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Abstract. The purpose of this paper is to prove the global existence of solution for one of most
significant fractional partial differential system called the fractional reaction-diffusion system. This
will be carried out by combining the compact semigroup methods with some L!-estimate methods.
Our investigation can be applied to a wide class of fractional partial differential equations even if they

contain nonlinear terms in their constructions.

1. Introduction

In this paper, we intend to study the following nonlinear parabolic system:

{ Wy (~D)*u=f(uv), in 0, +oo x 1)
% —h (=APv=g(uv), inlo, +oo[xQ,
subject to the following boundary conditions:
g;:g;:O, oru=v=0, in ]0,+oo[ x 02, (1.2)
and the initial data:
u(0,) = uo (), v(0,) =w (), in% (1.3)
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where 2 is a regular and bounded domain of R”, (n > 1), with its boundary 09, v = u(t,x),
v = v (t, x) are two real-valued functions such that x € Q and t > 0, and where (—A)° is a non local
operator that accounts for the anomalous diffusion [1,2] so that 0 < d < 1, (6 = a or B), and d1, d>
are two constants of diffusion assumed to be nonnegative, whereas f and g are two functions in which
they "enough regular". It should be furthermore mentioned that the functions v (0, -) and v (0, -) are
assumed to be continuous and nonnegative. Besides, the local existence of the solution (u, v) in times
is classical, and moreover it is not negative if ug and vy are so.

It is worth mentioned that system (1.1)-(1.3) arises in many field of applied science such as physics,
chemistry and various biological processes including population dynamics and others, see [3] and
references therein. In this regard and in order to make system (1.1)-(1.3) more reality, we assume

that the following hypothesis:

e The initial data ug and vy are nonnegative functions such that:
g, vp € L1 (Q) . (1.4)
e The two functions f and g are a quasi-positives functions, i.e.,
f(0,v)>0, g(u,0)>0, Yu,v>0. (1.5)
e |t exists a nonnegative constant C independent of (§1, &) such that:

fF(€1,6)+9(€1.6) < C(&1+ &), V(61 &) e RA. (1.6)

e [n addition, we have:

f€1,62) <C (€14 &),V (€1,6) eR3. (1.7)

The main question we want to address here is the existence of global solution for system (1.1)-
(1.3). In fact, the subject of the global existence of fractional reaction-diffusion systems has received
a lot of attention in the last decades and several outstanding results have been proved by some of the
major experts in the field, see [4-10]. In the same context, replacing the anomalous diffusion operator
by the standard Laplacian operator (—A) was firstly studied in one-dimensional space. This notion
has been investigated by many authors by considering certain special forms of the nonlinear terms
f and g. In particular, Alikakos showed in [11] the existence of global bounded solutions whenever
f(uv)=—-g(uv)=—-u’, forl<o< E The extension of this result for o > 1 is studied
later by Masuda [12]. Following that, Haraux ra7nd Youkana generalized the result of Masuda via the

functional of Lyapunov in reference [13]. Actually, they performed their generalization by putting

f(u,v)=g(u,v)=—uV(v), where ¥ is a nonlinear function satisfying the condition:
I 14+ v
i g +V )l _
V—+00 v

In the same regard, Barabanova generalized the result of Haraux and Youkana in [14] by concerning

with the global existence of nonnegative solutions of a reaction-diffusion equation with exponential
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nonlinearity. Lately, it has been shown that there is also another very powerful method relying on
compact semigroups could be used for examining the global existence of solutions for a reaction-
diffusion equation [15—-19]. For a better understanding, we send the reader to the works of Moumeni
and Barrouk [20, 21].

Later on, a more general model was studied by Haraux and Kirane [22]. They took different diffusion
coefficients for the two equations and for the general nonlinear terms. They proved the existence of
global bounded solutions and investigated their asymptotic behavior. Equally, Hnaien et al. proved in
reference [23] the existence of a local mild solution, global existence solution and asymptotic behavior
of solutions for the system (1.1)-(1.3) when f (u,v) = —Auv and g (u, v) = Auv — pv.

The remainder of this paper is organized as follows. In Section 2, we present some definitions
and preliminaries. In Section 3, we provide some results related to the compactness of a proposed
operator. In Section 4, we prove the existence of a local mild solution, positivity and global existence
of solution for particular system. Finally, the global existence of solutions for system (1.1)-(1.3) are

studied in Section 5, followed by Section 6 that abbreviates the work.

2. Preliminaries

In this part, some preliminaries and overview of the local existence and global existence of solution
for fractional reaction-diffusion system are illustrated. This will pave the way to introduce our findings

later on.

Definition 2.1. Let F (u,v) € X, where X is a Banach space. The function F is locally Lipschitz if
for all t; > 0 and all constant k > 0, there exist a constant L (k, t;) > 0 such that:

IF (u1,v1) = F (u2, )|l < L|(u1, vi) = (12, v2)],

is satisfied ¥ (u1, v1), (U2, v2) € R x R with |(u1, v1)] < k, [(u2, v2)| < k and t € [0, t1] such that
t>0.

Lemma 2.1. Let A be m-dissipative operator in the Banach space X and S (t) be a semigroup
engendered by A. Let F be a function locally Lipschitz. Then, for all ug € X, there exists Tmax = T (ug)

such that the system:
ueC([0,T],D(A))NCH(0,T], X),

du
7~ Au=F(u(s), (2.1)
u(0) = ug

admits a unique local solution u verifying
t

u(t):S(t)u0+/ S(t—s)F(u(s)ds, ¥t € [0, Trnax]
0

Next, some further preliminaries associated with the existence of global solution for the fractional

reaction-diffusion system (1.1)-(1.3) will be recalled.
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Theorem 2.1. [5] Consider the following classical boundary-eigenvalue system for the fractional power

of the Laplacian in Q with homogeneous Neumann boundary condition:

(D)% o = XY@k, in,

0
Gink =0, on €,
where  is an open bounded domain in RN and
ou
D ((-0)%) = {u €L?(Q), o= 0, [|(=2)" ul| 2 < +oo} ,

such that:
a ]2 . +oo 2
-0 ulfF oy = S0 NG (i)
Then this system has a countable system of eigenvalues of the Laplacian operator in L% (Q) with

homogeneous Neumann boundary condition in which 0 < ¢ < XA < Xp < ... < A\; < ... so that

Aj — 00 as j — 00, and @y Is the corresponding eigenvectors for k = 1,2, ..., +00.

Thus, based on what we have mentioned above, we can infer that, for u € D ((—A)O‘), we have:

400
(8% u=) (U o) .

In addition, with using integration by parts, we can have the following formula:

/Q u(x) (=A% v (x)dx = /Q v (x) (=A)* u(x)dx, (2.2)
for u,v € D ((—A)%).
Lemma 2.2. Let § € C°(Q) such that & > 0. Then, there is a nonnegative function ® € C12(Q)
that represents a solution of the system:

—d;—dAd =6 onQ,
d(t,x)=0 on (0,T) x 0%, (2.3)
d(T,x)=0 on Q.

Actually, in accordance with Ladyzenskaya and Solonnikov in [24], we observe that system (2.3)
possesses a unique nonnegative solution. Moreover, for all g € ]1, +oo[, we note that there exists a
nonnegative constant ¢ independent of 8 such that:

1D ey < €10l Laq) -

Besides, for all wp € L1 (Q) and h € L' (Q), we can have the following equalities:

/ (S(t)wo (x))Odxdt = / wo (x) ® (0, x) dx, (2.4)
Q Q

and

/Q</Ot5(t—s)h(s,x) ds) dedt:/Qh(s,x)CD(s,x)dxds. (2.5)
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3. Compactness of operator

In this section, we will provide a result connected with a compactness of operator L that define the

solution of system (2.1) in the case where the initial value equals zero (v (0) = 0), i.e.,
t
L(F)(t):u(t):/ S(t—s)F(u(s))ds, Vte[0.T].
0

From this point of view, we will first recall the Dunford—Pettis Theorem, which can be found with

its proof in [25]. This will help us to derive our first result in this work.

Theorem 3.1 (Dunford—Pettis). Let F be a bounded set in L* (). Then [ has compact closure in
the weak topology o (L*, L*°) if and only if F is equiintegrable, i.e.,

(a)

{Ve > 0,30 >0, such that/ |f| < e, VA CQ, measurable with |A| <9, Vf € F} ,
A

(b)

{Vs > 0, dJw C 2, measurable with |w| < oo, such that /

If] <€, VfEF}.
Q\w

Theorem 3.2. If for all t > 0, the operator S (t) is compact, then L is compact in L* ([0, T], X).

Proof. The proof of this result consists of two steps.

Step 1: We show that S(A\) L : F — S(X\) L (F) is compact in L ([0, T], X), i.e., we show that the
set {S(A\)L(F)(t):||F|l; <1} is relatively compact in L1 ([0, T], X), ¥Vt € [0, T]. To this aim, we
notice that due to S (t) is compact, then the operator t — S (t) is continuous over |0, +oo[ in £ (X).

Therefore, we have:
Ve>0,v6 >0, In>0.VO< h<mn Vt>4, [IS(t+h)—S)lx) <e

Now, if one chooses A = ¢, we obtain:

t+h t
S(A)u(t—i—h)—S(A)u(t):/O S(A+t—|—h—5)F(u(s))d5—/o SA+t—s)F(u(s))ds

:/r+h5(>\+t+h45)F(U(S))d5+/t(5(>\+t+h—s)—5(>\+t—s))F(u(s))ds,
. 0

for 0 <t < T — h. Consequently, based on the inequality:

t+h t
IIS(X)U(tJrh)—S(A)U(t)lIxS/t IIF(U(S))||><C/S+€/0 IF (u(s))llx ds.

we can define v (t) by:
t) ifo<t<T,
vy v fost<T
0 otherwise

Therefore, we have:

IS v(t+h) =SSN v (D)l < (h+eT)[IF (u(s)Iy.
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which  implies  that  {S(A\)v:||F|; <1} is equiintegrable. Hence,  we infer
{S\)L(F)(t):||F|l; <1} is relatively compact in L1 ([0, T], X), and so S (\) L is compact.
Step 2: We show that S () L converges towards L when A goes towards 0 in L1 ([0, T], X). For this

purpose, we observe:

S(A)u(t)—u(t)—/OtS(A—i-t—s)F(u(s))ds—/OtS(t—s)F(u(s))ds.

So, for t > §, we can have:

1SN u(t) —u(D)ll S/é 1S (A +5) = S(5)ll£(x) HF(U(S))IId5+2/t_6||F(U(5))II ds.

Immediately, if we choose 0 < A < m, we get:

IS u(t) - u (D) sf:/ IF (u(s))] ds+2/ IF (u(s)ll ds.
o) t—0
Besides, for 0 < t < §, we can have:
IS u(t) - u(t)] < 2/ IF (u(s)ll ds.
0
As F € L1(0,T, X), we gain:
1S () — a(B)] < (6T +28) |F (u(s))]];

Thus, as A — 0, then S(A\)u — wu in L*([0,T],X), where the operator L is a uniform limit
with compact linear operator between two Banach spaces, which confirms that L is compact in
LY ([0, T], X). 0O

Remark 3.1. The semigroup S (t) generated by the operator d (—A)° is compact in L ().

4. Study of a particular system

This section is divided into three subsections so that the first one aims to deals with the local
existence of solution for a first-order system derived from system (1.1)-(1.3), then the positivity of
such solution will be discussed, followed by exploring the global existence of the solution of the derived
system. Thus, in order to achieve this objective, we first convert system (1.1)-(1.3) to an abstract
first-order system in the Banach space X = L' () x L1 (). To this aim, we define the functions uy,

and v, by:

un, = min(up, n), and vy, = min(vp, n),

for all n > 0. It is clear that up, and vy, verify (1.4), i.e.,

Ung, Viny € LY (Q) and Upy > 0, vy, > 0.
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Thus, based on the previous assumptions, we can formulate the first-order system derived from system
(1.1)-(1.3) as:

& — Awy, = F (wy) in [0, T[x Q,

Own _

ar =0, orwp, =0 in [0, T[x06%Q, (4.1)

W (0,) = Wy () in

4.1. Local existence of solution for system (4.1). In this subsection, we intend to discuss the local
existence of solution for system (4.1). In this connection, we let w, = (Un, Vn), Wn, = (Un,, Vny) and

F = (f, g). Besides, we suppose A is an operator defined as:

AZ(dl(—A)a 0 )
0 d (—0)°

where D (A) := {Wn L (Q) x L1 (Q): ((—A)o‘ Un, ()P vn) c L (Q) x L? (Q)}. In view of the
above assumptions, system (4.1) can be returned to the shape of system (2.1). Thus, if (up, vp) is a

solution of system (4.1), then it verifies the following integral equations:

up (t) = S1(t) up, + /; S1(t—=5s)f(un(s),vn(s))ds,
(4.2)

va (£) = S2(£) Vo +/O Sa(t— 5) g (un(5). v (5)) ds,

where S;(t) and S, (t) are the semigroups of contractions in L' () generated by the operator
di (—A)* and do (—A)P.

Theorem 4.1. There exists Ty > 0 such that (up, vn) is a local solution of (4.1), for all t € [0, Tp].

Proof. Due to Sy (t) and S (t) are semigroups of contraction and as F is locally Lipschitz for 0 <

Ung, Vg < n, then 3Ty, > 0 such that (up, vp) is a local solution of system (4.1) on [0, Ty]. O

Theorem 4.2. Let up,, vy, € Lt (2), then there exists a maximal time Tmax > 0 and a unique mild
solution (un, vp) € C ([0, Tmax) . L* () x LY (Q)) of system (4.1) subject to either

7—max = +00,

or
Tmax < 400 and lim  ([lun (t)ll + [Iva (t)]lo0) = +o0.
t— Tmax
Proof. For arbitrary T > 0, we define the Banach space as:
Er = {(up, va) € C ([0, T], L () x L (2)) = [I(tn, vi)ll < 2| (tng, Vi)l = R},

where [|*[| = [l () @nd [|-[| is the norm of E7 defined by:

[ Cun, vi) [l = [lunll oo 10,77, (2)) + IVall Loo o, 77, (02)) -
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Next, for every (up, vn) € E7, we define W (up, vp) := (W1 (Un, vn), Vo (Up, vy)) as:

W1 (Vi) = St (£) ty + /O Sy(t—5)F(un(s), v (5)) ds.

W (1, vi) = S (£) vy + /O So (£~ 5) g (un (5) vi (5)) .

for t € [0, T]. Now, we will prove the local existence of solution for the considered system by the
Banach fixed point theorem. To this aim, we let V : E+ — E+ and (up, vp) € E7. This leads to infer

the inequality:

A

W1 (U, Vi)l < Mltng llog + C (ltnlloe + lIvalloe) T

IN

[ tnolloo + C (llunollog + IVaollow) T, (by maximum principle).
Similarly, we have:

W2 (tn, Vi) lloo < Vg llg + € (ol + Vol o) T
This immediately implies:

IV (un, vl < o llo + Vi lloo +2C (lum lloe + Vi lloe) T

[0l o + 11Violl o

CR

IN

2 (||tnollo + Vi ll o)+ by choosing T such that T <

Therefore, we gain W (u,, vy) € E7 for T < M”%%. Now, to complete the proof, we need to

show that W is a contraction map. In this regard, we have:

11 ) =Vl < ) = ()l o
< LT (I1Vn = Valloo + ldn = tnlls) »
for (un, vp), (0n, V) € E7. Similarly, we obtain:
1Wa (U, V) = Vo (Gn, Vn)lloo < LT (V0 — Valloo + ldn — tnllsg) -

Actually, the above two estimates imply:

W (un, vin) = W (i, Vn)ll o

IN

2LT ([[Vn = Valloo + 1dn — Unll o)
1 I
< > | (un, vin) = (dn, Vn)ll

where T < max (W 41L> This exactly shows the contraction result. Hence, by the

Banach fixed point theorem, system (4.1) admits a unique mild solution (u,, vy) € Et. In general,

this solution can be extended on a maximal interval [0, Tmax) Where

Tmax :=sup{T > 0: (un, vy) is a solution to (4.1) in ET}.
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However, with the aim of showing the global existence of solution for the system at hand, we need

the fact that such solution should be positive, and this what we aim to address in the next subsection.

4.2. Positivity of solution for system (4.1). In what follow, we intend to prove the positivity of
solution for system (4.1). This would help us to discuss the global existence of such solution. In this

respect, we introduce next another result.

Lemma 4.1. Let (up, vn) be the solution of system (4.1) such that:
Upy (X) >0, vy, (x) >0, x € Q.

Then
unp(t,x) >0 and v, (t,x) >0, V(t,x) €]0, T[ x 2.

o0
Proof. Let b, (t,x) =0in]0, T[x Q = autn =0 and (—=A)* @, = 0. Then, according to the
hypothesis (1.5), we can have:

ou ou _ _

th —d1 (=DN)* uy — f (up, vy) =0> 8; —d1 (=DN)* Ty — f (Tn, Vi),

and
un (0, x) = up, (x) > 0=10,(0,x).
Hence, by the comparison theorem, we obtain:

un (t,x) >, (t, x),

which implies up, (t,x) > 0. In a similar manner, we can gain v, (t,x) > 0, and this completes the

proof. O

4.3. Global existence of solution for system (4.1). To prove the global existence of the solution of
system (4.1) for all nonnegative t, it is enough, according to Routh [26], to find an estimate of the

solution for all t > 0in L (). In this regard, we introduce the next lemma.

Lemma 4.2. Let (up, vp) be the solution of system (4.1), then there exists M (t), which depends only
on t, such that for all 0 < t < Ty, we have:

| un + Vn”l_l(Q) < M(t).
Based on this estimate, we confirm that the solution (un, vy,) given by Theorem 4.1 is a global solution.

Proof. First of all, it should be noted that we can write system (4.1) in the form:

% — dy (=) ty = f (Up, Vi) , in [0,T[x .
& dy (=AY vy = g (Un, Vi), in [0, T[xQ, (43)
%L»;,n:%"/,';zov or u, = vy =0, in [O,T[X@Q,

un (0, x) = tpy (x), v (0, x) = vy, (x), in Q.
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With the use of the first and second equations of system (4.3), we can obtain:
2 (4 va) = ()% iy~ oo (=B vy = £ (un, va) + g (e, o).
By taking into account assumption (1.6), we have:
% (Up + Vi) = di (=DB)* tp — do (=D)P vy < C (up + Vi) .

Now, let us integrate the above inequality over €2, and then use the integration by parts performed on
formula (2.2) to get / (=2)% u, (x) dx = 0 and / (=AY v, (x) dx = 0. This would gives:
Q Q

0
m/ﬂ(un—i-vn)dx

/Q(,i(u,,—i-vn)dng/Q(un—i—vn)dx or < C.

/ (Un + vp) dx
Q
By integrate the above inequality over [0, t], we get:
t / (up + vn) dx
In/(un+vn)dx <Ct or In2% < Ct,
Q 0 / (Uny + Vi) dx
Q
which implies:
/ (up + vp) dx
= <exp(Ct),
/Q (Uny + V) dx

= / (Uup + vp) dx < exp (Ct)/ (Uny + V) dx
Q Q

= / (up+ vp) dx < exp(Ct)/ (to + vo) dx, as if upy < g, Vny < Vo.
Q Q

Now, let us assume that M (t) = exp (Ct) |[uo + voll1(q)- Then, due to u, and v, are positives, we
gain:

|l un + VnHLl(Q) <M(t), 0<t< Ty,

which completes the proof. [l

In the following content, we provide a further result that aims to show the existence of the solution’s

estimate (up, v,) for system (4.1) in L (Q).

Lemma 4.3. For any solution (up, v,) of system (4.1), there is a constant K (t), which depends only

on t, such that:

[tn + Vall 1@y < K (2) [[uo + voll 1 (q) -
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Proof. In order to prove this result, we multiply the first equation of system (4.2) by 6, and then
integrate the result over Q. Accordingly, by using (2.4) and (2.5), we obtain:

t
/ unbdxdt = / Sy (8) tng (x)edxdt+/ </ Su(t =) F (un i) ds) bdxdt
Q Q Q 0
= / Un, (X) @ (0, x) dx + / f (un, vp) ® (s, x) dxds.
Q Q
Moreover, we find:
/ vpfdxdt = / Vno (x) @ (0, x) dx —|—/ g (un, vn) ® (s, x) dxds.
Q Q Q
This yields:
/ (up + vp) Bdxdt = / (Uny (X) + Vi (x)) @ (0, x) dx —|—/ (f (Un, vn) + g (Un, vn)) ® (s, x) dxds
Q Q Q
< / (uo (x) + vo (x)) P (0, x) dx + / C (up+ vp) ® (s, x) dxds.

Q Q

Consequently, using Holder inequality implies:

/Q(Un +vp)0dxdt < luo + vollp1(q) - [|P (0, X)) Lo (@) + Clltn + Vall1(q) - 1Pl ()

IN

(HUO +voll1q) + Cllun + VnHLl(Q)) NPl (@)

IN

max (1. ) (Jluo + voll 1y + i + vall 1y ) - 19l

< () (lloo + voll sy + lun + valliaey) 16wy

where k1 (t) > max(c, cC). Now, since 6 is arbitrary in C§° (Q), then we have:
lum + Vall oy < k1O (llto + vollay + Il + valliagy ) -

Thus, by taking k (t) = 4% we obtain:

[un + Vall 1y < K (2) lluo + voll 1 (qy .

which finishes the proof. O

5. Global existence of solution for system (1.1)-(1.3)

In this section, we will provide one of the main results of this work. In particular, with the help
of using the four assumptions (1.4)-(1.7), we will explore the global existence of solution for system
(1.1)-(1.3).
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Theorem 5.1. Suppose that the hypotheses (1.4)-(1.7) are satisfied. Then there exists a solution
(u, v) of system (1.1)-(1.3) of the form:

u(t) = S (t) to +/;sl (t—s)F(u(s),v(s))ds, ¥t e[0Tl
(5.1)

v(t)—Sz(t)vo—i—/;SQ(t—s)g(u(s),v(s))ds, vte [0, T],

where u, v € C ([0, +oo[, L} (2)), f (u,v), g (u,v) € LY (Q) such that Q = (0, T) x Q for all T > 0,
and where S (t) and S (t) are the semigroups of contractions in L' (Q) generated by di (—A)* and
db (—A)P.

Proof. To prove this result, we define the operator L by:
t
L (wo, h) — Sy (1) W0+/ Sy(t—s)h(s)ds,
0

where Sg(t) is the semigroup of contraction generated by the operator d (—A)°. According to
Theorem 3.2 and as Sy (t) is compact, then the operator L is an adding of two compact operators
in L*(Q), and so L is compact in L' (Q) x L' (Q). Therefore, there exists a subsequence (up,, V)
of (Up, V) such that (up, v,) converges towards (u,v) in L' (Q) x L' (Q). Let us now show that
(Un;. Vi) is a solution of system (4.2), i.e.,

t

Uy (£,3) = S () tng +/ Sy (t— ) (tn, (5). vi () ds.
P (5.2)
Vo, (£, X) = S2 () Vi + /o So(t—5) g (un, (5), vy (s))ds,

That is, it is enough to show that (u, v) verifies (5.1). In this regard, it should be clearly noted that

if j = +o0, then we gain u,, — ug and v, — vy, and so
f (tn, Vi) = £ (u,v), g (Un, ve) = g(u,v) ace. (5.3)
Thus to show that (u, v) verifies (5.1), it remains to show that:
f (Uny,viy) = F(u,v), g (Unvi) = g(u,v),

in L1 (Q) when j — 4o00. To this aim, we integrate the equations of system (4.1) over Q coupled

with take (2.2) into account to obtain:

_dl/ (=) up;dxdt = 0, —dz/ (—A)° vy, dxdt = 0.
Q Q

/unjdx—/ Upgdx = /f(unj,v,,j) dxdt,
Q Q Q
/vnjdx—/ VpodXx = /g(unj,vnj)dxdt,
Q Q Q

Consequently, we have:
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such that:
—/ f (Un,, Vo) dxdt /uodx, (5.4)
Q Q
and
—/ 9 (Un;, vn)) dxdt </ VodXx. (5.5)
Q Q

Now, let us assume:
N, = C (”nj + an) —f (“nj' an) '

M, = C (u”j + V”j) —f (U’U' an) -9 (U”j' V”j) '

As a result, it is clear that, according to the two assumptions (1.6) and (1.7) that can be respectively
used in of (5.4) and (5.5), the terms N, and M, are positives. This would lead to the following

assertions:

/N,,dxdt < C/ (Un, + Vi) dxdt+/u0dx,
Q Q Q

Mpdxdt < C/ (u,,j—&-vnj)dxdt—&—/ (up + vo) dx.
Q Q Q

Consequently, Lemma 4.3 implies:
/ Npdxdt < +o0, / Mpdxdt < +o0,
Q Q

which immediately gives:

/ |f (unj, vnj)| dxdt < C/ (unj + vnj) dxdt —|—/ Nydxdt < 400,
Q Q

Q
and

/Q |9 (Un. viy)) | dxdt < C/Q (Un; + Vi) dxdt + /Q Mpdxdt < +o0.

Now, we assume hy = Np+ C (up, + Vi) and Wy, = My + C (un, + vp). Clearly, one can observe that

h, and W, are positives in L' (Q), and

| (Un. Viy)| < hpoace, and g (Un, vi)| S W, ace

Let us now combine this result with (5.3), and then apply the convergence theorem dominated by

Lebesgue to obtain:
f (unj, vnj) — f(u,v)

in L1(Q).

9 (Unjy an) — g(U, V)

By passing in the limit j — +o0o of (5.2) in L (@), we obtain:
u(t) :51(t)u0+/t51(t—5)f(u(s),v(s))ds,
P
v(t) = Sa(t) vo+/052(t—s)g(u(s),v(s))ds.

Hence, (u, v) satisfies (5.1), and consequently (u, v) is the solution of system (1.1)-(1.3).
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6. Conclusions

In this paper, the global existence of solution for the fractional reaction-diffusion system has been

discussed and proved as well. The compact semigroup methods and some [!-estimates have been

utilized for this purpose. Several theoretical results have been consequently inferred and derived.
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