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Abstract. In this paper a reconstruction and inversion formula of the continuous wavelet transform on
abelian group for band-limited function is defined. This formula possesses a more explicit expression

than the well-known result. Also, Parseval and other interesting results on abelian group are obtained.

1. Introduction

A set S defines a group if an operator, +, holds the following properties:

e x+(y+z)=(x+y)+zV¥x,y,z€S

e There exists an element 0, such that x+0=04+x=xVx€ S

e Foreach Vx € S there exists an inverse element x ! = —x , such that x+(—x) = (—x)+x = 0.
S is a topological group if it has a group operation and a topology such that the mapsa: G x G — G
and B: G x G — G are continuous, where a(x,y) = x +y and B(x) = x~ 1.
If S is locally compact, that is every point in S is contained in a compact neighborhood, and its group
operation is commutative, then it is called locally compact abelian (LCA) group.
In order to define the Fourier transform on LCA groups, we should introduce the concept of integral
over these groups. Let M(X) be the space of all complex-valued regular measures on X where
[lw]| = |w(S)] is finite. A Haar measure is a measure which is non negative, regular and invariant. The

corresponding integral is called the Haar integral, which is translation invariant.
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Let G be LCA group , we define an LP(G) space to be the space of all complex valued functions f

on G such that the integral fG |f|Pdu exists with respect to the Haar measure.

Definition 1.1. A complex function w on a LCA group G [1] is called a character of G if |w(x)| =1
for all x € G and if the functional equation w(x + y) = w(x)w(y) for all (x,y) € G is satisfied. The
set of all continuous characters of G form a group €2 , the dual group of G . Now it is customary to
write (x, w) = w(x)w(x) satisfy the following properties [1, 5]

e (O,w)=(x,00=1

o (—xw)=(x—w)=(xw = (xw)

e (x+y,w)=(xw)(y w)

o (X, w1 +w2) = (x,w1)(x, w)

Definition 1.2. The Fourier transform [2] of f € LY(G) is denoted by f(w) defined by f(w) =
Jo F(x)(—x,w)dx , and its inverse Fourier transform is defined [1,5] by f(x) = [, f(w)(x,w)dw, x € G
The Fourier transform holds the following properties [4]:
° ”fHLOO(G) < Il
o Iff € LY(G)NL2(G) , then ||fll 26y = I flli2(q)
e [f the convolution of f and g Is defined as
(f % g)(x) = J5 f(x = y)g(y)dy then F((f x g)) = F(f)F(g)

For f(x) € L?(G), denote fp o(x) = ﬁf(%b) and suppf = clos{x € G : f(x) # 0}. If suppf
is a bounded set, then we say f is band-limited.

The characteristic function on a set E is denoted by Xg(x) .

In 1984, Morlet introduced first wavelet transform [7] that is defined as follows:

Let ¢ € L?(G) , the transform:

(Wy)(b, a) = /G f(x)Wp,a(x)dx forany f € L2(G) (1.1)

is said to be a wavelet transform.
When ¢ € L1 N L2(G) and Cy = 27 [, B@P , the known inversion formula [8] is stated as

|w]

follows: . dJadb
a
0 =& /G /G (WaF)(6, ), T (12)

The above equality holds in L?(G) sense.
The aim of this paper is that for band-limited function we give another kind of inversion formula of

wavelet transform.

Theorem 1.1. Let ¥(x) € LY N L2(G). Take ¢(x) € L' N L2(G) satisfying ¢p(w) = O(Jw|~2). Then
for any f € LY N L2(G) and suppf C [, Q], the following inversion formula holds:

/ / (Wi F)(b, ) (5.0 * 1) (x) 2222
HJG

f(x) = B

1
_ 1.3
(2m)2 (@, ¥) -
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where h(x) satisfies h(w) = lw|X[—q.q(w) and the above equality holds in L2- sense.

2. Lemma

To prove theorem, we first give the following

Lemma: Let 1(x), ¢(x) and f(x) be stated in theorem. Then for any g € L2(G) the following formula

is valid:

dbda
El

1 .
o [ [Wan)(6,2 DB A = (0. 9)(F.9).
GJG
1
where (D b,a) = —(g, x h

(Dypg)(b, a) m(g ©(b,a) * )

Proof: By Parseval identity of Fourier transform, we have
(Wyf)(b, a) = |a|%/ F(w)(aw) (b, w)dw
G

Using the convolution formula [3] and Parseval identity, we also obtain from (2.1) that

1 ~ = <

(Deg)(b, a) = |al2 /Gg(w)w(aw)h(w)(b,w)dw

Applying the inversion formula of Fourier transform, it follows from (2.2) and (2.3) that

1 20 N )\
T N6 = (@3

and

1
\/27r|a|%

Finally, again using Parseval identity, we get

st [ 6, BB 30 = [ AT PN ()

(2.1)

(2.2)

(2.3)

(2.4)

(2.5)

Since suppf C [-Q, Q] = supp h(w) and h(w) = |w| X[—q,q)(w), we know that f(w)h(w) = |w|f (w),

w € G.
Further,

ot [0 2B TB b = [ AT wifanntw)d

In view of

| [ is@iiaeaw)duda ~ [ [fw)gw) <|w| / |¢(aw)¢>(aw)|da) dw

= ([ et ( [ 17ea@ao)

< llell2llli2lfll2llgll2
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By Fubini theorem, we have

1

o7 Jo </G(W¢f)(b a)(Dyg)(b, a > / </ F(w)g( )|w|1ﬁ(aw)¢(aw)dw> da
(|w|/¢(aw)<p(aw)da>

] /G Baw)p(aw)da = (¢, D) = (0.9,

Il
\

Again, noticing that

For repeated integral, we get

( | )e. 2,00 a)) “_ere)

In order to complete the proof of lemma, by Fubini theorem, we onIy need to prove that

/ / Wy F)(b, 2)(Dypg) by a)| 2222

we split the above integral into two parts, namely,

(L) fmoemmmmte

=K1+ K>

= | (26)

Where H is a subgroup of G. First, we estimate K.
Using Cauchy inequality, we get

K%</4</c;|(wwf><b,a>|2f§) da‘/H</G|<D(pg><b, a>|2|dc,f|’) da

= K11 - K12

Applying (2.4) and Parseval identity, we have

Kiy = 27r/H (/G |f(w)2|zﬁ(aw)\2dw> da

By ¥ € L*(G) we know that there is a M > 0 such that |)(w)| < M, so K11 < 47M?|/f|)3.

On the other hand, applying (2.5) and Parseval identity, we also have
kiz=2n [ ([ 19w io(au)Plhw)Paw ) da 2.8)

By ¢ € L1(G) we know that there is an N > 0 such that [¢(w)| < N. Again noticing that |h(w)| < Q
we have K1 < 4mN2Q2||g||3. so K1 < .
Next we estminate K>,

From (2.7), we know that for any given 0 < € < 3,

o= (/G a3 Wy F)(b, ) - |al ~(Dy) (b, a>|db> i



Int. J. Anal. Appl. (2022), 20:64 5

Using Cauchy inequality, we get

ki< [ (Liwnear ) [ ([10earS;) da

= Koy - Koo

Since
1 xX—>b
|(Wyf)(b, a)| = ‘\/H/G fF(x)y <a> dx| < [[fl2l1¥l2
And
— b\ | dxdb

7= | wano. alas < e (552)| 2 < el (2.9)

We get

1
Kor < IFlalle | ( i), Pab) s

1
< ||f||2||¢|2||f||1||¢||1/ 5—da
G—H |a|27¢

Similar to the argument of (2.8), we have

ke =2m [ ([ lo@)PIo@) PPl <) da

Further, by the definition of h(x),

Koz = [ jal e < / |aw|2|@(w>|2|¢(aw>|2dw) da
G—H G

From ¢(w) = O(Jw|~2), we have |@(aw)|?> < M1(M; is an absolute constant).
Further Koo < ™11 g|3.

So Kr < o0.

We finally obtain (2.6). The proof of lemma is completed.

3. Proof of theorem

From |(@p,a % M)(X)[ < [l@p,all2l[hll2 = ll¢ll2[lAll2 and (2.9), we have

dadb 1 1
[ 106, a) (s < HGOL T ||go||2||h||2/H|a|§(W/Guvvwf)(b,a)wb) o

< Alell2llAll2llll2 112

So, for all x € G, we know that (Wyf)(b, a)(pp,a * h)(x)l—é‘ € LY(H x G).

Set
dadb
(//(Wwfxb )0 * )0

AH(X) = 27[')%
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By the known result in theory of Hilbert space, we know that
1£(x) = AH(X)[]2 = ” SI:Jpl [(f.9) = (Bn. 9)l- (3.2)
gll2=
Again by (2.1), we get

1 dadb
JANTS —_— Wy ) (b, 2% h
(B g) = e / ([ [0an(6. 20000 x I ) v
dbda
W (b, a)(D b,
The reason for interchanging the order of the above integrals is stated as follows.
By (2.9) and

(3:3)

/|(<Pba*h)(><)9(><)|\/;d><\II\F(wba*h)(X)HzIIglz

< llellalifll2llgll2

We get /<// Wy f)(b, a)(@pa* h)(x)g(x )d|ac|/b)dx

-1 db
- /H ( /G (W) (b, a)| ( /G |(<pb,a*h><x>g<x>|mdx> JH) da
<2l lAl2 gl Al

So, the order of integrals in (3.3) can be interchanged.

Using lemma and (3.3),

dbda

(f'g)_(Ava): | |

1
@m(e.¥) Je /(Wwf)(b a)(Dyg)(b, a) =

Further we get from (3.2)

— dbda
It7.0) = (B 9)la < sum 1<WM [ [wan(e. 2.0 )

" ot <(27r)|(<p¢)|/(h)> '

Where I(h) = [, [ |(Wyf)(b, a)(Dyg)(b, a)|2P92,Vh € H

|al

(3.4)

Using cauchy inequality, we can see that

i< [ ([lmnear ) da [ ([ iowssar)d (35)
= h(R)a(R) |

Imitating the estimates of K>1 and K55 in lemma, we can get

4 14
5 “IFll2lll20 Il 1]l

-

I1(h) <
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and

l>(h) < hllgll3.

47(M]_ —c
€

From this and (3.4),(3.5), we know that

So,

1 _
1769 = Sl < st ((2w>|<<p,w>|’(”)>

< 1 ( 167TA41
= mi(e. )] \ (1 - 2¢)e

1
2

__1
P 2||f||2||w||2|f||1||w||1)

lim |[f(x) — Ag(x)]]2 = 0.

h—+o0

This proof of Theorem is completed.
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