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Abstract. In this paper, we give some applications to integral equations as well as homotopy theory
via Suzuki contractive type common coupled fixed point results in complete Ap-metric space. We also

furnish an example which supports our main result.

1. Introduction

The study of fixed points is aexquisite synthesis of analysis, topology, and geometry. Its numerous
applications in areas such as homotopy theory, integral, integro-differential, and impulsive differen-
tial equations, finding solutions to optimization problems, approximation theory, non-linear analysis,
biomechanics, and algorithms have made it an essential tool.

Suzuki [1] recently established expanded versions of Edelstein’s and Banach's fundamental conclu-
sions, sparking a great deal of research in this area (See [2—6]). The b-metric space was first introduced
by I.LA. Bakhtin [7] in 1989. Numerous generalizations of metric spaces were created as a result of
the development of b-metric space.The n-tuple metric space was first introduced and its topological
features were examined by M.Abbas et al. in 2015 [8]. Ap-metric spaces were first described by M.

Ughade et al. [9] as a generalized version of n-tuple metric space. Then, in partially ordered Ap,-metric
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spaces, N.Mlaiki et al. [19] and K.Ravibabu et al. [11, 12] discovered original coupled common fixed
point theorems.

The idea of coupled fixed point was first suggested in 1987 by Guo and Lakshmikantham [13].
Later, employing a weak contractivity type assumption, Bhaskar and Lakshmikantham [14] derived
a novel fixed point theorem for a mixed monotone mapping on a metric space powered with partial
ordering. See study findings in [15—20] and related sources for additional results on coupled fixed point
outcomes.

In the context of Ap-metric spaces, the purpose of the current research is to establish original
common coupled fixed point theorems for Suzuki contractive type mapping. We can also provide
examples that are appropriate and relevant applications to homotopy and integral equations.

Before we can demonstrate the primary findings, we need certain fundamental definitions, results

and examples from the literature.

2. Preliminaries

Definition 2.1. [9] Let P be a non-empty set and b > 1 be given real number. A mapping
Ap : P" — [0,00) is called an Ap,-metric on P if and only if for all \;,v € P i = 1,2,3,..n; the

following conditions hold :

(Ap1) Ap(A1, Aos v, An_1,An) > 0,
(Ap2) Ap(A1, Aoy oo Aot An) =0 Ay = hp = onne = An_1 = An,
A O, ALy o, (A1, v)
(Ab3) Ab(A1, A2y oo, Ano1, An) < b A A2 A (A2)o-1.v)
TR + Ab r 1 Anes oo, n—t)n1, )
+Ab ooy Ay e n)n_1, )

Then the pair (P, Ap) is called an Ap-metric space.

Remark 2.1. [9] It should be noted that, the class of Ap-metric spaces is effectively larger than
that of A-metric spaces. Indeed each A-metric space is a Ap-metric space with b = 1.However, the
converse is not always true. Also Ap-metric space is an "n-dimensional Sp-metric space. Therefore

the Sp-metric are special cases of an Ap-metric with n = 3.
Following example shows that a Ap-metric on P need not be a A-metric on P.

Example 2.1. [9] Let P = [0, +00), define Ap : P" — [0, +00)
as Ap ()\1, A2y, An—1, >\n) = 27:1 Zi<j |>\,‘ — >\J'|2 forall \; € P,i=1,2,---. Then (P,Ab) is

an Ap-metric space with b=2 > 1.

Definition 2.2. [9] A Ap- metric space (P, Ap) is said to be symmetric if
Ap (A X - (Mn-1.0) = Ap(e.0.- - (@)n-1. A) for all X, ¢ € P.
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Definition 2.3. [9] Let (P, Ap) be a Ap-metric space. Then, for X € P, r > 0 we defined the open

ball Ba,(X, r) and closed ball Ba, [, r] with center X and radius r as follows respectively:

Ba,(\r) ={ecP:Axe.0. . (0)n-1.2) <r},

and

Ba,Mrl={o€P:Ap(0.0 -, (0)n—1.A) <}

Lemma 2.1. [9] In a Ap-metric space, we have

(1) AN A -+, (MN)n—1,0) < bAp(e, 0.+, (@)n-1,N);
(2) AbO A (WN)n=1.0) < b(n—=1)A,(N A, -+, (N)n=1. 0) + b*As(e. 0.+ . (0)n-1.C).

Definition 2.4. [9] If (P, Ap) be a Ap-metric space. A sequence {\¢} in P is said to be:
(1) Ap-Cauchy sequence if, for each € > 0, there exists ng € N such that
Ap(Nk, Ak, coee e (Ak)n—1, Am) < € for each m, k > ng.
(2) Ap-convergent to a point \ € P if, for each € > 0, there exists a positive integer ny such that
Ap( g, A, e e (Mk)n—1,A) < € for all n > ng and we denote by kli_)moo Ak = .
(3) A Ap-metric space (P, Ap) is called complete if every Ap-Cauchy sequence is Ap-convergent
inP.

Lemma 2.2. [9] If (P, Ap) be a Ap-metric space with b > 1 and suppose that {\,} is a Ap-convergent

to X and {(x} is a Ap-convergent to (, then we have

(1)
1 N
A ()1, €)= liminf Ap (e Ay (k) -1, Ck)
< lim sup Ap(Ak, Ak, (M) -1, Ck)
k—00
< PPAAA - (W1, 0).
In particular, if (, = ( Is constant, then
(1)

1 S
?Ab(k,k, :()\)n—GC) S kll—>moolnf Ab(>\kr>\kr"' ’(Ak)ﬂ—lrc)
< lim sup Ap(Ak, Ak, -0 (Mk)n—1.C)

k—00

< BPA A - (W1, €).

Theorem 2.1. [I] Let (P;d) be a complete metric space, let T : P — P be a mapping and define a

non increasing function
1, 0<t< ¥l

0:[0;1) > (01 byo(t) =4 Q-2 El<r< L
-1 1
(1+1t)7 4, \—@<t§1
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Assume that there exists t € [0; 1) such that
6(t)d(p, Tp) < d(p; ) implies d(Tp; Te) < td(p; 0)

for all p, o € P. Then there exists a unique fixed point a of T.

Moreover, lim T"p = a for all p € P.
n—oo
In order to obtain our results we need to consider the followings.

3. Main Results

Definition 3.1. Let (P, Ap) be a Ap-metric spaces and suppose F : P> — P be a mapping. If

F(p,0) =p, F(0,p) =0 for p,o € P then (p, o) is called a coupled fixed point of F.

Definition 3.2. Let (P, A,) be a Ap-metric spaces and suppose F : P2 — P and f : P — P be two
mappings. An element (p, o) is said to be a coupled coincident point of F and f if F(p,0) = fp,

F(o.p) = fo.

Definition 3.3. Let (P, Ay) be a A,-metric spaces and suppose F : P> — P, f : P — P be two

mappings. An element (p, o) is said to be a coupled common point of F and f if F (p,0) = fp = p,

F(o.p)=fo=o0,

Definition 3.4. Let (P, Ap) be a Ap-metric space. A pair (F,f) is called weakly compatible if

f(F(p,0)) = F(fp, fo) whenever for all p, o € P such that
Fp.o)="p, F(ep)=rfe

Theorem 3.1. Let (P, Ay) be a A,-metric space. Suppose that T : P2 — P and f : P — P be a

two mappings satisfying the following:
Ap (FXN X -+ (FX) =1

n(O)As (FX, FA, - (FA)n_1, T(A, €)) < max Ap (FCFC - (FOn—1

fp),
. fo)

implies

Ap (FX X - (FA)n-1, T(X. Q)
Ap (FCFC - (FOn-1. T(C ),

Ap (FX, F, -
Ap (FC (-
Ap (FX, FX, -
Ap (FC FC -
Ap(fp, fp, -+
Ap(fo.fo. -
Ap(fo. fp, -+
Ap(fo,fo, -

Ap (TOLO, TN, - (TN O))ne1, T(p, 0)) < 6 max

T (f>\)n71, fp) '
T (fC)nflfQ) .

L (FN)n-1, TN Q)
(FOn-1. T(CN)),
(Fo)n-1,T(p. 0)),
(fo)n-1.T (0, 0)).
L(Fo)n-1, TN Q)),

(Fe)n-1T (¢, A))

(3.1)
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For all \,{,p,0 € P, where 9 € [0,1) andn : [0,1) — (0, 1] defined as n(6) = mis a strictly
decreasing function,

a) T(P?) C f(P) and f(P) is complete,

b) pair (T, f) is w-compatible.

Then there is a unique common coupled fixed point of T and f in P.
Proof. Let Ao, (o € P be arbitrary, and from (a), we construct the sequences {\,},{(p}, in P as
T Cp) = FfApr1, T ((poNp) =FCps1, where p=10,1,2,....
Case (i): Assume that
fAp # fApg1 or FCp # FCpr1V p. (3.2)
Since

n(@)As (FXo, fro, -+ . T(Xo.C0)) = m(O)As(FXo, fro, -+, FA1)
< Ap(fxo, fha, -+ FA1)
Ap (fXo, fo, -+, A1),

Ap (flo, o -+ 1),
Ap (fXa, o, ---, T(Xa. C0)).,

Ap (flo. flo. -+, T(Co. Aa))

A
3
o

Then from (3.1), we can get

Ap(FA1, fA1 - FA2) = Ap(T(Ro, Co). T(Ro.Co) -+ T(A1, (1))
Ap (Fro. Ao, -+ FA1), Ap (Flo. FCo. -+, 1),
Ab (fho, fAo, -+, T(Xo, C0))  Ab (FCo, FCo. -+ T(Co, M),
Ap (FA1, AL+ T(A1,C)) A (FCL PG+ T (G M)
Ap (FA1, FA1, -+, T(Xo,C0))  Ap (FCa, FCr -+ T(Cou Ao))

emax{ Ap (Fha, FAo, -+ FA1), Ap (FCo, FCo, -+ FC1) s }
Ap (FX1, XL - X)) Ap (FC G-+ F(2)

< O max

IN

(3.3)

Similarly, we can prove that

Ap (fXo, fho, -+, fA1),
Ap (fCo, fCo, -+, (1),

Ap (FA1, fA, -+ X)),
Ap (FC1, fCr,-o- ()

Ap(fli, -+, () < Omax

(3.4)
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Due to (3.3) — (3.4), we conclude that

Ap(fXo, fo, -+, fA1),
ax{ Ap(fA1, fAL, -+, FA2), } < Bmax Ap (flo. fCo, -+, FC1),
Ap(fl1, fC, - F(2) B Ap (FA1, FA1, -+ F2),
Ap (FC1, fC1, -+, F(2)
(3.5)

Ap (Fro, Fro, -+ FA1), } Ap (FA1, FAL -+, FA2),
If max < max )
Ap (flo, fCo, -+, (1) Ap (FCr, ¢, ()
Then from (3.5), we have fA; = fXp or f{; = f(s. It is contradiction to (3.2).

Hence from (3.5), we have

Ap (FA1, fA1, -+, fX2), Ap(FXo, fho, -+ FA1),
ax < 6 max )

Ap (FC1 ¢+ () Ap (flo, o, -+ (1)
Continuing in this way, we get

Ap (FXp, FAp, oo+ A ,
max{ b (FAp, FAp p+1) }

Ab f)\of ,f)\of R ,f)\o ,
Gnax{ ( ! ! ) }
Ab(’CpJva’" v’Cp+1)

Ab (pr—ly pr—ly Tt pr)

2 max{ Ap (FAp—2, FAp—2, -+ FAp_1), }
Ap (flp—2,fCp2, -+, F(p1)

IN

. Bpmax{ Ap (Fho, Fro, -+, FA1), }
Ap (fCo, FCo, -+ FC1)

Ab (Fro, Fro, -+ FAL)
ThusAb(pr,f)\p,--',f)\p+1)§9pmax{ b (Fo. o ) }

Ap (fCo, o, -+, (1)

and
Ap (FXo, Fro, -+ FA1),
b ( Cpr FCp, ' Cerl)é max{ Ap (fCo, o, -+, (1) }

Now for g > p, by use of (Ap3), we have

Ap (FXp, FApy o (FAp)n—1, FAp41)
+AL(FX,, FAp, e, fA,)n—1, A
Ap (FAp, FAp -+ (FAD)n—1. FAq) < b b (FAp. Ay (FAp)n-1. FAp1)
TR Y 2 0 (FrAp)net, FAps1)
+Ab (f}\q, f}\q, ......... (f)\q)nfl, f)\er]_)
S b(n - 1)Ab (f)\p, f>\p, ......... (f)\p)nfl, f>\p+1)

H+bAp (FAg, FAGr v, (FAG)n—1, FAps1)
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< b(n—1)As (Frp, FAps oo (FAp)nt, FAps1)
+bAp (FAps1, FAps, oo, (FAp+1)n-1. FAg)

b(1 — 1)As (FAp, FAps oo (FAp)net, Frpin)
+b53(n— ) Ap (Frps1, FAps1, oo, (FApr1)n—1, FAp12)
+b*Ap (FA\pr2, FApt2, oo, (FAps2)n—1. Aq)

IN

< b(n—1)Ap (FAp, FApy e, (FAp)n—1, FAps1)
+b>(n = DA (FAps1, FAps1, v, (FAp+1)n-1. FApt2)
+b°(n — 1) Ap (FAp12, FApt2, oo, (FAp+2)n—1, FAp+3)
+b7(n = 1)Ap (FApy3, FAps3, oo, (FAp+3)n-1, FApta)
o+ DT — )AL (FCg2, Flg2, oo, (f¢g—2)n-1, FAg-1)
+b2T2P AL (FAg=1, FAG=1, o, (FAg—1)n-1. FAq)

< (n—1) (b6° + B36PHY 4+ bOGPH2 4 4 p2A-20-29a-2) max{ Ap (fAo, fho, -+ FA1), }

Ap (flo, o, -+, (1)

+p2a—2p—3ga-1 max{ Ap (fro, fXo, -+ FA1), }
Ap (flo, o, -+, (1)

Ap (flo, o, -+, (1)

+b%a72P=39aP 1 max{ Ap (FXo, fAo, -+ FA1), Ap (FCo, FCo, -+ F(1) }

Ab (Fro, Fro, -+ FA1), }
Ap (o, flo, -+, (1)

Ap(Fro, FAo, -+ FA1),
< (n—1)b9p(1+b29+b492+...+b2q_2p_49"_p_2)max{ (0. 20 1) }

IN

(n—1)b0P (14 b0 + b*6* + b°0% + ...) max {

(n—l)b@p Ab(fko,f)\o,-" ,f)\l),

< —F—max — 0 as p,qg — .
1— b6 { Ap (fCo, FCo, -+, (1) }

Hence {f\,} is a Cauchy sequence in f(P) . Similarly we can show that {f{,}, is Cauchy sequence
in f(P). Since f(P) is complete, there exist a, 8 and a, b in P such that
im fA\,=a=Ffa lim fC,=B=fb
p—o0 p—o0

Since fAp, = o, f(, — B, we may assume that fA, # o, f(, # B for infinitely many p. We claim
that

Ap (FXN X, -, TN Q)),

{ Ap(fa,fa,-— TN Q).
max
Ap (FC FC - T(CN))

Ap(fa,fa,--- , fX), Ay (fb,fb,--- f(),
< 6O max
Ap(fb,fb,---,T((, M), }
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forall A, € P with fa# f\, fb# f(.

Let A\, € Pwith faf\ fb ;é f{. Then there exists a positive integer pg such that for p > pg, we
have A, (fa,fa, -+, fXp) < 2b2(n 1)Ab(fa fa,---,fX),

Ap(fb, b, f(,) < 2b2( Ab(fb fb,---, ().

Now for p > pg,

n(0)Ap (FXp, FAp, - (FAp)n—1, T(p. )

< A (f>\p' f>‘pr T (f>\p)n—lv T(Ap' Cp))
= Ap(FAp. FAp,+ (FAp)n—1, FApt1)
< b(n—1)Ap (FAp, FAp, - (FAp)n_1, Fa)
+b?Ap (fa, fa, -+, (fa)n_1, FAps1)
< b(n—1)Ap(fa, fa--- (fa)o-1,Ap)
+b%Ap (fa, fa, -, (fa)n_1, FAps1)
< bP(n—=1)Ap(fa, fa-- (fa)o-1,Ap)
+b*(n—1)Ap (fa, fa, - (fa)p-1, FApt1)
< %Ab (fa,fa---,(fa)p—1,fN)
+%Ab(fa, fa,---,(fa)a_1,fA)
< Ap(fa,fa---,(fa)p—1,fN)
< A (FAFA -+ FAp)
<

max{ Ap (FXFX -+ FAp) Ap (FC FC, -+ FCL), }
Ab (D\pr D‘pv Tt T(Ap' Cp)) . Ab (pr, pr, T T(va Ap)) .

From (3.1), we have

Ab (T(>\p, Cp)v T(Apr Cp): o, TN Q)
Ab (FAp, TXp, TA) Ap (FCp, FCp, FC),
Ab (FXp T, FApt1) , Ab (FCp, FCp, FCpt1)
Ap (FAEXN - TN Q) Ap (FCFC -, T(CA)),
Ap (FXN N, - Fpy1)  Ap (FC G-+ Fpr)

< @ max

Letting p — oo, we get

Ap(fa fa,--- , fX),Ap(fb,fb,---, f(),
Ab(favfa,..-,T(A,C))gemax{ »(fa. fa ) As <) }

Ap (FA X TN Q) Ap (FCFC -+ T(C )
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Similarly we can show that

Ab(fb,fb,m,T(q,A))gemax{ Ap(Fb, b, -+ FC),Ap(Ffa fa, -+ FA), }
Ap (FAEX - TN Q) Ap (FC ¢ T(CA))
Thus

A (Fa f T(x Ap(fa,fa,--- .fAN),Ap(fb, fb,---, f(),
max{ p(fa fa, -, (,C)):} < fmax A (FAFA - T(MC)),

Ap (b, fb, -+, T(C,N), Ap (FCFC -+ T(CN)

Hence the claim. Now consider

Ap(FA X, T(MC) < (n—1)bAp (FA X, -+, fa) + B2A, (fa, fa, -+, T\, 0))

A

(n—1)bAp(fa, fa,---, f\)
Ap(fa,fa, -+ fA),Ap(fb fb, -+ (), }

+b29max{
Ap (FX X TN Q) A (FC TG, T(CN)),

Ap(fa,fa,--- X)), Ay (fb, fb,--- (),
b? ((n — 1) + 6) max Ap (FX X, -+ TN Q)
Ap (FCFC -+ T(CA))

IN

Thus
n(0)Ap (FX, FX, - ,T(XVC))ﬁmax{ Ap(fa,fa,---  fN),Ap(fb,fb,---, (), }

Ap (FA X TN Q) Ap (FCFC - T(C )

Hence from (3.1), we have

Ap (T, €), T(X,C),--- . T(a b))
Ap (FXN X, -+ fa), Ap (f(, ¢, -+ fb),
Ap (FAEX - TN Q) Ap (FCFC -, TG A)),
Ap(fa,fa,---,T(a b)), A, (fb,fb,--- T(b,a)),
Ap(fa,fa,--- ., TN Q),Ap(fb, fb,--- , T((, N)

< @ max

Now
A(fafa,- T(a,b)) = lim Ay(Fhper, Aper,- . T(a,b))
= mem Ab (T(Xp, ¥p) T(Ap, Cp), -+ . T(a, b))

Ap (FXp, fXp, - fa), Ap (F(p, F(p, -+ Fb),
Ap(fa,fa,---,T(a, b)), Ap(fb,fb,--- T(b, a)),

< lim 6 max
proo Ap (f>‘pr pr, T T(>‘pv CP)) . Ab (pr: pr, T T(va >‘p)) )
Ap(fa,fa, -, T(Xp.(p))  Ap (b, b, -+ T((p, Ap)).,
< omax{ Ay(fafa- T(a b)), As(b,fb,- T(b2) }.
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Similarly, we can have

Ap(fb,fb,---,T(b,a)) < Gmax{ Ap(fa,fa,---,T(a b)), Ay (fb,fb,---,T(b,a)) }
Thus

. Ap(fa,fa,---,T(a, b)), < 8 max Ap(fa,fa,---,T(a, b)),
Ap(fb,fb,---,T(b,a)), | Ay (fb, fb,---  T(b,a)) |

So that T(a,b) = faand T(b,a) = fb. Thus (a, b) is a coupled coincidence point of T and f . Since
the pair (T, f) is w-compatible, we have
fa=rf2a=f(T(a b)) =T(fa fb)=T (a,B)
fB=f2b=f(T(ba))=T(fb fa)=T (B, ) (3.6)

Now

n(e)Ab(fa'fo‘"“vT(Ol,,B))—Ogmax{ Ab(fa,fa,---,fa),Ab(fb,fb,...,fﬁ), }

Ap(fa, fa,--- T (., B)), Ay (fB, fB.--- . T (B, a))

Hence from (3.1), we have

Ap(fo, fa, -+, fa) =Ap(T(a,B), T(a,B),---,T(a, b))
Ap(fa, fa, -+, fa), Ay (fB, fB, -+, fb),

g ) As(faan s T(eB)). A (FB. 7B, T(B.0),
< fOmax
Ap(fa,fa,---,T(a, b)), Ay (fb,fb,---,T(b,a)),
Ap(fa,fa,--- ,T(a,B)),Ap(fb,fb,- -, T(B a))
<

Gmax{ Ap(fa, fa, -+, fa), Ay (B, fB,--- , fb) }

Similarly, we have

As(FB, B, -, fb) < emax{ Ay (fa, fa, - Fa), Ay (FB, fB,--- . Fb) }

Thus

Ap(fa, fa, -+, fa),
max{ Ap(fa, fa, -+, fa), A, (fB, B, -, fb), }Semax{ }

Ap (fB. fB, -+, b)

Hence a = fa= faand B8 = fb = f3,. Hence from (3.6), we have (a, 8) is a common coupled fixed
point of T and f. In the following we will show the uniqueness of common coupled fixed point in P.

For this purpose, assume that there is another coupled fixed point (o, 3") of T, f. Now consider,

n(0)A, (fa, fa, - - - :T(a,ﬁ))ZOﬁmax{ Ay (Fa, fa, -+ Fa'), Ap (FB, B, -+, fB'), }

Ap(fa, fo, -+ T (e, B)), Ap (FB, B, -~ . T (B, ))
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by (3.1), we have

Ap(a,a, -, a) = Ap(T(a,8), T(a,B),--- ., T(.B))
< Gmax{ Ap(a,a, -+, '), Ap(B.B,--- .06 }

Similarly, we can show that

(BB, ) < omax{ Ay(c,a ) Ay (BB B |-

Thus

max{ Ay (e, o), Ay (8.6, ) | <Omax{ Ay(c -, o), Ay (BB, .6 |-

Hence a = o/, =6'. Thus (o, ) is the unique common coupled fixed point of T and f.

case(ii): If fAp = fApt1, f{p = f(p41 for some p then

fxp =T (Xp.Cp) FCp =T (Cp, Ap) so that (Xp, {p) is a coupled coincidence point of T and f . Now
proceeding as in case (i) with fA, = a, f(, = B, we can show that (o, 3) is the unique common
coupled fixed point of T and f. [l

Example 3.1. Let P = [0, +00), define Ap : P" — [0, +00)
as Ay (A1, A2y oo, Ane1 An) = S0y SN = N2 for all \ € Pi = 1,2,---. Then (P, Ap) is
an complete Ap-metric space with b = 2.

Let T:P?— P andf: P — P begiven by T(X, () = 2=2£100=2 5pq

f(X) = 24220=6 " Then obviously, T(P?) C f(P) and the pair (T, f) are

w-compatible and clearly for all a, b € P
4
gAb (fa,fa,---,T(a, b)) < Ap(fa fa,---,T(a b))

ax Ap(fa,fa,--- , fX), Ap(fb,fb,--- f(),
Ap(fa,fa,---,T(a, b)), Ap(fb,fb,---,T(b,a)),

Now we have

Ay (T(a b),T(a,b),---, T(X Q)

= (n=1IT(ab)-TM QP
4a—2b+16n—2 4X—2(+16n—2

B ) 2
= (n—1)] 16n 16n )
B 4a—2b—4X+2¢ ,
= (n—1)| 16n |
- (n—1)|6a+32n—6_4>\—2C+16n—2|2

1 1
< (”2 )|fa—T(>\,C)|2:2Ab(fa' fa,--- T(X())
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Ap(fa,fa,--- , fX),Ap(fb,fb,---,f(),
lmax Ap(fa,fa,---,T(a, b)), Ap(fb,fb,---,T(b, a)),
-2 Ap (FAEX - TN Q) Ap (FCFC - T(C ),
Ap(FXN, X, -+, T(a, b)), Ap (FC, FC -+, T(b, a))

Putn=2 and b= 2, since 8 = % < 1.Thus all the conditions of the Theorem 3.1 are satisfied and

(1,1) is unique common coupled fixed point of T and f.

Corollary 3.1. Let (P, Ap) be a complete Ap-metric space. Suppose that
T : P2 — P be a mapping satisfying:

n@)A, (A X, -+ T\, Q) < max{ Ap A1) Ap (66 0), } implies

Ap (N A TN Q) Ap (CC - T(C )

Ap (N A 0) Ap (€ ¢ 0),
AN A TN Ap (€ ¢+ TG A)),
Ab(p,p.- T(p,0), Av(e. 0+, T(e p)),
Ap(p.p,-- . TN Q) Ap (e 0+ T(CN))
for all X\, ¢, ,0 o€ P, where 6 € [0,1) andn: [0,1) — (0, 1] defined as
n(0) = m Is a strictly decreasing function. Then there is a unique coupled fixed point of T
inP.

Ap (T, TNC), -+, T(p, @) < 8max

4. Application to Integral Equations

In this section, we study the existence of an unique solution to an initial value problem, as an

application to Corollary 3.1.
Theorem 4.1. Consider the initial value problem
N(t) =T (N O), tel=[01], (X (0)= (X, <o) (4.1)

where T : | x R — R with fT X ¢)(s))ds :max{ JT(s, (s )dsfthC(s))ds}and

2o, Co € R. Then there exists un/que solution in C (I, R) for the initial value problem (4.1).

Proof. The integral equation corresponding to initial value problem (4.1) is

t
vn—1
A(E) = o+ bz/T(s, (A €)(s))ds.
0
Let P = C(/,R) and Ab ()\1, >\2, ......... >\n71, >\n) = 27:1 Zi<j |>\,‘ — )\J'|2 for all >\,‘ S 77, = 1, 2, sy

define R : P2 — P by

RO O(t) = (n2i01)b2+/7—(s,(>\,C)(5))d5.
0
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Clearly, for all A, { € P, we have

zAb(A’A"":RO\,C))SmaX{ Ap (AN - ,a),Ap (¢, ¢+, b), }

Ap (A A R Q) Ap (GG R(G )

Now

Ap (ROX, Q)(1), RN, O)(t), -+ R(a, b)(1))
= (n=DIRMO(t) = R(a, b)(t)|?

t t
2)\0 2-30

s s 2
N +O/T(s, (A Q(s))ds Ve O/T(s, (a, b)(s))ds|

= %Ik(t) —a(t)]? < %(n —DIA(t) —a(t)P? < %Ab(x, A a)

Ab(>\v>\,"' ,a):Ab(C:Cv"' ,b),
Lo Ap (A A RN Q) A (¢ RIGA))
2 Ap(a,a,---,R(a, b)), Ay(b, b,---,R(b,a)),
Ap(a,a - RN Q) Ap (b, b+ R(CA))

It follows from Corollary 3.1, we conclude that R has a unique fixed point in P. [l

5. Application to Homotopy

In this section, we study the existence of a unique solution to homotopy theory.

Theorem 5.1. Let (P, Ap) be complete Ap-metric space, U and U be an open and closed subset of P
such that U C U. Suppose H : U2 x [0, 1] — P be an operator with following conditions are satisfying,
To) M # HA\, (. k), ¢ # H((, N\ k), for each X\,{ € OU and k € [0, 1] (Here OU is boundary of U in
P);

T1) forall X\, ¢, p, 0 € U and k € [0, 1] such that

Ap (M- p) Ap (€G- o),

n(@)A, (M, -+, HA (k) < max{ Ao O HOWCK)) s An (1o HC N 1)) } implies

AN 0), A (€. ¢ o),
Ay A<+ HON G R)),
Ap(C.C.o H(C A K)),

As ( HOL G R), HOMC K), -+ H(p, 0. %) ) < Bmax Ap (0.0, H(p, 0, K)). . (51)

Ap(e. 0+ H(e p.K)),

Ap(p.0.--  HX C K)),

Ap (0,0,  HIC A K))

where 6 € [0,1) andn : [0,1) — (O, 1] defined as n(6) = mis a strictly decreasing function.
75) AM > 03 A(HON G K), HONLE K), -+ HON C ) < Mk — (|
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for every X\, ¢ € Uand k, ¢ € [0,1].
Then H(.,0) has a coupled fixed point <= H(., 1) has a coupled fixed point.

Proof. Let the set
P:{ k€[0,1]: HX, ¢, k) =X H(( N\ k) = for some \,( €U }

Suppose that H(.,0) has a coupled fixed point in U?, we have that (0,0) € P?. So that P is
non-empty set. Now we show that P is both closed and open in [0, 1] and hence by the connectedness
P = [0,1]. As a result, H(.,1) has a coupled fixed point in U?. First we show that P closed in
[0,1]. To see this, Let {kp},2; € P with kK, = k € [0,1] as p — co. We must show that k € P.
Since kK, € P for p = 0,1,2,3,---, there exists sequences {X,}, {(p} with Apy1 = H(Xp, (p, Kp),

Cor1 = H(Cp Ap. Kp).
Consider

Ao Ap - (Mp)n—1. HOp. oo Kp))
= Ap(HOw-1,Co-1.kp-1), HOp-1, Go1 k1), (HOp-1, Cpmt Kip-1)) a1 Hhp, G Kp))

b(” - 1)Ab ( H(Apfly Cpfly ”“pfl): H(Apflv Cpflv "pfl)v T H(>\p71: Cpflv ’{p) )
+bAp ( HX\p—1, Cp—1, Kp)s HAp—1, Cp—1. Kp), -+, HXp, Cp. Kp) )

b(n = 1A ( A1 Co1,p-1). HO-1.Cp1, Bp1), = o1, Gt p) )
Ab (>\pv >‘pv T >\p+1) . Ab (Cp: va Tt Cp+1) )
+b26 max Ab Mo Ap, - HOp=1, (o1, Kp))
Ap (Cp. Cpo o H(Cp—1, Ap—1. Kp))
Ap (>\pv >\pv T >\p+1) . Ab (Cpr va T vCp+1) '
< b*((n—1) +6) max Ab p Ap o Hp1, Cp—1, Kp)) |
Ap (Cp. Cpo oo H(Cp—1, Ap—1. Kp))

Ab (>\pv >‘pv T v>\p+1) ,Ab (Cp: va T vCerl) )
< bP((n—1)+6)max{ A, (HXp. Cpokp)s Hp, Cpi Kp) - s HNp, Cpy Kpt1))
Ab (H(Cp Ap-kp), H(Cpo Ap-kp), -+ H(Cpy Apy Kpt1))

Ab (>\pv >\pv Tt >‘p+1) :Ab (Cp: va Tt Cp+1) ) }
M|kp — Kpt1l

IN

< b*((n—1)+6) max{

Thus,

nO)Apb(Xp, Ap, s (Ap)n—1, Hp, (p, Kp))
Ap (>\p' >‘p' T >\p+1) . Ab (va Cp: T vCp+1) '
< max g Ap (HOp, Cpo kp) Hp, Cpo kp),o oo s HXp, Cpy Kp1)
Ab (H(Cp Ap-kp), H(Cpo Ap-Kp), -+ H(Cpy Ap, Kpt1))
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from (5.1), we have that

Ab(Hp, Cpr kp)H(Xp, Cpo K)o H A1, Cpt1, Kp1))

( Ab (>\pv >‘pv e v>‘p+1) ,Ab (va va T quH) '
Ab (Nps Ap, o HAp, Cp, Kp))
Ap (Cp Cpo o H(Cpy Ap Kp))

< Omax 9 Ap (M1, Apgt, - HOpr1, Cor1, Kpt1))
Ap (Cpr1, Cpr1 - s H(Cpr1, Apr1, Kpr1)
Ab (Apt1, Apst, o Hp, Cpo Kp))
Ab (Cp+1. Cot1lrmo s H(Cpr Ap K'p))
)
Ap (>\pv >\pr e r)\p+1) Abp (va Cpr T GC+1) )
<

6 max Ab (Np+1, Apt1, - Apt2)

Ap (o1, Cpr1 o 2 Ypr2)

Thus it follows that

Ap(DNp, Ap, -+ A ,
Ap(HXp, Cpo 6p) Hp, Cpu kp)o o+ Hp1, Cpr1s Kpt1)) < Gmax{ b (Ao Ao p+1) }
Ab(CP!CDv“. 1<P+1)

IN

o {Abo\OvAO,"')\l):}
max .
Ap (€. Co, -, ¢1)

Similarly, we can show that

Ap (X0, Ao, -+ A1),
Ab(H(vaApv"ﬁp)vH(vaxpv"ﬁp)v"' vH(<p+1y>\p+1,K«p+1)) < meax{ /:b((gog; Ci; }
Thus

max { Ab(Ho\pv Cp. K'p)r Ho\p: Cp. K'p)r E H(>\p+1, Cpt1, K:p—&-l)), }
Ap(H(Cp, Aps p)s H(Cpo Api K)o+ H(Cpt1, Ap st Kpt1))

Ap (X0, Ao, - A1),
S meax{ 5 (020, < A1)
Ap (€0, Co, -+, C1)
Now for g > p, by use of (Ap3), we have

}.—>oasp—>oo.

Ap (>\p: >\p: Tt >\q) < b(” - 1)Ab (>\pv >\pv e '>‘p+1) + bQAb (>\p+1, >\p+1, T v>‘q)

Letting p — oo, we get

i Ao . 2

IN

p“_)moo b*Ap (HXp: Cpo kp)s HAp, Cpr Kp), s H(Ag—1, Cg—1, Kg—1))

< p“_)moo b2972P3 AL (H(Cq-2, Cq—2, Kg—2), H(Cg—2, Cg—2, Kg—2), -+ » HAg—1, Cg—1, Kg—1))
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Ap (Cg—2.Cq—2," " Ag—1) , Ab ((g—2, Cg—2, -+ Cg—1)
Ab (g2, Cg—2, "+ H((g—2, (g2, Kg—2)) ,
Ab (Cq—2,Cg—2, "+ H((g—2, (g2, Kg—2)) ,
s m, b4720730 max AbNg-1,Ag-1, - HAg-1, Yg-1, Kg-1))
Ap (Cg-1.Cg—1. -  H(Cg=1. Ag—1. Kg-1)) ,
Ap (Ag—1, Ag—1, -+, H((g—2, (g2, Kg—2)) ,
Ab(Cg-1,Cg—1, "+ H((g-2, (g2, Kg—2))

< lim p2972P73ga—P1 max{ Ap (X0, Aa, - A1), Ap (Co. Cor - (1) } —0as g— oo

p—00

W

Hence {\,} is a Cauchy sequence in A, metric spaces (P, Ap). Similarly we can show that {(,}, is

Cauchy sequence in (P, Ap) and by the completeness of (P, Ap), there exist a, b € P with

pli_)moo Apt1 = a pli_}moo Cpr1=Db (5.2)
Since
Ab(a,a,"' ,Ap),Ab(b,b,"' ,Cp),
A
0y (a2, Hla b ) Smax{ Ao (a,a,--  H(a b,K)) Ao (b, b, -+ . H(b, 2 k) }
we have
Ap(a,a,---,H(a, b, kK))
< pli_)moo Ap (Hp. Cp k), Hp, Cp, K), -+, H(a, b, K))
Ab (Ao Ap, @) Ap (Cpy Cpo oo+ 1 b)),
_ Ap(a,a,--- ,H(a, b k)),Ay(b,b,--- H(b ak)),
< lim 8max
n—o0 Ap(Np Xp, oo v HXp, Cpo K))  Ab (Cpu Cpo oo H(Cp Ap K)),
Ap(aa, - HXp, (p k), Ap (b b, -+ H(Cp, Ap, K))
< emax{ Ap(a a - H(a b k), Ay (b b, H(b, a k) }
Therefore,

T Ap(a,a,---,H(a b, k)), < Bmax Ap(a,a,---,H(a b k)),
Ap(b, b, -, H(b, a, K)) - Ap(b,b,--- H(b a,k)) |

It follows that H(a, b,k) = a, H(b,a,k) = b. Thus k € P. Hence P is closed in [0, 1]. Let kg € P,
then there exist \g, (o € U with \g = H(Xo, (o, Ko),

Co = H(Co, Mo, ko). Since U is open, then there exist r > 0 such that

Ba,(Xo.r) € U. Choose k € (ko — €, ko + €) such that [k — Kko| < ﬁ < 5, then for

A€ Ba, (o r) ={NEP/ANA -, X0) < r+Ap(Xo. Ao, -+, Ao)}. Also

A WA+ Xa) Ap (¢ ¢ o) }

0)Ap (M, A, -+, H( o, Co, <
n(6)As ( (Ro. Co. %)) max{ Ap (X -+ H(X . €0, k) Ap (¢ -+ H(Co, Mo, K))
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Now we have

Ap (HON G R), HONL G KD, -+, Xo)

= A, (H\ ¢ k), HN G K), -+, H(Xg, Co. ko))

< (n=1)bA, (HN ¢ k), HN G K), -+ HOX ¢, Ko))

+b2Ap (HOX, ¢ ko) HON C ko), - -+ H(M, Co. ko))

b(n — 1)M|k — ko| + b>Ap (H(X, ¢, ko), HX ¢ ko), -+ H(Xo, Co, ko))
+ b2 Ap (HX, ¢ ko), HON € ko), - -+ Hv, Co. ko)) -

IN

IA

b(n—1)

Mp—1
Letting p — oo, we obtain
Ap(HOLC ), HOL G K), -+, o)
< b?Ap (H(X, ¢ ko), H(X ¢ ko), -+ H(Xo, Co. o)) -

Ap (N A, Xa)  Ap (€. ¢, Co)s
Ap (A HIN G K)) VAR (CC - HIG A K)),

< b’Omax
Ap (R0, Ao, -+ H(Xo, Co. K)) . Ab (Co. Co. - -+ H(Co, Xo. K))
Ab(>\0,>\0,"‘ ,H(>\,C, K')),Ab(COvCOv"‘ ,H(C.>\,K:))
< b29max{ Ap (A - 00), Ap (¢, ¢, -+, Co) }

Therefore, we have

{ Ap (HONL G ), HOLC KD, 4 Ao) }
aX

2
Ap (H(C A K), HIC A K), -+ Co) = bemaX{Ab(N%, A0) ., Ap (¢, ¢, ,Co)}

b29max{ r+ A (Ao, X0, Aa), }
r+Ap (o Co.- . Co) |

Thus for each fixed k € (ko — €, k0 +€), H(., k) : Ba,(Xo. ) = Ba,(Xo. 1),
H(., k) : Ba,(Co.r) = Ba,(Co, r). Then all conditions of Theorem 5.1 are satisfied. Thus we conclude
that H(., ) has a coupled fixed point in U°. But this must be in U2. Since (7o) holds. Thus, k € P

IN

for any k € (kg — €, kg +€). Hence (kg — €, kg +€) C P. Clearly P is open in [0, 1]. For the reverse

implication, we use the same strategy. [l

6. Conclusion

In this paper we conclude some applications to homotopy theory and integral equations by using
Suzuki contractive type fixed point theorems in the set up of Ap-metric spaces.
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