that L, t) # 0. Let
a,beU. Then

a,beL(pL,t)=p(a) <t u(b) <t

= pL(a) vur(b) <t

= ((uL(a) vV p(b) >t (Lemma 1.1 (3))
= pL(a) Au(b) = (uL(a) V(b)) >t (Lemma 1.1 (1))
= pL(axb) >p(a) Ap(b) >t ((2.1))
= w (axb) >t (< is transitive)
= pL(axb) <t (Lemma 1.1 (3))

=axbeL(u,t).

Hence, L(u, t) is a BCC-subalgebra of U.

Conversely, assume for all t € L, L(u, t) is a BCC-subalgebra of ¢/ if it is nonempty. Let a, b € U.
Choose t = i (a) VuL(b) € L. Then p(a) < tand u (b) <t. Thus a,b e L(u., t) #0. As the
hypothesis, we get L(u, t) is a BCC-subalgebra of 4/ and so ax b € L(u,t). Thus u (a*xb) <t =
pi(a) vV u(b). By Lemma 1.1 (1), we have p(a*b) > pi(a) Au(b). Hence, L' is an L-fuzzy
BCC-subalgebra of U. [l

Theorem 4.14. Let £ = (£, <,V.A,,0z, 1) be a Boolean lattice. Then L' is an L-fuzzy near
BCC-filter of U if and only if L(u, t) is, if it is nonempty, a near BCC-filter of U for every t € L.

Proof. Assume L is an £-fuzzy near BCC-filter of U. Let t € £ be such that Lup,t) # 0. Let
a,belU. Then

beL(u,t)=u(b)<t

= (b)) >t (Lemma 1.1 (3))
= p(axb) > pu(b) >t ((2.1))
= (axb) >t (< is transitive)
= u(axb) <t (Lemma 1.1 (3))

=axbe L(u,t).

Hence, L(u, t) is a near BCC-filter of U.

Conversely, assume for all t € £, L(u, t) is a near BCC-filter of U if it is nonempty. Let a, b € U.
Choose t = u(b) € L. Then u (b) <t. Thus b € L(up,t) # 0. As the hypothesis, we get L(u, t)
is a near BCC-filter of f and so ax b € L(u,t). Thus p (axb) <t = pu(b). By Lemma 1.1 (3),
we have i (ax b) > pi(b). Hence, L' is an £-fuzzy near BCC-filter of U. O
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Lemma 4.3. Let L= (L, <,V,A,,0z,17) be a Boolean lattice and L an LFS inUd. Then L’ satisfies
the condition (2.3) if and only if L(uL, t), if it is nonempty, contains 0 € U for every t € L.

Proof. Let t € L be such that L(u,t) # 0. Let a€U. Then

a€Ll(u,t)=p(a)<t

= u(a) >t (Lemma 1.1 (3))
= ui(0) 2 pi(a) > ¢ ((2:3))
= u (0) >t (< is transitive)
=pu (0) <t (Lemma 1.1 (3))
=0¢€ L(u,t).

Conversely, assume for all t € £, L(u, t) contains 0 € U if it is nonempty. Choose t =y (a) € L.
Then pp(a) <t. Thus a € L(u, t) # (. As the hypothesis, 0 € L(u, t). Thus u(0) < t = u(a).
By Lemma 1.1 (3), we have u (0) > p(a) O

Theorem 4.15. Let £ = (£, <,V,A,", 0z, 12) be a Boolean lattice. Then L' is an L-fuzzy BCC-filter

of U if and only if L(u, t) is, if it is nonempty, a BCC-filter of U for every t € L.

Proof. Assume L' is an £-fuzzy BCC-filter of Y. Let t € £ be such that L(up,t) #0. Leta,beU.
Then

axbaelL(u,t)=p(axb)<tpu(a) <t

= p(axb)vu(a) <t

= (u(axb)vuL(a) >t (Lemma 1.1 (3))
= pL(axb) ApL(a) = (u(axb)Vu(a) >t (Lemma 1.1 (1))
= i (b) > p(axb) Ap(a) >t ((2.4))
= u (b) >t (< is transitive)
= uw (b) <t (Lemma 1.1 (3))
=be L(u,t).

By Lemma 4.3, we have 0 € L(u, t). Hence, L(u,t) is a BCC-filter of U.

Conversely, assume for all t € £, L(u, t) is a BCC-filter of U if it is nonempty. Let a,b € U.
By Lemma 4.3, we have L’ satisfies the condition (2.3). Choose t = pu (a* b) V u(a) € L. Then
uL(axb) < tandu(a) <t Thusaxb,aec L(u,t)#D. As the hypothesis, we get L(u,t) is a
BCC-filter of i/ and so b € L(u,t). Thus pu(b) <t =wu(a*xb)VuL(a). By Lemma 1.1 (1), we
have u (b) > p(ax b) AwpL(a). Hence, L' is an L-fuzzy BCC-filter of U. 0
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Theorem 4.16. Let L= (L, <,V, AL O, 17) be a Boolean lattice. Then L' is an L-fuzzy BCC-ideal
of U if and only if L(u, t) is, if it is nonempty, a BCC-ideal of U for every t € L.

Proof. Assume L is an £-fuzzy BCC-ideal of U. Let t € £ be such that L(u, t) # 0. Let a, b, c € U.
Then
ax(bxc),beL(uL,t)=p(ax(bxrc)) <t u(b)<t
= pL(ax(bxc))Vur(b) <t
= ((u(ax(b*c))Vu (b)) >t (Lemma 1.1 (3))

= pi(ax(bxc)) ApL(b)

= (uL(ax (b)) V(b)) >t (Lemma 1.1 (1))
= pL(axc) >u(ax(bxc)) Au(b) >t ((2.5))
= pu(axc) >t (< is transitive)
=pu(axc) <t (Lemma 1.1 (3))

= axc€ L(u,t).

By Lemma 4.3, we have 0 € L(u,t). Hence, L(u, t) is a BCC-ideal of U.

Conversely, assume for all t € £, L(u, t) is a BCC-ideal of U if it is nonempty. Let a, b, c € U. By
Lemma 4.3, we have L satisfies the condition (2.3). Choose t = p(a (b c)) V uL(b) € £. Then
u (ax(bxc)) <tandpu (b) <t Thusax(bxc) be L(u,t)# 0. As the hypothesis, we get
L(up, t)is a BCC-ideal of U and so axc € L(u, t). Thus u(axc) <t=u(ax(bxc))VuL(b).
By Lemma 1.1 (1), we have i (axc) > u(ax(b*c)) Au (b). Hence, L' is an £-fuzzy BCC-ideal
of U. O

Theorem 4.17. Let L = (L, <, V, AL Og, 1.) be a Boolean lattice. Then L' is an L-fuzzy strong
BCC-ideal of U if and only if L(w, t) is, if it is nonempty, a strong BCC-ideal of U for every t € L.

Proof. Assume L' is an L-fuzzy strong BCC-ideal of U. Let t € £ be such that L(u_,t) # 0. Let
a,b,c €U. Then

(cxb)x(cxa).be L(uL.t)

= b((cxb)x(cxa)) < t.u(b) <t

= k(e xb)x(cxa)) v (b) <t

= ((uL((cxb) x (cx @) VuL(b) >t (Lemma 1.1 (3))

= p((cxb) x (cx2)) Apc(b)

= (u((cxb) x (cx a)) v u(b)) > ¢ (Lemma 1.1 (1))
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= i (a) > pL((cxb)x (cxa)) Ap(b) >t ((2.6))
= pu(a) >t (< is transitive)
= p(a) <t (Lemma 1.1 (3))
=aec L(u,t).

By Lemma 4.3, we have 0 € L(u, t). Hence, L(u, t) is a strong BCC-ideal of U.

Conversely, assume for all t € £, L(w, t) is a strong BCC-ideal of U if it is nonempty. Let a, b, c €
U. By Lemma 4.3, we have L' satisfies the condition (2.3). Choose t = u ((cxb)*(c*a))VuL(b) € L.
Then u ((c*b) x(cxa)) < tand u (b) < t. Thus (cxb)x(cxa),be L(u.,t)#0. Asthe
hypothesis, we get L(w,t) is a strong BCC-ideal of & and so a € L(u.,t). Thus u (a) < t =
pL((c*b)*(cxa))Vu(b). By Lemma 1.1 (1), we have pu (a) > u ((c x b) * (c x a)) A u(b).
Hence, L' is an £-fuzzy strong BCC-ideal of U. O

4.4. Lower t-strong level subset of an LFS.

Theorem 4.18. Let L= (L, <,V, A Og, 17) be a Boolean lattice with < is a linear order. Then L'
is an L-fuzzy BCC-subalgebra of U if and only if L~ (u, t) is, if it is nonempty, a BCC-subalgebra of
U foreveryt € L.

Proof. Assume L' is an £-fuzzy BCC-subalgebra of ¢. Let t € £ be such that L=(wp, t) #0. Let
a,b e L7 (uL, t). Then p(a) and p(b) are compatible. Suppose that u(a) < wp(b), that is,
pL(a) Vi (b) = i (b). Then py(a) < tand w(b) < t and so py(a) V L (b) = i (b) < t. Since L'
is an L-fuzzy BCC-subalgebra of U, we have

!

pL(axb) > pi(a) Aupc(b) = (u(a) V(b)) (Lemma 1.1 (1))
By Lemma 1.1 (3), we have p (axb) < up(a)vuL(b) < t. Thusaxbe L= (u, t). Hence, L™ (uL, t)
is a BCC-subalgebra of U.
Conversely, assume for all t € £, L~ (u, t) is a BCC-subalgebra of U/ if it is nonempty. Suppose
there exist a, b € U such that i (axb) # wi(a) AuL(b). It means that u (axb) < p(a) AuL(b).
By Lemma 1.1 (1), we have

pi(axb) < p(a) Au(b) = (u(a) V(b))

By Lemma 1.1 (5), we have up(a « b) > up(a) vV ur(b). Choose t = u(axb) € L. Then
pr(a) v p(b) < t, and so pi(a) < wi(a) Vu(b) < tand p(b) < pi(a) vV u(b) <t Thus
a,be L (u, t)# 0. As the hypothesis, we get L~ (u, t) is a BCC-subalgebra of & and so ax b €
L=(u, t). Thus u(axb) < t=pui(axb), acontradiction. Hence, i (a* b) > ui(a) A uL(b) for
all a,b € U. Hence, L' is an £-fuzzy BCC-subalgebra of . O

Theorem 4.19. Let £ = (£, <,V, A, , 0z, 12) be a Boolean lattice. IfL" is an L-fuzzy near BCC-filter
of U, then L™ (L, t) is, if it is nonempty, a near BCC-filter of U for every t € L.
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Proof. Assume L' is an £-fuzzy near BCC-filter of U. Let t € £ be such that L=(up, t) #0. Let
abel and be L= (u,t). Then u (b) < t. Since L' is an L-fuzzy near BCC-filter of U, we have

uL(axb) > pi(b).

By Lemma 1.1 (3), we have pp(axb) < up(b) <t. Thusaxbe L~ (u, t). Hence, L= (., t) is a
near BCC-filter of U. O

Theorem 4.20. Let L = (E,g,\/,/\,’,OL, 1z) be a Boolean lattice with < is a linear order. If
L= (uy, t) is, if it is nonempty, a near BCC-filter of U for every t € L, then L' is an L-fuzzy near
BCC-filter of U.

Proof. Assume for all t € £, L™ (u, t) is a near BCC-filter of U if it is nonempty. Suppose there exist
a,b € U such that p (a*b) # pL(b). It means that ui(axb) < u (b). By Lemma 1.1 (5), we
have ui(ax b) > u (b). Choose t = u(axb) € L. Then u (b) < t. Thus b € L™ (u., t) # 0.
As the hypothesis, we get L™ (up, t) is a near BCC-filter of &4 and so ax b € L~ (u,t). Thus
pL(axb) < t =p(axb), a contradiction. Hence, w(a b) > p (b) for all a, b € U. Hence, L is
an L-fuzzy near BCC-ilter of U. O

Lemmad.4. et L=(L,<,V, AL O, 17) be a Boolean lattice with < is a linear order and L an LFS
inU. Then L satisfies the condition (2.3) if and only if L= (., t), if it is nonempty, contains 0 € U
for every t € L.

Proof. Let t € L be such that L™ (u,t) #0. Let ac U and a€ L= (ur, t). Then p(a) < t. Since

L' satisfies the condition (2.3), we have
uL(0) > pu(a)’

By Lemma 1.1 (3), we have p (0) < up(a) <t. Thus 0 € L™ (u, t).

Conversely, assume for all t € £, L= (., t) contains 0 € U if it is nonempty. Suppose there exist
a € U such that p (0) # wi(a). It means that w (0) < wi(a). By Lemma 1.1 (5), we have
uL(0) > up(a). Choose t = u (0) € £. Then pu(a) < t. Thus a € L= (u,t) # 0. As the
hypothesis, we get 0 € L~ (i, t). Thus u(0) < t = u(0), a contradiction. Hence, u (0) > . (a)
forallae U. O

Theorem 4.21. Let L= (£, <,V,A, .0z, 17) be a Boolean lattice with < is a linear order. Then L
is an L-fuzzy BCC-filter of U if and only if L~ (u, t) is, if it is nonempty, a BCC-filter of U for every
teLl.

Proof. Assume L' is an £-fuzzy BCC-filter of U. Let t € £ be such that L= (u_, t) # 0. Let
a,b € U. Then pi(a*b) and u(a) are compatible. Suppose that u(a = b) < pi(a), that is,



24 Int. J. Anal. Appl. (2023), 21:59

uL(a*b)Vu(a) = p (b). Let axb,a€e L™ (u, t). Then u(a*b) < tand g (a) <t and so
pL(axb) Vv uL(a) = pu(a) < t. Since L is an £-fuzzy BCC-filter of U, we have

pL(b) > pi(axb) Aui(a) = (u(axb)V uL(a)) (Lemma 1.1 (1))

By Lemma 1.1 (3), we have p (b) < up(a*xb)Vur(a) <t. Thusbe L™ (u, t). By Lemma 4.4, we
have 0 € L= (L, t). Hence, L™ (u, t) is a BCC-filter of U.

Conversely, assume for all t € £, L= (u, t) is a BCC-filter of U if it is nonempty. Suppose there
exist a, b € U such that u (b) # w(axb) AuL(a). It means that u (b) < i (axb) Au(a). By
Lemma 1.1 (1), we have

pL(b) < pi(axb) Aup(a) = (u(axb)VuL(a).
By Lemma 1.1 (5), we have u(b) > pi(axb)V u (a). By Lemma 4.4, we have L' satisfies
the condition (2.3). Choose t = ui(b) € L. Then w(a*b)Vu(a) < t, and so u(axb) <
uL(axb)Vu(a) < tand p(a) <u(axb)Vu(a) <t Thusaxb,ae L™ (u.,t)#0D. Asthe
hypothesis, we get L= (u, t) is a BCC-filter of i/ and so b € L™ (u, t). Thus up(b) < t = uL(b), a
contradiction. Hence, pi (b) > wi(axb) Auy(a) forall a, b € U. Hence, L is an £-fuzzy BCC-filter

of U. O

Theorem 4.22. [et L= (L,<,V, A, ,0r,1,) be a Boolean lattice with < is a linear order. Then L
is an L-fuzzy BCC-ideal of U if and only if L~ (uy, t) is, if it is nonempty, a BCC-ideal of U for every
te L.

Proof. Assume L' is an £-fuzzy BCC-ideal of U. Let t € £ be such that L= (u, t) # 0. Let a, b € U.
Then u(a* (bxc)) and u(b) are compatible. Suppose that u (a* (b xc)) < u,(b), that is,
wr(ax(bxc))VuL(b) = uL(b). Let ax(bxc),be L™ (uL, t). Then u(ax(bxc)) < tand u (b) <t
and so p (a* (b*¢))V L (b) = (b) < t. Since L' is an £-fuzzy BCC-ideal of U, we have

p(axc) = p(ax (bxc)) ApL(b) = (u(ax (bxc)) V(b)) (Lemma 1.1 (1))

By Lemma 1.1 (3), we have p (a*xc) < u(ax(bxc))Vu (b) <t. Thusaxc e L (u., t). By
Lemma 4.4, we have 0 € L= (., t). Hence, L= (., t) is a BCC-ideal of U.

Conversely, assume for all t € £, L™ (u, t) is a BCC-ideal of U if it is nonempty. Suppose there
exist a,b,c € U such that u(axc) # p(ax(bxc)) AuL(b). It means that p(axc) <
pL(ax(bxc)) Aup(b). By Lemma 1.1 (1), we have

pi(axc) <upL(ax(bxc)) AuL(b) = (ui(ax(bxc))Vu(b).

By Lemma 1.1 (5), we have ui(a*c) > u(ax (b*c))V u(b). By Lemma 4.4, we have L’
satisfies the condition (2.3). Choose t = up(a*xc) € L. Then pu(ax(bxc))V u (b) < t, and so
ur(ax(bxc)) < p(ax(bxc))vuL(b) < tand u (b) < p(ax(bxc))VuL(b) < t. Thus ax(bxc),b e
L= (L, t) # 0. As the hypothesis, we get L= (u, t) is a BCC-ideal of & and so axc € L= (u, t).



Int. J. Anal. Appl. (2023), 21:59 25

Thus p(axc) < t=p(a*c), acontradiction. Hence, u(axc) > p(ax(bxc)) Awu (b) for all
a,beU. Hence, L is an L-fuzzy BCC-ideal of U. Il

Theorem 4.23. Let L = (£, <,V,A,,0z, 12) be a Boolean lattice with < is a linear order. Then L’
is an L-fuzzy strong BCC-ideal of U if and only if L~ (u, t) is, if it is nonempty, a strong BCC-ideal
of U forevery t € L.

Proof. Assume L' is an £-fuzzy strong BCC-ideal of U. Let t € £ be such that L= (L, t) # 0. Let
a,beU. Then u ((cxb)*(c*a)) and u (b) are compatible. Suppose that u((c x b) * (c x a)) <
wL(b), thatis, u ((c *x b) x (cxa)) V uL(b) = u (b). Let (cxb)*(c*a),be L (u,, t). Then
pL((c*b)*(c*a)) < tand u (b) <tandso u ((cb)*(cxa))Vu (b)=pu (b)<t. Sincel is
an L-fuzzy strong BCC-ideal of U, we have

pi(a) > p((cxb)x(cxa)) ApL(b) = (u((cxb)x(cxa)Vu(b).  (Lemma 1.1 (1))

By Lemma 1.1 (3), we have p (a) < u ((cxb)*(cxa))VuL(b) <t. Thusae L (u,t). By
Lemma 4.4, we have 0 € L= (., t). Hence, L™ (w, t) is a strong BCC-ideal of U.

Conversely, assume for all t € £, L™ (u, t) is a strong BCC-ideal of I if it is nonempty. Suppose
there exist a, b, ¢ € U such that w(a) # uL((c*b) % (c*a)) AuL(b). It means that p(a) <
pL((cxb)x (cxa)) Au(b). By Lemma 1.1 (1), we have

(@) < pL((cxb)* (cxa)) ApL(b) = (uL((c* b)* (c*a)) V uL(b))
By Lemma 1.1 (5), we have ui(a) > pi((c + b) « (c x a)) V uL(b). By Lemma 4.4, we have L’
satisfies the condition (2.3). Choose t = u(a) € £. Then u ((c xb) x (cxa)) V uL(b) < t, and so
pL((cxb)x(cxa)) < pL((cxb)*(cxa))VvuL(b) <tand u (b) < uL((cxb)x(cxa))Vu(b) <t
Thus (cxb) x (cxa),b € L= (uL, t) # 0. As the hypothesis, we get L~ (u,t) is a strong BCC-
ideal of 2 and so a € L~ (u.,t). Thus u(a) < t = p.(a), a contradiction. Hence, u(a) >
pL((c* b) x (c+a)) AuL(b) forall a,beld. Hence, L is an £-fuzzy strong BCC-ideal of . O

5. Cartesian product of LFSs

Definition 5.1. Let L and M be LFSs in nonempty setsU, and U», respectively. The Cartesian product
of Land M isL x M : Uy X U — L described by its membership function ~| «m Such that

(Va € Uy, b € Ua)(pLxm(a b) = ur(a) A um(b)).
It is clearly that L x M is an LFS in U1 x Us.

Remark 5.1. [28] Let U; = (U1, *,01) and Uy = (U, 0,05) be BCC-algebras. We can easily prove
that Uy X Uy is a BCC-algebra defined by

(Va,be Uy, u,vel)((a,u)®(b,v)=(axb,uov)).
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Theorem 5.1. Let L and M be L-fuzzy BCC-subalgebras of BCC-algebras Uy = (Ui, *,01) and
Us = (U, 0,07), respectively. Then L x M is an L-fuzzy BCC-subalgebra of a BCC-algebra Uy X Ux.

Proof. Let a,b €Uy, u,v €Us. Then
pixm((a u) @ (b, v)) = wixm(axb uov)
= pL(axb) Aum(uov)
> (ui(a) A pc(b)) A (pm(u) A pm(v)) ((2.1))
= (uL(a) Apm(u)) A (pL(b) Aum(v)) (A is associative and commutative)
= pLxm(a, u) A pLsm(b, v).
Hence, L x M is an £L-fuzzy BCC-subalgebra of U1 x Us>. O

Theorem 5.2. Let L and M be L-fuzzy near BCC-filters of BCC-algebras Uy = (U1, *,01) and
Us = (U, 0,05), respectively. Then L x M is an L-fuzzy near BCC-filter of a BCC-algebra Uy X U,.

Proof. Let a,b €Uy, u,v €Us. Then
pxm((a u) ® (b, v)) = pwixm(ax b, uov)
= pL(axb) Apm(uov)
= (D) A pm(v) ((2.2))
= pLxm(b, v).
U

Theorem 5.3. Let L and M be L-fuzzy BCC-filters of BCC-algebras Uy = (U1, *,01) and U =
(U, 0,02), respectively. Then L x M is an L-fuzzy BCC-filter of a BCC-algebra Uy x Us.

Proof. Let a,b €Uy, u,v €Us. Then
pLxm(01, 02) = p (01) A um(02)
> pr(a) A pm(u) ((2.3))
= pLxm(a, u)
and
pLxm(b, v) = pL(b) A pm(v)

> (uL(a*b) Aup(a)) A(um(uov)Apm(u)) ((2.4))

= (uL(axb) Aum(uov))A(uL(a) Aum(u)) (A is associative and commutative)
= pLxm(ax b, uov)Apxm(a, u)

= ,U'L><M((av U) ® Ll(b, V)) A MLXM(av U)-
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Theorem 5.4. Let L and M be L-fuzzy BCC-ideals of BCC-algebras Uy = (U1, *,01) and U =
(U, 0,02), respectively. Then L x M is an L-fuzzy BCC-ideal of a BCC-algebra Uy X Us.
Proof. Let a,b,c € U1, u,v,w € U>. Then
pxm(01,02) = p(01) A um(02)
> pr(a) A pm(u) ((2.3))

= pLxm(a, u)
and
pixm((a, u) ® (¢, w)) = pixm(axc uow)
= pL(axc) Apum(uow)
> (pL(ax (bxc)) Ap(b)) A(um(uo (vow))Aum(v)) ((2.5))

= (uL(ax (bxc)) Apm(uo(vow))) A (uL(b) Apm(v))
(A is associative and commutative)

= prxm(@x (bxc),uo(vow))AuLxm(b, v)
= prLxm((a, u) ® ((b,v) ® (c, w))) A prxm(b, v).

O

Theorem 5.5. Let L and M be L-fuzzy strong BCC-ideals of BCC-algebras U1 = (Ui, *,01) and
Ur = (Us, 0,07), respectively. Then L x M is an L-fuzzy strong BCC-ideal of a BCC-algebra Uy X Us.

Proof. Let a,b,c € U1, u,v,w € U>. Then

pLxm(01,02) = (01) A um(02)
> pi(a) A p(u) ((2.3))
= .U’LXM(av u)

and

pLxm(a, u) = ui(a) A um(u)
> (uL((c*b)* (cxa)) ApL(b)) A(um((wov)o(wou))Awum(v)) ((2.6))

= (uL((cx b) x (cx a)) Apm((wov) o (wou))) A (uL(b) A pm(v))
(A is associative and commutative)

= pLxm((c # b) x (c+ a), (wov)o(wou))ApLxm(b,v)

= pxm(((c, w) @ (b, v)) ® ((¢, w) ® (a, 1)) A pixm(b, v).
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Finally, we shall discuss the relationships between the Cartesian product of two LFSs and their
t-level subsets. After this, £ = (£, <,V, A) refers to a lattice until otherwise defined.
The following theorem is a straightforward result of Theorems 4.2, 4.3, 4.4, 4.5, and 4.6.

Theorem 5.6. (1) AnLFSLxM is an L-fuzzy BCC-subalgebra of Uy XUy if and only if U(uL xm, t)

is, if it is nonempty, a BCC-subalgebra of Uy x Uy for every t € L.

(2) An LFS L x M is an L-fuzzy near BCC-filter of Uy x Uy if and only if U xm, t) Is, if it is
nonempty, a near BCC-filter of Uy x Uy for every t € L.

(3) An LFSL XM is an L-fuzzy BCC-filter of Uy xU> if and only if U(uLxm, t) is, if it is nonempty,
a BCC-filter of U1 x U» for every t € L.

(4) An LFSLxM is an L-fuzzy BCC-ideal of Uy xUo if and only if U(uLxm, t) is, if it is nonempty,
a BCC-ideal of Uy x U> for every t € L.

(5) An LFS L x M is an L-fuzzy strong BCC-ideal of Uy x Uy if and only if U(uLxm, t) is, if it is
nonempty, a strong BCC-ideal of U1 x U, for every t € L.

The following theorem is a straightforward result of Theorems 4.8 and 4.9.

Theorem 5.7. (1) Ifan LFS L x M is an L-fuzzy near BCC-filter of Uy x U, then U™ (uLxm. t)
is, if it is nonempty, a near BCC-filter of Uy x U> for every t € L.

(2) Let L = (L, <,V,A) be a linearly ordered set. If UT(uLxm, t) Is, if it is nonempty, a near

BCC-filter of Uy X Uy for every t € L, then L x M is an L-fuzzy near BCC-filter of U1 X Us.

The following theorem is a straightforward result of Theorems 4.7, 4.10, 4.11, and 4.12.

Theorem 5.8. Let L = (L, <,V, \) be a linearly ordered set. Then the following statements are true.

(1) An LFS L x M is an L-fuzzy BCC-subalgebra of Uy x Us if and only if Ut (uLxm, t) Is, if it is
nonempty, a BCC-subalgebra of Uy x Uy for every t € L.

(2) An LFS L x M is an L-fuzzy BCC-filter of Uy x Uy if and only if Ut (uLxm, t) Is, if it is
nonempty, a BCC-filter of Uy X Uy for every t € L.

(3) An LFS L x M is an L-fuzzy BCC-ideal of Uy x Uy if and only if Ut (uLxm, t) is, if it is
nonempty, a BCC-ideal of Uy x Uy for every t € L.

(4) An LFS L x M is an L-fuzzy strong BCC-ideal of Uy x Uy if and only if Ut (uLxwm, t) Is, if it
is nonempty, a strong BCC-ideal of Uy x U for every t € L.

The following theorem is a straightforward result of Theorems 4.13, 4.14, 4.15, 4.16, and 4.17.

Theorem 5.9. Let L= (L, <,V, A, Oz, 12) be a Boolean lattice. Then the following statements are

true.
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(1) An LFS (L x M) is an L-fuzzy BCC-subalgebra of Uy x Us if and only if L(pixm, t) is, if it
is nonempty, a BCC-subalgebra of Uy x Uy for every t € L.

(2) An LFS (L x M) is an L-fuzzy near BCC-filter of Uy x Uy if and only if L(iLxm, t) is, if it is
nonempty, a near BCC-filter of Uy x U for every t € L.

(3) An LFS (L x M) is an L-fuzzy BCC-filter of Uy x Us if and only if L(iyxm, t) Is, if it is
nonempty, a BCC-filter of Uy x U, for every t € L.

(4) An LFS (L x M) is an L-fuzzy BCC-ideal of Uy x Uy if and only if L(iLxm,t) is, if it is
nonempty, a BCC-ideal of Uy x Uy for every t € L.

(5) An LFS (L x M) is an L-fuzzy strong BCC-ideal of Uy x Uy if and only if Lt xwm, t) is, if it
is nonempty, a strong BCC-ideal of Uy x U for every t € L.

The following theorem is a straightforward result of Theorems 4.19 and 4.20.

Theorem 5.10. (1) Let L= (L,<,V,A, 0z, 1) be a Boolean lattice. If an LFS (L x M)' is an
L-fuzzy near BCC-filter of Uy X Us, then L™ (uLxm, t) Is, if it is nonempty, a near BCC-filter
of Uy X Us for every t € L.
(2) Let L= (L, <,V,A, 0z, 17) be a Boolean lattice with < is a linear order. If L~ (uLxm, t) is,
if it is nonempty, a near BCC-filter of Uy x Uy for every t € L, then (L X I\/I)' is an L-fuzzy
near BCC-filter of Uy X Us.

The following theorem is a straightforward result of Theorems 4.18, 4.21, 4.22, and 4.23.

Theorem 5.11. Let L= (L, <,V, A, O, 1r) be a Boolean lattice with < is a linear order. Then the

following statements are true.

(1) An LFS (L x M) is an L-fuzzy BCC-subalgebra of Uy x Uy if and only if L= (uLxm. t) is, if it
is nonempty, a BCC-subalgebra of Uy x Uy for every t € L.

(2) An LFS (L x M) is an L-fuzzy BCC-filter of Uy x Us if and only if L~ (s, t) is, if it is
nonempty, a BCC-filter of Uy X U, for every t € L.

(3) An LFS (L x M) is an L-fuzzy BCC-ideal of Uy x Uy if and only if L~ (txm, t) is, if it is
nonempty, a BCC-ideal of Uy x Uy for every t € L.

(4) An LFS (L x M) is an L-fuzzy strong BCC-ideal of Uy x Us if and only if L= (pLxm, t) is, if
it is nonempty, a strong BCC-ideal of Uy X U> for every t € L.

The following theorem is a straightforward result of Theorem 4.1.

Theorem 5.12. An LFS L x M is an L-fuzzy strong BCC-ideal of Uy x Uy if and only if E(txm, t)
is a strong BCC-ideal of U1 x Uy for every t € L.
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6. Conclusions and future works

In this paper, we have introduced the concept of LFSs in BCC-algebras, and then we have in-
troduced five types of LFSs in BCC-algebras, namely £-fuzzy BCC-subalgebras, £-fuzzy near BCC-
filters, L£-fuzzy BCC-filters, £-fuzzy BCC-ideals, and L-fuzzy strong BCC-ideals. Further, we have
discussed the relationship between £-fuzzy BCC-subalgebras (resp., £-fuzzy near BCC-filters, £-fuzzy
BCC-filters, £L-fuzzy BCC-ideals, £-fuzzy strong BCC-ideals) and BCC-subalgebras (resp., near BCC-
filters, BCC-filters, BCC-ideals, strong BCC-ideals) with characteristic functions and t-level subsets
of LFSs. In addition, we proved that the Cartesian product of two £L-fuzzy BCC-subalgebras (resp.,
L-fuzzy near BCC-filters, £-fuzzy BCC-filters, £-fuzzy BCC-ideals, £-fuzzy strong BCC-ideals) is also
a L-fuzzy BCC-subalgebra (resp., £L-fuzzy near BCC-filter, £L-fuzzy BCC-filter, £-fuzzy BCC-ideal, L-
fuzzy strong BCC-ideal). After, we studies the relationship between above results and BCC-subalgebras
(resp., near BCC-filters, BCC-filters, BCC-ideals, strong BCC-ideals) with t-level subsets of the Carte-
sian product of LFSs. Finally, we get the diagram of generalization of LFSs in BCC-algebras, which

is shown with Figure 5.
L-fuzzy BCC-subalgebra
L-fuzzy near BCC-filter
L-fuzzy BCC-filter
L-fuzzy BCC-ideal

L-fuzzy strong BCC-ideal

constant C-fuzzy set

Figure 5. LFSs in BCC-algebras

Some important topics for our future study of BCC-algebras are as follows:

(1) to define new types of LFSs,

(2) to apply the concept of LFSs to intuitionistic fuzzy sets, and

(3) to apply the concept of LFSs to hesitant fuzzy sets.
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