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Abstract. In this paper, we give the concepts of new types of cubic ideals in [-semigroups. We study
properties and relationships between cubic (a, 8)-ideals and ideals in semigroups. Furthermore, we

proved some basic properties of cubic almost ideals in semigroups.

1. Introduction

The theory for dealing with uncertainty, fuzzy set theory, was discovered by Zadeh in 1965 [18],
mathematical tool for describing the behavior of the systems that are too complex or illdefined to admit
precise mathematical analysis by classical methods and tools. The studies of cubic sets and cubic
subgroups were presented by Jun et al in 2012 [10,11]. Later V. Chinnadurai and K. Bharathivelan [2]
studies cubic ideals in ['-semigroups and proved basic properties of cubic ideals in [-semigroups.

The theory of ideal is structured important in semigroups and many researchers used knowledge
of ideals in -semigroups discussed in fuzzy semigroup such as Chinram et al. [3] discussed almost
quasi-l'-ideal and fuzzy almost quasi-I-ideals in [-semigroup, M. K. R. Marapureddy and PRV S.
R. Doradla [14] discussed weak interior ideals of '-semigroups, S.K. Majumder and M. Mandal [9]
discussed fuzzy generalized bi-ideal in ['-semigroups. In the study of the concept of cubic ideals, many
researchers expanded on this idea [4,6,7,7,8,13,15]. Recently, in 2021 [17] A. Simuen et al. discussed

a novel of ideals and fuzzy ideals of [-semigroups.
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In this paper we extend new fuzzy ideals to cubic ideals of -semigroups and we investigate the

properties of new types cubic ideals. of '-semigroups.

2. Preliminaries

In this section, we review concepts basic definitions and the theorem used to prove all result in the
next section.

A sub-lI'-semigroup of a -semigroup S is a non-empty set I of & such that X' C K. A left
(right) ideal of a '-semigroup S is a non-empty set I of S such that STK C K (KI'S C K). By an
ideal of a -semigroup & it is both a left and a right ideal of S. A quasi-ideal of a '-semigroup S is a
non-empty set K of § such that KITSNSTK C K. A sub-T-semigroup K of a I'-semigroup S is called
a bi-ideal of § if KITSTK C K.

Definition 2.1. [17] Let S be a [-semigroup, K be a non-empty subset of S, for all e € S and
a,Bel. Then K is said to be
(1) a left (right) almost ideal of -semigroup S is a non-empty set K such that (el K)NK # 0
(Kfe)ynkK #£10)
(2) an almost bi-ideal of [-semigroup S is a non-empty set K such that (KI'el'K) N K # 0.
(3) an almost quasi-ideal of I'-semigroup S is a non-empty set K such that (el KNKIe) N K # ().
(4) a left a-ideal of a ['-semigroup S is a non-empty set K such that Sak C K. A right 3-ideal
of a [-semigroup S is a non-empty set KC such that KBS C K.
(5) an (a,B)-ideal of a -semigroup S is a non-empty set K such that it is both a left a-ideal
and a right B-ideal of S.

We see that for any (1, (> € [0, 1], we have
(1 VG =max{¢, 2} and (1A G =min{¢, (G}

A fuzzy set v of a non-empty set T is function from 7 into unit closed interval [0, 1] of real numbers,
e, v: T —[0,1].
For any two fuzzy sets v and v of a non-empty set 7, define >, =, A, and V as follows:
(1) v>vewu(e) >v(e) forallee T,
2Q)v=veuv>vandv >,
(3) (vAv)(e) =min{v(e),v(e)} =v(e)Av(e) forallee T,
(4) (vVvv)(e) =max{v(e),v(e)} =v(e)Vv(e) foralleecT.
For the symbol v < v, we mean v > v.

The following definitions are types of fuzzy subsemigroups on [-semigroups.

Definition 2.2. [17] A fuzzy set v of a [-semigroup S is said to be
(1) a fuzzy subsemigroup of S if u(eyf) > v(e) ANu(f) foralle,f € S andyeT,
(2) a fuzzy left (right) ideal of S if v(eyf) > v(f) (v(eyf) >v(e)) foralle,f € S andy €T,
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(3) a fuzzy ideal of S if it is both a fuzzy left ideal and a fuzzy right ideal of S,
(4) a fuzzy bi-ideal of S if v is a fuzzy subsemigroup of S and v(eyfBh) > v(e) A v(h) for all
e, f,heSandvy,Berl.

Now, we review the concept of interval valued fuzzy sets.

Let CSJO, 1] be the set of all closed subintervals of [0, 1], i.e.,
CS[0,1] = {0 = [wr w] | 0 < wj < wy < 1},

where wy is a lower interval value of @ and wy, is an upper interval value of @.
We note that [w, w] = {w} for all w € [0, 1]. For w = 0 or 1, we shall denote [0, 0] by 0 and [1, 1]
by 1.
For @ := [wy, wy] and ¢ := [¢), ¢,] in €S0, 1], the operations “<", “=", “A", “Y" are defined as
follows:
(1) @ =< {if and only if wy < ¢ and w, < ¢,
(2) @ = if and only if wy = ¢; and w, = ¢,
(3) @A C=[(wAE) (wy A Cu)]
(4) @Y &= [(w V) (W V)l

If & > ¢, we mean { < @.

&«

&«

Definition 2.3. [19] An interval valued fuzzy set (shortly, IVF set) of a non-empty set T is a function
w:T — CS[0,1].

Next, we shall give definitions of various types of IVF subsemigroups.

Definition 2.4. [1] An IVF set & of a -semigroup S Is said to be an IVF subsemigroup of S if
w(eaf) Zw(e) Aw(f) foralle,f €S anda eT.

Definition 2.5. [1] An IVF set @ of a semigroup S is said to be an IVF left (right) ideal of S if
w(eaf) Z w(e) (w(eaf) z w(e)) foralle,f € S and € T.

An IVF subset @ of S is called an IVF ideal of S if it is both an IVF left ideal and an IVF right ideal
of §S.

Definition 2.6. [1] Let K be a subset of a non-empty set T. An interval valued characteristic function
(shortly, IVCF) xx of T is defined to be a function Xx : T — CS[0, 1] by

X

if ek,
if e¢K

Xk (e) =

(@7

foralle € T.

For two IVF subsets @& and ¢ of a non-empty set 7, define

(1) wC e wle)=xl(e) foralleeT,
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2)w=¢(=wC{and{C o,
(3) (wnd)(e)=w(e) Al(e) forallecT.
4) (wud)(e)=w(e)yl(e) forallecT.

Definition 2.7. [10] A cubic set (CB set) € of a non-empty set T is a structure of the form
¢={(ew(e)v(r))|eeT}
and denoted by € = (@, v) where & is an IVF set and v is a fuzzy set. In this case, we will use

¢(e) = (w(e), v(e)) = ([wi(e), wu(e)], u(e))

foralle € T.

Definition 2.8. [11] Let T be a semigroup and K be a non-empty set of T, the characteristic CB
set of K in T is defined to be the structure > = {(e, x.(e), vur.(e)) : e € T} which is briefly

denoted by > = (Wx,., Ua,) Where

5 1, if eek,
w)x;c(e) = o
0, if e¢K

and

0, If ecek,
Un(€) =
1, if e¢K.

Definition 2.9. [2] A CB set € = (W, v) of a [-semigroup S is called

(1) a CB subsemigroup of S if w(eaf) 7 w(e) Aw(f) and v(eaf) <wv(e)Vu(f) foralle,f €S
anda eTl.
(2) a CB left(right)ideal of S if w(eaf) Z w(f) (weaf) = w(e)) and v(eaf) < vu(f)(v(eaf) <
v(e)) foralle,f € Sanda €.
A CB ideal of S if it is both a CB left ideal and a CB right ideal of S.

For e € T, define Fe ={(y,2) € T X T | e=yz}.

Definition 2.10. [11] Let € = (@, v) and ® = ({,v) be two CB set in a semigroup S. Then the CB

product of € and ® s a structure
eE® = {{e, (@) (e, (v-v)(e)) : e € S}

which is briefly denoted by € 1 ® = ((wO(), (v - v)) where wO¢ and v - v are defined as follows,

respectively:

(@08 (e) = {rsup(yz)eFe{(D(Y) L2} ,:f F. 0,
O’ if Fe = @,
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and
(v-v)(e) = inf, nerAv(Y) Vi(2)} if Fe#0,
; if Fe:Q).

Definition 2.11. [11] For two CB st € = (@0, v) and © = (g, T) in a semigroup S, we define
CCODSwIP and v>T1

Definition 2.12. [11] Let € = (@,v) and © = (p, T) be two CB set in a semigroup S. Then the
intersection of € and ® denoted by €MD is the CB set

e = (@ndé vVvy)

where (€M1 D)(e) = w(e) A p(e) and (vV T)(e) =v(e)V T(e) forall e € S. And union of € and ©
denoted by €UD is the CB set
CUD =(WUP,vAT)

where (@ U p)(e) = @(e) Y p(e) and (v A T)(e) =v(e) AT(e) foralle e S.

3. New Types of Cubic Ideals

In this section, we define cubic fuzzy (o, B)-ideal and study basic properties of it.

Definition 3.1. Let € = (@0, v) be a CB set of a -semigroup S and o, € . Then € = (@, v) is
called

(1) a CB left a-ideal of S if w(eaf) 7 w(f) and v(eaf) < vu(f) foralle, f € S.

(2) a CB right B-ideal of S if w(eBf) 7 w(e) and v(eBf) < wu(f) forall e, f € S.
(3) a CB (o, B)-ideal of S if it is both a CB left a-ideal and a CB right B-ideal of S.
(4) a CB a-ideal of S ifitis a CB (o, a)-ideal of S.

Theorem 3.1. Let K be a nonempty subset of ' -semigroup S. Then K is a left a-ideal (right B-ideal,
(a,B)-ideal) of S if and only if > = (Wx,, Ur.) IS @ CB left a-ideal (right B-ideal, (o, 3)-ideal) of S.

Proof. Suppose that K is a left a-ideal of S and e, f € S.

If f € K, then eaf € K. Thus @z (f) = @y, (eaf) =1 and
Une (F) = Ua(eaf) = 0. Hence wy,(eaf) I @, (f) and vy, (eaf) < ux(f).

If f ¢ K, then eaf € K. Thus @z (f) =0, @y, (eaf) =1 and
Une(F) = 1, up (eaf) = 0. Hence, @y, (eaf) 2 @x(f) and vy (eaf) < vy, (f).

Therefore > = (Wx, Un) is @ CB left a-ideal of S.

Conversely, assume that >x = (Wx,, Ua,.) is a CB left a-ideal of S and e, f € S with f € K. Then
Wxe () = 1 and vy (f) = 0. By assumption, @y (eaf) = wWx(f) and vy, (eaf) < ux(f). Thus,
eaf € K. Hence, K is a left a-ideal of S. O
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Theorem 3.2. The intersection and union of any two CB left a-ideals (right B-ideals, (o, B)-ideals)
of a [-semigroup S is a CB left a-ideal (right B-ideal, (o, B)-ideal) of S.

Proof. Let € = (@, v) and ©® = (p, T) be CB left a-ideals of S and
let e, f € S. Then

(@1 p)(eaf) = w(eaf) . pleaf) X w(f) 4 A(F) = (@M1)(F)

and
(vnT)(eaf) =v(eaf) vV T(eaf) <uvu(v)VT(f)= (vnT)(f).
Similarly,
(@ U p)(eaf) = w(eaf) ¥ pleaf) Z w(f) ¥ p(f) = (@M p)(f)
and
(vuT)(eaf) =v(eaf) ANT(eaf) <u(v) AT(f) = (vUT)(f).
Thus, €M1 and €D are CB left a-ideals of S. O

Theorem 3.3. Let € = (W, v) be a CB set of a '-semigroup S and € y = (Wi, vm) be CB point
with Oy = {f € S | Ws(f) Z N} and vy = {f € S | un(f) < m}. Then € = (®,v) is a CB left
a-ideal (right B-ideal, (a,B)-ideal) of S if and only if € = (@, v) is a nonempty set and €5 ) is a
left a-ideal (right B-ideal, (a, B)-ideal) of S for all (11, m) € (0,1] x [0, 1).

Proof. Suppose that € = (@, v) is a CB left a-ideal of S and a € I'. Then @(eaf) = @(f) and
v(eaf) < vu(f) forall e, f € S. Let (i1, m) € (0,1] x [0,1) be such that €,y # 0. Let £ € €5 m)
and f € S. Then &(f) = 1 and v(f) < m. Thus @(eaf) = &(f) = i and v(eaf) < v(f) < m so
eaf € €5 my. Hence, &g my = (Wi, Um) is a left a-ideal of S.

Conversely, assume that € m) = (Wi, Um) is a left a-ideal of S if (4, m) € (0,1] x [0,1) and
Conm # 0. Let e, f €S and i = w(f), m=v(f). By assumption @(f) 2 i and v(f) < m. Then
f € €my. Thus €y # 0. Hence, €5 ) is a left a-ideal of S. Since f € €5y and e € S, we
have eaf € &5 my. Thus, w(eaf) > i = &(f) and v(eaf) < m = v(f). Hence, € = (W, v) is a CB
left a-ideal of S. O

Next, we will define the (e, B)-product.
For CB € = (@0, v) and © = (g, 7), define product @ oy g and v o, T as follows: For e € S

(wap)(e) = {I’Sup(y,z)EFea {O(y) o P(2)} if Feq #0,

if  Fe, =0,

and

1, if Fe, =0.
where Fe, ={(y,z) e SxS|e=yz}, foreecSandaerl.

(v-aT)(e) = {mf(yl)EFe{U(y) VaT(2)} if Feq #0,
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Next, we define CB (a, B)-bi-ideal and study basic properties of it.

Definition 3.2. Let € = (@, v) be a CB set of a [-semigroup S and o, € I'. Then € = (@, v) Is
called a CB (a, B)-bi-ideal of S if @ 0q txg 0p (0 27 0 and v 04 Upg 08 U < U Where >g5 = (Wxg, Ung)

is CB set mapping every element of S to (1,0).

Theorem 3.4. Let K be a nonempty subset of I-semigroup S. Then K is an (o, B)-bi-ideal of S if

and only if characteristic function > = (Wx., Ux.) Is @ CB (c, B)-bi-ideal of S.

Proof. Suppose that K is an (a, 8)-bi-ideal of S and KaSBK C K.
If e € KaSBK, then wy,.(€) = (Wx, °a Wrg o Wa)(e) =1 and
Une(€) = (Ung 9a Ung 9 Unc)(€) = 0.
Hence, (W, 0a Wrgs 08 Wae)(€) Z Wac(€) and (Une 0a Ung 08 Une) < Un,(€)
If e € KaSBK, then wy,.(€) = (Wx, °a Wrg o Wa.)(e) = 0 and
Un(€) = (Un, 0a Ung 08 Un)(e) = 1.
Hence, (x. 0a s 98 W )(€) Z Wac(e) and (Ung 0a Ung 08 Une) < Unc(e).
Therefore, > = (Wx,, Une) is a CB (a, B)-bi-ideal of S.
Conversely, assume that >k = (@x,, Ux.) is a CB (a, B)-bi-ideal of S. and
e € KaSBK. Then (@ oq Wx o @)(e) =1 and (v oy >s 0 v)(e) = 0.
By assumption, (@x, 0 Wxg 08 Wa,)(€) T Wac(€) and (Une 0a Ung 08 Une) < Unc(€).
Thus, e € K. Hence, K is an (o, B)-bi-ideal of S. O

Theorem 3.5. The intersection of any two CB (o, B)-bi-ideals of a I'-semigroup S is a CB (a, B)-bi-
ideal of S.

Proof. Let € = (@, v) and © = (f, T) be CB (o, B)-bi-ideals of S and e € S. Then
(0 T15) 0q tixs 0 (WTT5))(e) Z (@ 00 Wirs 0 W)(€) A (B oo Wrs op p)(€) Z (W H)(e)
and
((vNT) 0 Uxs o5 (VN T))(e) < (Voa Uns 0 U)(U) V (T 0a Urs 0p T) (1) < (v N T)(e).
Thus, €MD is a CB a-bi-ideals of S. 0
Next, we define CB (a, 8)-quasi-ideal and study basic properties of it.

Definition 3.3. Let € = (W, v) be a CB set of a [-semigroup S and o, € I'. Then € = (W, v) is

called a CB (a, B)-quasi-ideal of S if g 0q WM W og Wy T W and Uxg 0q VUV 0g Ung > V.

Theorem 3.6. /f € = (W,v) and © = (p,m) is a CB left a-ideal and a CB right a-ideal of S
respectively, then €MD is a CB a-quasi-ideal of S.
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Proof. Let € = (@, v) and © = (g, m) is a CB left a-ideal and a CB right a-ideal of S respectively.
Then pog @ 3 Wag 06 @ = and Jog @ 3 Pog Wag 3 F. Thus, fog @ = wNp. So,

Whg Oa (@np)r(wnpg) O Wxg £ Wxg Oa (@ p) Oq Wixg Jwnpg.
Thus, @M gis a CB a-quasi-ideal of S. Similarly, we can show that vNnis a CS a-quasi-ideal of S.

Hence, €MD is a CB a-quasi-ideal of S. O

Theorem 3.7. Every CB (a, B)-quasi-ideal of [-semigroup S is intersection of a CB left a-ideal and
a CB right B-ideal of S.

Proof. Let € = (@, v) be a CB (e, B)-quasi-ideal of S.
Consider g = @ U (g 0o @) and T = v U (Upg 0 V) Where ® = (§,T), @ = & U (@ og W»,) and

v =vU(voguxrg) where & = (27, v). Then

(Ib\s o P = wks Oa (LU U (dl)\s Oa v)) = (CUAS Oa (D) U (('U)\g Oq ((ZJ)\S Oa CU))
= (WAS 0q W) U ((>s 0 wxs) Oq ) = (‘Z))\s 0q W) U (=5 04 )
= LUL]((IJAS Oq W) = P.
And
WogWyg = (ajl_l((Z) oB (I))\S)) Oq Wrg = ((Ij Oq uvb\s)l_l(uvj 08 Wi O ajxs)

= (Woq txg) U og (Wxg 0a Wrs) = (W 0q Wxg) U (60 og W)
S WU (Wopgwy,) = 0.

Simlarly, we can show that vy, o T > T and v og vy, > v.

Thus © = (g, 7) and R = (w9, v) is a CB left a-ideal and a CB right B-ideal of S. Now,

W E (0 U (Wxg 00 @) M (0 U (Wop wWxs)) =pMw

ﬁﬂ’w:((I}U((Z})\SOQ(I}))H((ZJU((I}OL.;(I}AS)):wﬁ((z‘goaw)u((z}oﬁdjxs))jd}l_lw:a)_
Hence, @ = M o. Simlarly, we can show that v =7 Nv. [l

Theorem 3.8. Let K be a nonempty subset of [-semigroup S. Then K is a (a, B)-quasi-ideal of S if

and only if characteristic function > = (Wx,, Ux,) is a CB (a, B)-quasi-ideal of S.

Proof. Suppose that K is a (o, 8)-quasi-ideal of S and e € S.
If f € (Sak) N (KBS), then e € K. Thus Wx(e) =1 and vy (e) = 0.
Hence ((Wx, 0 Wrgs) A (Wxg 08 W ))(F) 23 Wap(u) and
((Uag ©a Uag) V (Ung 95 Ua)) (1) = un(F).
If f ¢ (Sak) N (KBS), then e € K. Thus @x,.(e) =0 and vy (e) = 1.
Hence, @y, ))(f) T @ac(u) and ((Une 0a Ung) V (Ung 98 Une)) (1) > Ua,(F).
Therefore > = (Wx., Une) is a CB (a, B)-quasi-ideal of S.
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Conversely, assume that >k = (Wx,, Ua,) is a CB (a, B)-quasi-ideal of S and
f e (Sak) N (KBS). Then ((Wxe 0a Wrg) A (@xg o @) (F) =1 and
((Uag ©a Urg) V (Unrg 08 Ux,))(f) = 0. By assumption,
((Oxg 0a Wrg) A (g 08 Wxe))(F) D Wxac(f) and ((Ung 0a Ung) V (Ung 08 Une))(F) = Un(f) Thus
e € K. Hence, K is a (a, 8)-quasi-ideal of S. O

4. New Types of Cubic Almost Ideals

Definition 4.1. Let € = (@, v) be a CB set of a '-semigroup S and o, 3 € I is said to be

(1) a CB almost left a-ideal of S if (@, 0 ) M # 0 and (U 0q v) UV # 1.

(2) a CB almost right B-ideal of S if (& o @,) M@ # 0 and (v og Um) Uv # 1.

(3) a CB almost (o, B)-ideal of S if it is both a CB almost left a-ideal and a CB almost right
B-ideal of S.

Theorem 4.1. /€ = (W, v) is a CB almost left a-ideal (right B-ideal, (o, B)-ideal) of a I-semigroup
Sand® = (p, T) isa CB set of S such that € C D, then ® = (p, T) is a CB left almost a-ideal (right
G-ideal, (ct, B)-ideal) of S.

Proof. Suppose that € = (@, v) is a CB almost left a-ideal of S and © = (g, 7) is a CB set of S such
that € C ®. Then (@0, 06 @) M@ # 0 and (v, 06 V) UV # 1. Thus (0,06 @) M@ 3 (Bn0a d) NP #0
and (Um oq V) Uv > (T o T)UT # 0. Hence, © = (g, 7) is a CB left almost a-ideal of S. 0

Theorem 4.2. Let K be a nonempty subset of [ -semigroup S. Then K is an almost left a-ideal (right
B-ideal, (o, B)-ideal) of S if and only if characteristic function > = (Wx., Ux,) Is @ CB almost left
a-ideal (right B-ideal, (o, B)-ideal) of S.

Proof. Suppose that K is an almost left a-ideal of S. Then eaK N K # @ for all e € S. Thus there
exists r € eak and r € K. So (@y 0q Wx)(r) = W (r) =1 and

(Um 0a Uag ) (r) = Ua(r) = 0. Hence, (0 0q a) Mdae # 0 and (Um 0q Uy ) UUa, # 1. Therefore,
>k = (Wxe, Une) is @ CB almost left a-ideal of S.

Conversely, assume that >x = (@Wx,,Ux,) is a CB almost left a-ideal of S and e € S. Then
(Wn 0a Wag) MW # 0 and (Um 0q Un,) UUa, # 1. Thus there exists r € S such that (W 0q Wa) A
Wxe)(r) # 0 and ((Um 0 Uae) V Un)(r) # 1. Hence, r € eak N K implies eakC N K # (). Therefore
K is an almost left a-ideal of S. O

Next, we review definition of supp(€) and we study properties between supp(£€) and CB almost left
a-ideal (right B-ideal, (a, B)-ideal) of '-semigroups.

Let € = (@0, v) be a CB set of a non-empty of S. Then the support of € instead of supp(€) =
{ee S| w(e)#0andu(e) # 0}.
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Theorem 4.3. Let € = (@, v) be a CB set of a non-empty of a [-semigroup S. Then € = (W, v) is a
CB almost left a-ideal (right B-ideal, (e, B)-ideal) of S if and only if supp(€) is an almost left a-ideal
(right B-ideal, (o, B)-ideal) of S.

Proof. Let € = (@, v) be a CB almost left a-ideal of S and e € S§. Then

(Wn 0o W) M@ # 0and (Up 0q Ua,) U s, # 1. Thus there exists r € S such that ((y oq W) A
Wxe)(r) # 0 and ((Um 0a Uae) V Un)(r) # 1. So there exists k € S such that r = uak, w(r) # 0,
u(r) # 0 and w(k) # 0, v(k) # 0. It implies that r, k € supp(€). Thus, (@, ou W gypn(er ) () 7# 0,
(Um ©a Ungppe) (1) # 1 and @, e 7 0, v ) Mo # 0 and

(Um 0 stupp(c)) U Ux (e # 1. Therefore, supp(€) is a CB almost left a-ideal of S. This show that

) # 1. Hence, (0 0q Wx

supp(€ supp(€ supp(&)

supp(€) is an almost left a-ideal of S.
Conversely, let supp(€) be an almost left a-ideal of S. Then by Theorem 4.2, > n¢) is a CB
#1. So

almost left a-ideal of S. Thus (W o wxsuppm) M@y # 0 and (Um on stuppm) Uy

supp(<) supp(€)

there exists r € § such that

(W00 D) A () 0 30 (010U )V Uy (F) 1
It implies that ((@Wy 0a Wx,,ye)) (1) 7# 0, (Um 0a Uaype ))(r) # 1 and
Doy (1) 7 0, Uy (r) # 1. Thus there exists k € S such that r = uak, @a(r) # 0, un(r) # 0
and @, (k) # 0, um(k) # 0. Hence, (0, 0 @) M@ # 0 and (v, o v) Uv # 1. Therefore, € = (w0, v)
be a CB almost left a-ideal of S.

O

Definition 4.2. An almost ideal T of a [-semigroup S is called a minimal if for every almost ideal of
J of § such that 7 CZ, we have J = 1.

Definition 4.3. A CB almost left a-ideal (right B-ideal, (a, 3)-ideal) € = (@, v) of a I'-semigroup
S is minimal if for all CB almost left a-ideal (right B-ideal, (a,B)-ideal) ® = (p, T) of S such that
D C ¢, then supp(®) = supp(€).

Theorem 4.4. Let K be a nonempty subset of a [-semigroup S Then K is a minimal almost left
a-ideal (right B-ideal, (a, B)-ideal) if and only if > = (Wx.. Ua,) IS @ minimal CB almost left a-ideal
(right B-ideal, (a, B)-ideal) of S.

Proof. Suppose that K is a minimal almost left a-ideal of §. Then K is an almost left a-ideal of
S. Thus by Theorem 4.2, > = (@x,, Ux,) is a CB left a-ideal of S. Let ® = (p, 7) be a CB left
a-ideal of § such that © T € Then by Theorem 4.3, supp(®) is an almost left a-ideal of S. Thus
supp(®) C supp(=>k) = K. By assumption, supp(®) = K = supp(>x). Thus, > = (0., Ur.) is a
minimal CB almost left a-ideal of S.

Conversely, suppose that >x = (@Wx.,VUx,) is @ minimal CB almost left a-ideal of S. Then by
Theorem 4.2, K is an almost left a-ideal of S. Let J be an almost left a-ideal of S such that
J C K. Then by Theorem 4.2, >7 = (@Wx,,vx,) is a CS left a-ideal of S such that > 7 C >.
Thus, J = supp(>7) = supp(>x) = K. Hence, K is a minimal almost left a-ideal of S. O
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Corollary 4.1. Let S be a [-semigroup Then S has no proper almost left a-ideal (right B-ideal,
(o, B)-ideal) if and only if for any CB almost left a-ideal (right B-ideal, (o, B)-ideal) € = (@, v) of S,
supp(€) = S.

Next, we define CB almost (a, 8)-quasi-ideals and we study properties of it.

Definition 4.4. Let € = (W, v) be a CB set of a [-semigroup S and o, B € T is said to be CB almost
(o, B)-quasi-ideal of S if (& 0q Wn) M (Wnop @) # 0 and (v og Um) V (Um o V) # 1.

Theorem 4.5. If € = (®,v) is a CB almost (a, B)-quasi-ideal of a [-semigroup S and ® = (3, T) Is
a CB set of S such that € C ®, then © = (p, T) is a CB («, B)-quasi-ideal of S.

Proof. Suppose that € = (@, v) is a CB almost (a, 8)-quasi-ideal of a -semigroup S and © = (g, T)
is a CB set of S such that € T D. Then (Woqwn)(Wnopw) # 0 and (VoqUm)U(Umogv) # 1. Thus,
(@000 W) M(@Wnop@) T (BoaPn)M(Bnogp) # 0 and (vog Um)U(Umogv) > (T oo Tm)U(TmopT) # 1.
Hence, © = (g, 7) is a CB (a, B)-quasi-ideal of S. O

Theorem 4.6. Let KC be a nonempty subset of -semigroup S. Then K is an almost (c, 3)-quasi-ideal

of S if and only if characteristic function >y = (Wx,, Ux,) is @ CB almost (o, 3)-quasi-ideal of S.

Proof. Suppose that K is an almost (o, B)-quasi-ideal of S. Then (Kae) N (eBK) N K # 0 for all
e € S. Thus there exists v € (Kae) N (eBK) and v € K. So (@ 0q W) A (Wxe 0p @n)(v) # 0 and
(Um 9a Une) V (Une 98 Um)(v) # L.
Hence, (@5 0q @x) M(@a 05Wn) # 0 and (Um0 Ua, ) U(Ua, 05 Um) # 1. Therefore, >xc = (W, Ua,)
is a CB almost (e, B)-quasi-ideal of S.

Conversely, assume that >x = (@, Ua,.) is a CB almost (a, B)-quasi-ideal of S and e € S. Then
(n 0 W) M (Way 0 Wn) # 0 and (U 00 Une) U (Uag 0 Um) # 1.
Thus there exists r € S such that (Wn0aWx, )1(Wr,0800)(r) # 0 and (Umoa U )U(Un08Um)(r) # 1.
Hence, r € (Kae) N (eBK) N K implies (Kae) N (eBK) N K # (. Therefore, K is an almost (a, B)-
quasi-ideal of S. Il

Next, we study properties between supp(€) and CB almost (a, 3)-quasi-ideal of [-semigroups.

Theorem 4.7. Let € = (W0, v) is a CB sets of a non-empty of a -semigroup S. Then € = (@, v) is
a CB almost (a, B)-quasi-ideal of S if and only if supp(€) is an almost (e, B)-quasi-ideal of S.

Proof. Let € = (@, v) be a CB almost (&, 3)-quasi-ideal of S and e € S. Then

(@ 0q @) M (@ 0g @Wp) # 0 and (Um 0q V) U (U og Um) # 1. Thus there exists r € S such that
(@n 0q @) A (@0 og Wp)(r) # 0 and (Um 0 V) V (U og Um)(r) # 1. So there exists ki, ko € S
such that r = kjau = uBks, @(r) # 0, v(r) # 0 and @(ky) # 0, v(ky) # 0. It implies that
roki ke € supp(€). Thus (W) Oa @m) A (W 0 Ox,ye))(r) # 0 and @y # 0. Similalry

((’U>‘supp(¢) Oq 'Um) \% (Um Oﬁ U)\S,Jpp(@)))(r) ?é 1 and

supp(&)
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U ) = 1. Hence, (LZ)A ¢ Ca (I}m) M ((I}n °g ab‘supp(tf)) MWy © # 0 and

(Ungyon(ey O Um) U (Um 08 Un,0)) 7 1. Therefore, >g,pp(e) is @ CB almost (o, §)-quasi-ideal of S.

supp(¢ supp( supp

This show that supp(€) is an almost (a, 8)-quasi-ideal of S.

Conversely, let supp(€) be an almost (o, B)-quasi-ideal of S. Then by Theorem 4.6, supp(€) is a
CB (a, B)-quasi-ideal of S. Thus (Wx,,,, e Ca@n) M(@n 05 Wxy i) D) 7 0 AN (U, e O Um)U
(UmOB U ey ) U Uhgupp(ey 7 L+ SO there exists r € S such that ((WnoaWn,,yy ey ) A (Do) 088n)) (1) # 0
and ((UmOa Uy ye) Y (Ungyppie) 06 Um) ) (1) 7 1. It implies that (@noa@a,,,e) A (@rg e ) 08Wn) (1) 7 0
and (Umoq UASUPP(O)\/(UASUPD(@ 08Um)(r) # 1. Thus there exist ki, ko € S such that r = kjae = efko,
Wn(r) # 0, um(r) # 1 and wn(k) # 0, um(k) # 1. Hence, (W oq @) M (& og w,) # 0 and
(Um 0 V) U (v og Um) # 1. Therefore, € = (@0, v) be a CB almost (o, B)-quasi-ideal of S. 0

Definition 4.5. A CB almost (a, B)-quasi-ideal € = (@, v) of a '-semigroup S is minimal if for all
CS almost (o, B)-quasi-ideal ©® = (p, T) of S such that © C €, then supp(®) = supp(&).

Theorem 4.8. Let K be a nonempty subset of a I'-semigroup S Then K is a minimal almost (a, B)-

quasi-ideal if and only if >x = (Wx, Ua,) Is @ minimal CB almost (a, B)-quasi-ideal of S.

Proof. Suppose that K is a minimal almost (o, B)-quasi-ideal of S. Then K is an almost (a, §)-quasi-
ideal of S. Thus by Theorem 4.6, >x = (Wx,, vx,) is a CS (o, B)-quasi-ideal of S. Let © = (p, )
be a CB (a, B)-quasi-ideal of S such that ©® C >x. Then by Theorem 4.7, supp(®) is an almost
(o, B)-quasi-ideal of S. Thus supp(D) C supp(>x) = K. By assumption, supp(®D) = K = supp(>x).
Thus, >k = (Wx, Ua,) is @ minimal CB almost (c, B)-quasi-ideal of S.

Conversely, suppose that >x = (Wx,, U, ) is @ minimal CB almost (a, 8)-quasi-ideal of S. Then
by Theorem 4.7, KC is an almost (a, B)-quasi-ideal of S.
Let J be an almost (a, B)-quasi-ideal of S such that 7 C K. Then by Theorem 4.7, > 7 = (&x,, Ux,)
is a CB (a, B)-quasi-ideal of S such that > C >x. Thus, J = supp(>7) = supp(>x) = K. Hence,

KC is a minimal almost (o, B)-quasi-ideal of S. O

Corollary 4.2. Let S be a I'-semigroup Then S has no proper almost (a, B8)-quasi-ideal if and only if
for any CB almost (o, 3)-quasi-ideal € = (@, v) of S, supp(€) = S.

Next, we define CB almost (a, 3)-bi-ideals and we study properties of it.

Definition 4.6. Let € = (@, v) be a CB set of a [-semigroup S and o, B € T is said to be CB almost
(o, B)-bi-ideal of S if (0 0q Wp o @) Mw # 0 and (V og Um0 U) U # 0.

Theorem 4.9. /f € = (w0, v) is a CB almost (o, B)-bi-ideal of a [-semigroup S and © = (§,T) is a
CB set of S such that € C ©, then ©® = (p, T) is a CB («, B)-bi-ideal of S.

Proof. Suppose that € = (@, v) is a CB almost (o, B)-bi-ideal of a [-semigroup S and © = (g, T) is
a CB set of S such that € C®. Then (& oq Wy og @) A @ # 0 and (v og Um 05 v) VU # 0. Thus,
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(WoqwWnog@W) AW 3 (BoaPnogP) AW #0 and (Vog Umog V) VU > (Tog TmogT) VT # 0. Hence,
D = (g, 7)isa CB (o, B)-bi-ideal of S. O

Theorem 4.10. Let K be a nonempty subset of [-semigroup S. Then K is an almost (a, B)-bi-ideal

of § if and only if characteristic function >y = (Wx,, Ua,) Is @ CB almost (., 3)-bi-ideal of S.

Proof. Suppose that K is an almost (o, 8)-bi-ideal of S. Then KaeBK NK # (). for all e € S. Thus
there exists f € KaeBK and f € K. So (0xe 0a Wn 0 Wxe)(F) = Wae(f) = 1 and (Une 0q Um op
Une)(F) = Ua(F) = 0. Hence, (W, ©a Wn 0 Wae) MWa,e 7# 0 and (Une 0 Um 98 Une) V Une # 1.
Therefore, > = (Wx,, Ux,) is @ CB almost (a, B)-bi-ideal of S.

Conversely, assume that >x = (Wx,, Ua,.) is a CB almost (o, B)-bi-ideal of S and u € S. Then
(r Oa Wn o Wx,) MWx # 0 and (Uxe ©0q Um 0 Ux,) UUa, # 1. Thus there exists e € S such that
(@ 0 Wn op Wx) A Wx,)(€e) # 0 and
((Uag 02 Um0 Ux) VUs)(e) # 1. Hence, r € KaeBK N K implies that KaeBK N K # (. Therefore,
K is an almost (a, B)-bi-ideal of S. O

Next, we study properties between supp(€) and CB almost (o, 3)-bi-ideal of I"-semigroups.

Theorem 4.11. Let € = (W, v) be a fuzzy sets of a non-empty of a -semigroup S. Then € = (@, V)
is a CB almost (a, B)-bi-ideal of S if and only if supp(€) is an almost (a, B)-bi-ideal of S.

Proof. Let € = (@, v) is a CB almost (a, B)-bi-ideal of S and v € S. Then

(W 0q Wmop @) Mw # 0 and (v oy Uy o v) Uv # 1. Thus there exists r € S such that ((& oq Wm op
W) Aw)(r) # 0 and ((voqvsopv)Vu)(r) #0. So there exists ki, ko € S such that r = kjafBko,
w(r) #0, u(r) # 1. It implies that r, k1, ko € supp(€). Thus (Do) O Wim OB Wxgyppey ) (1) # 0 and
Esupp(@) # 0.

Similarly (U*suppw) Oa Um ©p stupp(@)(r) # 0 and U gupp(c) # 0.

upp(&) supp(G)l_Iab‘supp(C) 7& 0and (Uksupp(ﬁ‘) OO‘UmOB’UAsupD(G))\/’stupp(@)) 7& 0. Therefore
>supp(e) 1S @ CB almost (a, B)-bi-ideal of S. This show that supp(¢) is an almost (a, B)-bi-ideal of
S.

Hence, (wx, 0qWmOopWx

Conversely, let supp(€) is an almost (a, 3)-bi-ideal of S. Then by Theorem 4.10, >¢,p(¢) is a CB
almost (a, B)-bi-ideal of S. Thus (wy ) M @x e 7 0 and (uy

O Wim O W, piey) A Dgupn(e ) (1) 7# 0

supp(€) Ca Wm 9 wxsupp(kr) supp(<) ®a Un °p

UASUDP(Q)U’UASUW(C) # 0. So there exists r € S such that ((aj;\mpp(@)

and ((Unppe) O Un 98 Unguporer) V V(e ) (1) 7 0.

It implies that (Wx,,,, ) O Gm O Wy ) (1) # 0 and @, (r) # 0. Similarly
(Ungyon(e) 22 UnOBUn ey ) (1) 7 0 and 2850 (r) # 0. Thus there exist ki, ko € S such that r = kiauBke,
@(r) #0,vu(r) # 0and @(k) #0, u(k) # 0. Hence, (00qWmogw)Nw # 0 and (vogUnopv) U # 0.
Therefore, € = (@, v) is a CB almost (a, B)-bi-ideal of S. O

Definition 4.7. A CB almost (o, B)-bi-ideal € = (@, v) of a [-semigroup S is minimal if for all CB
almost (a, B)-bi-ideal ©® = (p, T) of S such that © C €&, then supp(®) = supp(<).
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Theorem 4.12. Let K be a nonempty subset of a I'-semigroup S Then K is a minimal almost (a, B)-

bi-ideal if and only if > = (W, Ux.) Is @ minimal CB almost (a, B)-bi-ideal of S.

Proof. Suppose that K is a minimal almost (a, 3)-bi-ideal of S. Then K is an almost (a, 3)-bi-ideal
of §. Thus by Theorem 4.10, >x = (@x,, Ux,) is @ CB (o, B)-bi-ideal of S. Let ® = (g, T) be a
CB (o, B)-bi-ideal of S such that ® T >x. Then by Theorem 4.11, supp(®) is an almost (e, B)-
bi-ideal of S. Thus, supp(®) C supp(>x) = K. By assumption, supp(®) = K = supp(>). Thus,
>k = (Wxe, Une) is @ minimal CB almost (a, B)-bi-ideal of S.

Conversely, suppose that >x = (@x,, Ux,) is @ minimal CB almost (e, B)-bi-ideal of S. Then by
Theorem 4.10, K is an almost (o, B)-bi-ideal of S. Let J be an almost (a, 3)-bi-ideal of S such that
J C K. Then by Theorem 4.10, >7 = (Wx,, vx,) is a CB (a, B)-bi-ideal of S such that > 7 C >.
Thus, J = supp(>7) = supp(>x) = K. Hence, K is a minimal almost (a, 3)-bi-ideal of S. O

Corollary 4.3. Let S be a ['-semigroup Then S has no proper almost (o, 8)-bi-ideal if and only if for
any CB almost (o, B)-bi-ideal € = (@, v) of S, supp(€) = S.

5. Conclusion

In this article, we give the concept of a new cubic ideals and cubic almost ideals in a -semigroups.
We study properites of new cubic ideals and cubic almost ideals. We hope that the study of this topic
are useful mathematical tools. In the future we study a new hesitant fuzzy ideal and hesitant fuzzy
almost ideals in semigroups or algebric system.
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