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Abstract. In this study, numerical solution of a differential-difference equation with a boundary layer
at one end of the domain is suggested using an exponential spline. The numerical scheme is developed
using an exponential spline with a special type of mesh. A fitting parameter is inserted in the scheme
to improve the accuracy and to control the oscillations in the solution due to large delay. Convergence
of the method is examined. The error profiles are represented by tabulating the maximum absolute
errors in the solution. Graphs are being used to show that how the fitting parameter influence the

layer structure.

1. Introduction

Differential-difference equations (DDEs) are ones in which a state variable's time evolution is in-
consistently dependent on a particular history, i.e., a physical system'’s rate of change is dependent not
only on its current condition but also on its prior history. These equations have been widely utilized in
population dynamics [7], nonlinear delay differential equations relating to physiological control systems
[14], red blood cell system [13], predator-prey models [15], neuronal variability problems connected
to patterns of nerve action potentials formed by unit quantal inputs occurring at random are studied
[22].

Bellman and Cooke [1], Doolan et al. [2] and Driver [3] just are a few of the authors who have produced
papers and books in recent years explaining various methods for solving differential-difference equations
with perturbation. In [4] authors solved singularly perturbed delay differential equation (SPDE) using

a fitted scheme on an uniform mesh. In [5], Glizer solved linear quadratic optimal control problem with
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delay by Hamiltonian boundary-value problem, with boundary function method. In [6], Kadalbajoo et.
al. proposed numerical research utilizing finite difference techniques. The authors in [8] developed a
technique for solving SPDEs with twin layers or oscillatory behaviour using a computational scheme.
The authors in [9] used a nonpolynomial spline to develop a numerical solution for a DDEs having layer
with a small and large delay in the differentiated terms. Using domain decomposition, the authors of
[10] suggested a mixed difference technique to solve DDEs with mixed shifts. For a class of linear
second-order DDE type, Lange and Miura [11, 12] developed an asymptotic method. They developed
a mathematical model by random synaptic inputs in dendrites for estimating the approximate time for
the activation of action potentials in nerve cells and also discussed issues with solutions that had rapid
oscillations in their study. The authors of [16] utilized a quadrature method for solving the SPDE, as
well as a two-point quadrature rule to obtain a tridiagonal system. The authors in [17] developed a
finite difference approach for solving SPDEs with turning points and mixed shifts. A finite difference
scheme on Shishkin mesh is proposed to solve singularly perturbed delay differential equations with
or without a turning point in [18]. The authors of [19, 20] used tension splines and an exponentially
fitted spline for the problem with convection delay-dominated diffusion equation. The authors of [23]
solved a two parameter semi linear differential equation by using an exponential spline. The authors

of [21] solved SPDE with a numerical integration technique.

2. Statement of the problem

Consider the continuous problem of a second order SPDE
ez’ + p(u)z'(u=08)+ q(u)z(u) = r(u) (2.1)

with boundary conditions
z(u)=p(u) —0<u<0,z(l)=71 (2.2)

where 0 < € << 1 is a perturbation, p(u), g(u), r(u) and ¢(u) are bounded continuous functions on
(0,1), and 7 is finite constant and § is delay parameter. It is well known that when ¢ = 0 the above
delay differential equation is reducing to a SPDE. The solution z(u) exhibit boundary layer on left side
when p(u) is positive or on right side when p(u) is negative throughout the interval [0, 1]. If (g) is

of order O(g), layer profile of the solution is no longer retained and the solution oscillates.

3. An exponential spline

@ so that u; =

The region [v, T] is subdivided into / equal subregions of mesh size h =
v+1ih,i=0,1,..., | are the mesh points. To manage the delay term, the mesh size is chosen as
h= %, where v= mantissa of § which is a positive integer.

Let the exact solution be z(u) to Eq. (2.1) and u; be an approximation solution to the z(u;) attained
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by the segment Q;(u) passing (u;, Q;) and (uj41, @;+1). Each exponential spline segment Q;(u) has

the form.

Qi(u) = aje*(u—u;) + bie ™ (u—u) + c(u—u))+d for i=0,1,2,..., . (3.1)
where a;, b;, ¢; and d; are the constants and k is a free parameter.
To find the values of the coefficients in Eq. (3.1), the interpolatory conditions Q;(u;) = S;, Qi(ujy1) =

Siv1, QY (uj) = M;, Q(uiy1) = Miy1 are used.

Using these conditions, we get the following expressions

- h?(M1—e?M;) by = h2(Mj—e®M;,1)
r— 202sinh(6) - 2602sinh(6)

where 8 = kh and/ = 0,1,2,..., .
Using the first derivative continuity i.e., Q;_; (u) = Q' (u) at the point (u;, Q;), we get the relation

_ 2 M-
(S/+1 S) h(M/BE M/) and d/ = S — h* M

» G = 02

(ziz1—2zi+zi1) = h? (aMj 1 +BM; +aM,;_y) fori = 0,1,..., -1 (3.2)

were = (G ) ana p = g

4. Numerical Approach
Eq. (2.1) can be discretized at the mesh point u; by
eMj=r(u) —p(u)Zj—u—q(u)z for j=i—1,1i, i+1 (4.1)

Using the following difference approximations of z’:

, [1 +2wh?qiy1 +wh[3 pip1 + pi-1]

1=V

zi, = h ] Ziyy1 — 2w [piv1 + pi-1] Ziew

1+2wh? gi_1—whlpis1+3 pi_
_ |: gdi—1 [p/—i-l Pi 1]:| Zi 1+ wh [f/+1 _ ri—l]

2h
2 3Ziv1 — Az + 2z
—v+1 ™ 2h
S _ —Zi—v+1+4zi—y — 321
—v—1"7" 2h
Now substituting the above approximations in Eq. (4.1) and in Eq. (3.2) we obtained.
—2¢
(h2 + aq,+1) Zjt1 + ( 2 +5q,> <h2 + aqi- 1) zji—1+
—api-1 | Bpi 3a
(—55— +5p (L+ 200G +wh (3pit + pin1)) + 5 Piet)Zimvsr+
2api_1 20
( hl = 2Bwp; (pit1 + Pi-1) = == Pit1)Zi-ut
—3api—1  Ppi
( Tll 2hl (14 2wh®gi—1 — wh(pis1 + 3pi-1)) + 2hpi+1)2i7u71

= (ariy1 +Bri + ari_1) — Bwpih (rig1 — ri—1) (4.2)
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When the shift parameter is small in comparison to the perturbation parameter, the layer behavior of
the solution is maintained and reliable results are achieved. The layer behavior, however, no longer
holds good if §(¢) is of order O(¢) and oscillations manifest. We are therefore constructing a numerical
approach with fitting parameter based on an exponential spline method and a particular mesh type.
In order to demonstrate how significant the fitting parameter is in our suggested approach, we also
examine how the solution layer behaves when there are large delays. Now inserting the fitting parameter

o in the above scheme, we have

(o€ + h*agit1)zit1 + (—20€ + h?Ba))zi + (o€ + hPogi—1)zi—1+

—ahp,_ ,[3hp 3ah
( > = I(l + 2wh?qit1 + wh(3piy1 + pic1)) + > ——Pit1)Zi—vr1t
(2ahpi 1 — 2Bwpih*(pit1 + pi—1) — 20hpiy1)Zi—y+
—3ahp;— ,Bhp ah
( 2 1 I(l +2Wh2QI 1 _Wh(p/—i-l +3P, 1)) + 2 pl+1)ZI v—1
= W (ariys +Bri + ari—1) — Bwpih®(rig1 — ric1) (4.3)
Re write the above equation
Ais1Zig1 +Bizi+Ciazia + Di—pp1zZipi1 + Eivziy + Fioy_1ziey—1 = G| (4.4)

where

Ai+1 = 0€ + ah2q,-+1 B,‘ = —20¢ +[3h2q,-, C,'_l = 0€+ Olh2Q/_1

—ahp;j_ ,6 pi 3ah
Di—yy1= 5 it ’(1 + 2wh?qi11 + wh(3pis1 + pi1)) + 5 Pi1
Ei_,= QOthP/ 1 — 2Bwpih*(pit1 + pi—1) — 20hpis1
—3ahp,_ ﬁp ah
Ficy—1= 5 = (1 +2wh?qgj—1 — wh(pit1 + 3pi—1)) + — Pit1

G = h2(ari+1 +Bri + ari—1) — Bwpih®(riy1 — ri—1)

p(ui) = pi, q(u;) = q;, r(u;) = r;

The above scheme can be written by using the boundary conditions
Aiy1Zip1+Bizi+Cio1zi1 =G —Dj—py1zi—p1 — Ei—vziy — Fipt1zip1, V1< i <v-—1
Aiv1Ziv1+Bizi+Cic1zi1 + Di—p1zi—py1 =G — Eivziy — Fip-1Zip1, Vi=v

Aiv1Zipn +Bizi+Cioazi 1+ Djpi1zipir +Eivziy =G —Fiy 1z 1, Vi=v+1

Aiv1zig1+Bizi+Ci1zia+Dip1zivii +Eivziy+Fioy1ziy 1 =G Vrv+2<i < /-1, (4.5)

By using Gauss elimination method with partial pivoting or any other method resolves the above system

of | equations.
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4.1. Left-end layer. Assume p(u) > M > 0 and g(u) < —C < 0 where 6 and M are positive con-
stants. Then the problem (2.1) - (2.2) shows layer structure at u = 0 for small values of perturbation.
Now, to enhance the scheme's effectiveness, the fitting parameter inserted in Eq. (4.4) is determined

by using the following approximate solution given in [2].

limp—soz(ih) =~ zo(ih) 4 (¢(0) — 20(0))exp(—p(0)ip) + O(e),

where p = g Using this expression in Eq. (4.4) and following the procedure given in [2], we get
0
o = ola + B/2p(0)" O cotn(PP)
Lemma 4.1. Suppose Vg > 0 and ¥, > 0, then L'y, <ovi=1,23,......1—1 implies that

U, >0Vi=0,123....1

Proof. Let j € (0,1,.... I) such that W; = maxg<i</W;. Let if possible W; < 0. We will show that it
leads to contradiction. Clearly j ¢ (0, /). Now we have

Ep/'\'l'!/,'/ =+ (20( +6)qiwi = Gi - Di7u+1\Ui7u+1 - E,;,/\U,;,, - F,;,,,l\lf,',L,,l,

Vi=1,2,...,v.
epiV" + (200 + B) GV + DiysrVipi1 = G — Ei Wiy — Fimy Wiyt

[_/\Uj: ! e i—v+1¥i—v+ i i—v¥i—v j—v—1V¥j—v—1 (46)
Vi=v+1,...., h—1

80,"“7 + (20( +6)qi\|}i + Di—u+1wi—u+1 + E/—uwf—u = Gi - Fi—l/—l\Ui—u—lx
Vi=/h,.....—1.

Case 1: Fori=1,2,..., v

L' = (epV] + (2 +B)qiVi =G — Di—yy1Vipi1 — EimoVioy — Fip1Viy1,

Case 2: Fori=v+1,...., h—1
L' = (epiV] + (2 + B) GV + Dimpr1Vimp1 = G = EimyWimy — Fioy1Vimpoa,
Vi=v+1,...., h—1)>0
Case 3: For i=h,.....1—1
L'V = (epiV] + 2a+B)qiVi + Di—ys1Vipi1 + EimyVimy = G — Fioy1 Vi,

Vi=l,.....l—1) >0

As a result, we have L'W; > 0, which is contradicts the hypothesis that L'W; <0, 1 < </—1. As
a consequence, we assume that W; < 0 is incorrect and that W; > 0 is correct. Since j was chosen
an arbitrary, we have

Vv, >0,V=012...,1 (4.7)
O
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Theorem 4.1. Let p(u) > M > 0 and q(u) < —6 < 0 where M and 6 are both positive constants.

The problem (2.1) - (2.2) with boundary conditions has a uniqueness, existence and satisfying solution.

||Z||hoo < ||r||h,009_1+C2(||Q0||h,oo+'r) (48)

where Co > 1 is a positive constant.

Proof. To demonstrate the uniqueness and existence, assume <v >f:o and <w >f:o be the two
solutions to the discrete problem (2.1) - (2.2). Then t; = v; — w; is a mesh function that meets the
conditions to =0 = t; and for 1 </ < /—1 we have L't = L'v; — L'w;. Since v; and w; satisfy Eq.
(4.5), therefore L't; = 0,1 < i < /—1. As a result, the mesh function t; meets the discrete minimum
principle hypothesis, and when we apply it to the mesh function t;, we get

ti=(v—w)>0 for 0<i<]/ (4.9)

Again, if we set t; = —(v; — w;) , then t; is a mesh function that satisfies tp = 0 = t; and we have
L't; =0, 1<i</—1 along the same lines as before. As a result, the discrete minimum principle is

applied to the mesh function t; gives t; = —(v; — w;) > 0
ie,(vi—w) <0 for 0<i</| (4.10)

From Eq. (4.9) and Eq. (4.10), we get v; — w; = 0 . This suggests that the discrete problem
(2.1)-(2.2) solution is unique. The existence of linear equation is assumed by their uniqueness. Now
we'll explain how to prove the bound on < z; >f: 0. We do this by introducing two barrier functions
W7 Defined by

V= [Irlhood " + Colll@llnoo + 7)) £ 21,0 < i <
where C, > 1 is a positive constant that can be chosen at random. Then we have

W = Irllh,eo8 ™ + Colll@llneo + |71) £ 21,0 < i <
Now we have

V5 = Irllnocd™ + Ca(llollnoo + I71) £ Zo,
V5 = (IIrllhod " + C2ll@llnoe + 7]) £ C200) > 0

since |[¢||poo + [T| > o and  Co > 1,
VE = |rllho8 " + Coll@llnoo + |T]) £ Z,
Vo = (Irllheed ™t + Co(ll@llno + IT]) £7) > 0
Case l. Fori=1,2,3,...., v
LV = epi(V5)" + (2 + B)qVi = Gj = Dimt Vit oy — BV, — Fiopa Vi,

= —qi(||rllnoc® + Co(ll@llnoo + |T]) £ L'Z))
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q.
= ( 7 “rllhoo £ 1i) — aiCa(ll@llhoo + IT]) <O
Case 2. Fori=v+1,...., h—1
LVF = epi(VF)" + 2o+ B)qViE + Di—yy1 Vi, =G — Ei Vi, — Fiy Vi,

= —qi(||rllno® "+ Co(ll@llnoo + |T]) £ L'Z))

—q;
= (=5 lIrlln.oo £ 1) = aiCa([[@lln.00 +17]) < 0
Case 3. Fori=1h,......1—1

LE = gp;(WF) + 20 + B Vi + D,-_u+1\|f,i_u+1 +EVE =G — Fioy Vi

I—v—1
= —qi(||rllno® ™ + Co(ll@llnoo + |T]) £ L'Z))
= (——Irllhoo £ 1) — GiCa(ll@]|h0o +|7]) <O

0
Combining above cases, we have L'WF <0,1</</.

Using the discrete maximum principle
W = |rllhod " + Co(ll@llnoe + 7)) £ Z, >0, 0<i <.
which proves the desired results. O

4.2. Right-end layer. Assume p(u) < —M < 0 and g(u) < —C < 0 where 6 and M are positive
constants. Then the problem (2.1) - (2.2) shows layer structure at u = 1 for small values of €. In
this case, the fitting parameter inserted in Eq. (4.4) is determined by using the following approximate

solution given in [2].
lima-so02(ih) ~ 20(0) + ($(0) — 20(1))e D) + O(e),

where p = g Using this expression in Eq. (4.4) and following the process given in [2], we get

p(L)p
2

o = p(a+B/2)p(0)e PO coth( ) (4.11)

Lemma 4.2. . Suppose Wg >0 and W, > 0, then L'V; <0V i=1,273,.... I — 1 implies that
VvV, >0 Vi=0,1,2,3..... l.

Proof. Letj € (0,1,.... I) such that W; = ming<j</WV;. Let if possible W; < 0. We will show that it
leads to contradiction. Clearly j ¢ (0,1). Now we have

epiVi + (2o +B)qiVi = Gj — Dips1Viopy1 — EinyVioy = Fioyi Wiy,

Vi=1,2,...,v.
eV +2a+B)gV,+ Dy 1V yi1 =G —E_V,_, — F_, 1V, ,_1,

L/\UJ': g ( )// i—v4+1¥ji—v+1 i I—v¥i—v —v—=1%¥j—v—1 (412)
Vi=v+1,...., /171

epiV! + 2o+ B)qiVi+ Di—py1Vipp1 + EmyVioy = G — Fioy 1 Vi,
Vi=h,......—1.
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Case 1: Fori=1,2,..., v

L' = (epV] + (2 +B)qiVi =G — Di—yy1Vipi1 — EiyVioy — Fip1Viy1,

Case 2: Fori=v+1,...., h—1
L' = (epiV] + (2 + B) GV + DicyiVimp1 = G = EimyWimy — FimyaWimpoa,
Vi=v+1,..., h—1)>0
Case 3: For i=h,......1—1
L' = (epV] + 2a+B)qiV; + DiysaViopsr + Ei_yVioy = G — Fimy_1 Vi1,
Vi=h,....,l—1) >0

which is contradiction to
L'vj<o0,1<j<I-1

Therefore, the assumption W; < 0 is false and V; > 0 . Since j was choosing arbitrary, we have
vV, >0,Vv,=0,1,2,.../

Theorem 4.2. Let p(u) > M > 0 and q(u) > 6 > 0 where M and 6 are both positive constants.

The solutions to the problem (2.1) - (2.2) with boundary conditions exist, are unique and satisfy.
1Z11h,00 < MIrllnoe™t + Cr(ll@llhoo +T) (4.13)

where C1 > 1 is a positive constant

Proof. To prove the existence and uniqueness, assume <v >!_, and <w >!_, be the two solutions to
the problem (2.1) - (2.2). Then t; = v; — w; is a mesh function that meets the conditions to =0 = t;
and for 1 < i < /-1 we have L't = L'v; — L'w;. Since v; and w; satisfy Eq. (4.5), therefore
L'ti = 0,1 < i < /—1.As a result, the mesh function t; meets the discrete minimum principle

hypothesis, and when we apply it to the mesh function t;, we get
ti=(vi—w;)) >0 for 0<i</ (4.14)

Again, if we set t; = —(v; — w;) , then t; is a mesh that satisfies to = 0 = t; and we have Lt; =
0, 1 <7< /-1 along the same lines as before. As a result, the discrete minimum principle is applied

to the mesh function t; gives t; = —(v; — w;) > 0
ie.,(vi—w;) <0 for 0<i</| (4.15)

From Eq. (4.14) and Eq. (4.15), we get v; — w; = 0 . This suggests that the discrete problem

(2.1)-(2.2) solution is unique. The existence of linear equation is assumed by their uniqueness. Now
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we'll explain how to prove the bound on < z; >f: 0. We do this by introducing two barrier functions
W Defined by
UE = [[rllnood " + Crlllollnoe + |71 £ Z1,0 < i <

where C; > 1 is a positive constant that can be chosen at random. Then we have
VE =|Irllho6 " + Cr(llollnoo + IT) £ Z;,0 <P <
Now we have
V5 = ||rllhef " + Cilll@llnoo + IT]) £ Zo,
U5 = (IIrllhod " + Calll@llnoo + |7]) £ Crip0) > 0
since |[¢]|p00 + |T| = o and C1 > 1,
Vi = [|rllhec8 + Cilllellnoo + |T]) £ Z)
Vi = (lIrllh,0®™" + Colll@llnoe +171) £7) > 0

Casel. Fori=1,2,3,...., v

LE = epi(VE) + 20+ B)qiVE = G — Diy1 Vi, — BV — Fy Vi,

= —qi(lIrllnosd™" + Co(llllnoo + I71) £ L' Z))
. —q;
_( 7
Case 2. Fori=v+1,...., h—1

[r]h,00 £ 1i) — GiCa(ll@llhoo +1T]) <0

L' = epi (V) + 200+ BV + Doy 1 Vi = G — B Vi, — Fiy 1V

I—v—1
= —qi(||rllnob ™ + Co(ll@llnoo + |T]) £ L'Z))

= ( 9'||f||h,oo + i) — giCa(lle@lhoe +17]) £ 0

Case 3. Fori=h,......,1—1

LF = epi(VE)" + 2+ B)qiVFE + Diya Vi, + Eio ) VE | =G — Foy Wi

i—v+ I—v—1
= —qi(|Ir|lnoc® " + Co(l@]hoo + |T]) £ L' Z;)
= (——Irllhoo £ 1) — GiCa(ll@]|h0o +|7]) <O

0
Using the above cases, we have L/W; < 0,1 < i < /. Using the discrete minimum principle

WE = (lIrllnecd ™ + Calll@llnoe + 7)) £ Z) =0, 0< i < |

which proves the desired results.

As a result of the previous theorems, the problem (2.1)-(2.2) solution is uniformly bounded, regardless
of the mesh size h and the perturbation €, demonstrating that the proposed scheme is stable for all
h. O
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5. Truncation error
Using Taylor series, the truncation error in the method Eq. (4.2) is
-2 1 20 — 1
T (h)={Q2a+p) - 1}052{’/724—{ [<3a> + <2was + 6> ﬁ] pize + ( a ) 052,-4} h*+0(h°)

12
(5.1)

The truncation error is fourth-order for any arbitrary o and B with 2o + 3 = 1 and any value of w.

6. Convergence analysis
The matrix form of the Eq. (4.5) is
Az+B+T(h)=0 (6.1)

B, A 0 0
Co B> Ao 0 0

D, 0 c, B, A, 0 0
A= |E,y1 Duyn O o+ Cyy1 Buyr Avpr O 0
Foyo Epio Dy 0 o Cyyo Byypo App O 0
0 Fuyz Euvyz Dyyz 0 Cuyz Bugz Asgzs O 0
0
0 Fio E > D5 0 o G Bio Ao
i 0 Fi-i Ei-1 D1 0O o G B
and B = [K1, K2, ..ku, Ku+1, Kut2, ..., Ki—2, Ki—1]
where
(Gi —Djvi1zivyr—Eivziy—Fiv1ziy1—Czo, V1<i<v-—-1
o — Gi—Eivziy—Fiv1zipa, Vi=v
Gi—Fiv1zip1, Vi=v+1
Gi—A_-1z, Yv+2<i< /-1
where

Ait1 = 0€ + ah?giy1, Bi = —20€ + Bh?qj, Ci_1 = 0 + ah’qi_1

—ahp;_ Bhp; 3ah
Di—yy1= > 14 > L(1 4 2wh?qiy1 + wh(3pip1 + pi—1)) + 5 Pit1

Ei—y = 2ahpi_1 — 2Bwpih*(pit1 + pi—1) — 2chpjt1

—3ahpi—1 Bpih
2 2

Gi = h*(ariy1 +Bri+ ari1) — Bwpih®(riyy — ri1)

F,',,/,l =

ah
(1+ 2wh?qgi—1 — wh(pit1 + 3pi-1)) + — Pit1
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fori = 0,1,..., /| —1 and
T(h=0(),z=[z.2,..., 24" T (W) =T Ta ..., T.4]",0=10,0,..., 0"

are related vectors of Eq. (6.1).
Let

satisfies the equation

AZ+B=0 (6.2)
Let e =z — Z;,i = 1(1)/ — 1 be the error so that E = [e1, e, ..., e,,l]T =u-—U.
Subtracting Eq. (6.1) from Eq. (6.2), we obtain the error equation

AE =T (h) (6.3)

Let the sum of the /" row elements of the matrix A be s;. Then

si=h?(agi-1 +Bq +agiy1) forl<i<v-1

h
=5 (—api—1 +Bpi (1 +2wh®qis1 + wh (3pit1 + pi—1)) + 3apit1) + h* (agi—1 + Ba; + agit1)

fori=v

h
Si=3 (=3api—1 — Bpi (1 + 2wh?qi_1 — wh (piy1 + 3pi—1)) + apit1) + h? (agi—1 +Bai + agit1)

fori=v+1

si=h?(aqgi_1 +Bqi +agir1) forv+2<i</—1.

Let C1+ = min<i</|p(ui)l. ¢§ = maxi<i<y |p (ui)], Cor = mini<i<i|q (u;)]

and (5 = maxi<i<s|q (uj)l.

It is verified that A is irreducible and monotone since 0 < € < 1 and € o O (h) with sufficiently small
h. Hence A~! exists and A=! > 0. Therefore, using Eq. (6.3) we have

IEI < [A7Y [T (6.4)
For small h, we have
s> WP 2(a+pB/2)¢»] forl1<i<v-—1
s> P R2(a+B6/2){»] fori=v
s> hP2(a+B/2)¢x] fori=v+1
s> hP2(a+B/2)¢x] forv+2<i<i-1

Let A-; be the (i, k)" element of A~ and we define

/-1

| Al = maxicicio1 ) A
k=1

and
T (Ml = maxi<i<i—1|Ti(h)].
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Since AI_,} >0 and Zﬁ;ll ,_,} sk =1fori=12,3,......, I —1. Hence
v—1 1 1
ATl < — < L i=1,23,...,v-1 6.5
TR T mimckzy-1s k- 2 [2(a+6/2) (2] (6.5)
A<l ! i—vv+1 (6.6)
K Zs, TR R(a+B/2)¢] T '
Furthermore
-1 1 1
ATl < — < L i=v+2, v+3,., -1 6.7
k;& M mingck<p1sc M2 2 (a+B/2) (o] (6.7)
Using Egs. (6.5) — (6.6) and Eq. (6.7), we get
IEll < O(h?). (6.8)

As a result, the proposed exponential spline strategy converges to second order. The convergence

analysis for the right end boundary layer can be examined using the same procedure.

7. Numerical Examples

The effectiveness of the numerical approach can be demonstrated by the following instances.
MAE (maximum absolute error) in the solution is computed using the double mesh principle
El = maxo<i<| ‘Z,»’ — 222,-’}. The order of convergence is also investigated by r’ = log, (E,-//E,-zl). We

exhibit graphs showing the computed solution of the issue for various § values.

Example 11 €z’ +Z'(u—96) —z(u) =0 with z(u)=1, =6 <u<0 and z(1)=0.
Example 2: €z’ + exp(—0.25u) — z(u) =0 with z(u)=1 for —6<u<0,z(1)=1.
Example 3: 2" — Z/(u—6) — z(u) =0 with z(u) =1, =6 <u<0 and z(1)=-1.

Example 4: €z”" — Z/(u—96) 4+ z(u) =0 with z(u)=1for =0 <u<0,z(1)=1.

8. Conclusion

A computational approach for solving the singularly perturbed differential equation with the large
delay is derived using a special type of mesh. A numerical scheme consisting of a fitting parameter is
developed to minimize the error and to control the layer structure in the solution. Four examples are
solved and computational results with large delay are shown in Table 1-4. In the proposed method, we
also analyzed the effect of the large delay on the layer structure or oscillatory behaviour of the solutions
with and without the fitting parameter in the Figures 1-8. The graphs depict the layer behaviour in

the solution of the examples with and without the fitting parameter. The impact of the fitting factor



Int. J. Anal. Appl. (2022), 20:63 13

in controlling the oscillations in the solution is also depicted in the graphs. We have clearly noticed
that the fitting parameter controls the oscillations in the layer for the large delay values. The proposed

method is simple and it works very well with small as well as large delay.

Table 1. The MAEs and the order of convergence in Example 1 for § = 0.03

el N =100 N =200 N =400 N =800 N =1600

27t 1.4419e-04 3.6260e-05 9.0922e¢-06  2.2765e-06 5.6956e-07
1.9915 1.9957 1.9978 1.9989

272 2.7820e-04 7.0357e-05 1.7692e-05  4.4358e-00 1.1106e-06
1.9834 1.9916 1.9958 1.9979

273 5.3252e-04 1.3580e-04 3.4283e-05 8.6123e-00 2.1583e-06
1.9992 1.9859 1.9930 1.9965

27 1.0850e-03 2.7618e-04 6.9566e-05 1.7450e-05  4.3695e-06
1.9740 1.9892 1.9952 1.9977

275 2.6527e-03 6.6814e-04 1.6755e-04  4.1911e-05 1.0479e-05
1.9892 1.9956 1.9992 1.9998

276 7.4932¢-03 1.9264e-03 4.8498e-04 1.2146e-04 3.0379e-05
1.9597 1.9899 1.9974 1.9993

277 1.7702e-02 4.9420e-03 1.2718e-03 3.2029¢e-04 8.0219e-05
1.8407 1.9582 1.9894 1.9974

278 3.1170e-03 1.2306e-03 3.5392e-04  9.1838e-05 2.3178e-05
1.3408 1.7979 1.9463 1.9863

Table 2. The MAEs and the order of convergence in Example 2 for & = 0.03

el N =100 N =200 N =400 N =800 N = 1600

27t 2.2573e-04 7.3086e-05 2.6515e-05 1.0740e-05 4.7393e-06

1.6269 1.4628 1.3038 1.1802

272 4.2612e-04 1.3699e-04 4.9174e-05 1.9718e-05 8.6367e-06
1.6372 1.4781 1.3184 1.1910

273 7.7550e-04 2.4419e-04 8.5262e-05 3.3306e-05 1.4307e-05
1.6671 1.5180 1.3561 1.2191

27 1.4151e-03 4.1821e-04 1.3513e-04  4.8916e-05 1.9780e-05
1.7586 1.6299 1.4660 1.3063

273 2.9428e-03 7.6106e-04 2.0667e-04  6.0787¢-05 1.9899¢-05
1.9511 1.8807 1.7655 1.6111

2°¢ 7.6116e-03 1.8207e-03 3.9430e-04  7.5748e-05 1.5215e-05
2.0637 2.2071 2.3800 23157

277 1.7691e-02 4.7307e-03 1.0985e-03 1.1542e-04 2.3304e-05
1.9029 2.1065 2.3503 2.3082

278 3.0452e-03 1.1738e-03 3.2141e-04 7.4958e-05 1.4643e-05
1.3754 1.8687 2.1003 2.3559
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Table 3. The MAESs and the order of convergence in Example 3 for § = 0.03

el N =100 N =200 N =400 N =800 N =1600
27t 1.3799e-04 3.4901e-05 8.7768e-06 2.2007e-06 5.5099e-07
1.9832 1.9915 1.9957 1.9979
272 2.5428e-04 6.5014e-05 1.6440e-05 4.1336e-06 1.0364e-06
1.9676 1.9835 1.9917 1.9958
273 4.4129¢-04 1.1407e-04 2.9002e-05 7.3122e-06 1.8358¢-06
1.9518 1.9757 1.9878 1.9939
27 6.8107e-04 1.7779e-04 4.5418e-05 1.1478e-05 2.8849e-06
1.9376 1.9688 1.9844 1.9923
273 1.2357e-03 3.1508e-04 7.9465e-05 1.9949e-05  4.9974e-06
1.9715 1.9873 1.9940 1.9971
27 4.3006¢-03 1.1004e-03 2.7687e-04 6.9351e-05  1.7349e-05
1.9665 1.9907 1.9972 1.9991
277 1.4413e-02 3.9925e-03 1.0253e-03 2.5808e-04  6.4629e-05
1.8520 1.9612 1.9902 1.9976
278 3.0843e-03 1.2152e-03 3.4925e-04 9.0609e-05  2.2867e-05
1.3437 1.7989 1.9465 1.9864

Table 4. The MAESs and the order of convergence in Example 4 for § = 0.03

el N =100 N =200 N =400 N =800 N =1600

27t 1.6785e-04 4.1860e-05 1.0451e-05 2.6111e-06 6.5256e-07
2.0035 2.0019 2.0009 2.0005

272 3.4720e-04 8.6528e-05 2.1595e-05 5.3939e-06 1.347%e-06
2.0045 2.0025 2.0013 2.0006

273 6.8995e-04 1.7230e-04 4.3045e-05 1.0757e-05 2.6886e-06
2.0016 2.0010 2.0006 2.0003

27 1.3788e-03 3.4472e-04 8.6138e-05 2.1527e-05 5.3806e-06
1.9999 2.0007 2.0005 2.0003

273 3.5095e-03 8.8050e-04 2.2015e-04  5.5021e-05 1.3752e-05
1.9949 1.9998 2.0004 2.0003

27 1.3569¢e-02 3.4562¢-03 8.6809e-04  2.1726e-04 5.4328e-05
1.9731 1.9933 1.9984 1.9997

277 3.3612e-02 9.6117e-03 2.4894e-03 6.2795e-04 1.5734e-04
1.8061 1.9490 1.9871 1.9968

278 3.2040e-03 1.2716e-03 3.6643e-04  9.5138e-05 2.4014e-05

1.3332 1.7950 1.9454 1.9861
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Figure 1. Layer profile of Example 1 for ¢ = 0.01 without fitting factor.
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Figure 2. Layer profile of Example 1 for e = 0.01 with fitting factor.
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Figure 3. Layer profile of Example 2 for € = 0.01 without fitting factor.
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Figure 4. Layer profile of Example 2 for ¢ = 0.01 with fitting factor.
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Figure 6. Layer profile of Example 3 for ¢ = 0.01 with fitting factor.



Int. J. Anal. Appl. (202

2), 20:63

17

Figure 7. Layer profile of Example 4 for ¢ = 0.01 without fitting factor.
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Figure 8. Layer profile of Example 4 for ¢ = 0.01 with fitting factor.
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