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Abstract. Let (X, T1, T2) be a bitopological space and (X, T2y Tfm)) its pairwise semiregularization.
Then a bitopological property P is called pairwise semiregular provided that (X, 71, T2) has the prop-
erty P if and only if (X, Tfu), Tfm)) has the same property. In this work we study pairwise semiregular
property of (7, j)-nearly Lindelof, pairwise nearly Lindelof, (i, )-almost Lindelof, pairwise almost Lin-
delof, (7, j)-weakly Lindel6f and pairwise weakly Lindelof spaces. We prove that (7, j)-almost Lindelof,
pairwise almost Lindelof, (i,/)-weakly Lindelof and pairwise weakly Lindelof are pairwise semiregular
properties, on the contrary of each type of pairwise Lindelof space which are not pairwise semiregular

properties.

1. Introduction

Semiregular properties in topological spaces have been studied by many topologist. Some of them
related to this research studied by Mrsevic et al. [14, 15] and Fawakhreh and Kiligman [3]. But in
bitopological space, the study of this topic is still open for investigation. The purpose of this paper is
to study pairwise semiregular properties on generalized pairwise Lindelof spaces, that we have studied
in [9,13,16,17], namely, (/,j)-nearly Lindelof, pairwise nearly Lindelof, (i, )-almost Lindelof, pairwise
almost Lindelof, (7, j)-weakly Lindelof and pairwise weakly Lindelof spaces.

In 2010, Salleh and Kiligman [19] studied the pairwise semiregular properties of (i, j)-almost regular-
Lindelof, pairwise almost regular-Lindelof, (7, j)-weakly regular-Lindeldf and pairwise weakly regular-
Lindelof spaces. They also show that the (/,j)-nearly regular-Lindelof and pairwise nearly-regular-

Lindelof spaces are pairwise semiregular invariant properties.
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The main results is that the Lindelof, B-Lindelof, s-Lindelof and p-Lindelof spaces are not pairwise
semiregular properties. While (7, j)-almost Lindelof, pairwise almost Lindeldf, (7, j)-weakly Lindelof and
pairwise weakly Lindelof spaces are pairwise semiregular properties. We also show that (/,j)-nearly

Lindelof and pairwise nearly Lindelof spaces are satisfying pairwise semiregular invariant properties.

2. Preliminaries

Throughout this paper, all spaces (X, 7) and (X, 71, T2) (or simply X) are always mean topological
spaces and bitopological spaces, respectively unless explicitly stated. If P is a topological property,
then (7',-, Tj)—P denotes an analogue of this property for 7; has property P with respect to 7;, and p-P
denotes the conjunction (11, T2)-P A (T2, T1)-P, i.e., p-P denotes an absolute bitopological analogue
of P.

Also note that (X, T;) has a property P <= (X, T1,T2) has a property 7;-P. Sometimes the
prefixes (7',-, TJ')— or T;- will be replaced by (i, j)- or i- respectively, if there is no chance for confusion.
By i-open cover of X, we mean that the cover of X by i-open sets in X; similar for the (i, )-regular
open cover of X etc. By i-int (A) and i-cl (A), we shall mean the interior and the closure of a subset
A of X with respect to topology T;, respectively. In this paper always i,j € {1,2} and i # j. The
reader may consult [2] for the detail notations.

The following are some basic concepts.

Definition 2.1. [6,20] A subset S of a bitopological space (X, T1,T2) is said to be (i, j)-regular open
(resp. (i,J)-regular closed) ifi-int (j-cl(S)) = S (resp. i-cl (j-int (S)) = S), wherei,j € {1,2},1 #J.
S is called pairwise regular open (resp. pairwise regular closed) if it is both (1,2)-regular open and

(2, 1)-regular open (resp. (1,2)-regular closed and (2, 1)-regular closed).

Definition 2.2. [6,21] A bitopological space (X, T1,T2) is said to be (i, )-almost regular if for each
point x € X and for each (i,j)-regular open set V' containing x, there exists an (i, j)-regular open
set U such that x € U C j-cl(U) C V. X is called pairwise almost regular if it is both (1,2)-almost

regular and (2, 1)-almost regular.

In any bitopological space (X, 71, T2), the family of all (i, )-regular open sets is closed under finite
intersections. Thus the family of (/, j)-regular open sets in any bitopological space (X, 71, T2) forms a

base for a coarser topology called (i, j)-semiregularization of (X, 71, T2), which is defined as follows.

Definition 2.3. [16] The topology generated by the (i,j)-regular open subsets of (X, T1,T2) is
denoted by T, y and it is called (i,J)-semiregularization of X. The topologies is pairwise semireg-
ularization of X if the first topology is (1,2)-semiregularization of X and the second topology is
(2, 1)-semiregularization of X. If T7; = T?/’J)' then X is said to be (i,j)-semiregular. (X, T1,T2) Is

called pairwise semiregular if it is both (1,2)-semiregular and (2, 1)-semiregular, that is, whenever
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T = Tf foreach i,j € {1,2} and i # j. In other words, (X, T1,T2) is (i,j)-semiregular if the family

iJ)
of (i,J)-regular open sets form a base for the topology T;.

It is very clear that Tfij) C T}, but it is not necessary 7; C Tf/j). Thus with every given bitopological
space (X, T1,T2) there is associated another bitopological space (X, 'rfl 2),7'?2 1)) in the manner
described above (see [20]). We provide the following example in order to understand the concept of

pairwise semiregular spaces clearly.

Example 2.1. For the set of all real numbers R, let T, denotes the usual topology and Ts denote the

Sorgenfrey topology, i.e., topology generated by right half-open intervals (see [22]). Then (R, Ty, Ts)

is (Tyu, Ts)-semiregular since T, = TfT )" i.e., T, generated by (T, Ts)-regular open subsets of R.
u,»ts
(R, 7y, Ts) is also (Ts, T,)-semiregular since Ts = TfTS ) because any set E € Ts is the union of a
»hu

collection of (Ts, T,)-regular open sets in R. Thus (R, T,, Ts) is pairwise semiregular.
Khedr and Alshibani [6] defined the equivalent definition of (/,)-semiregular spaces as follows.

Definition 2.4. A bitopological space X is said to be (i, j)-semiregular if for each x € X and for each
i-open subset VV of X containing x, there is an i-open set U such that x € U C i-int (j-cl (U)) C V.

X is called pairwise semiregular if it is both (1, 2)-semiregular and (2, 1)-semiregular.

Definition 2.5. [1] A bitopological space (X, T1,T2) is said to be (i,j)-extremally disconnected if
the i-closure of every j-open set is j-open. X is called pairwise extremally disconnected iIf it is both

(1, 2)-extremally disconnected and (2, 1)-extremally disconnected.

Recall that a property P will be called bitopological property (resp. p-topological property) if
whenever (X, T1,7T2) has property P, then every space homeomorphic (resp. p-homeomorphic) to
(X, T1,T2) also has property P (see [8]). If a bitopological space X has bitopological (or p-topological)
property P, one may ask, does the pairwise semiregularization of X satisfies the property P also? Now

we arrive to the concept of pairwise semiregular property.

Definition 2.6. Let (X, T1,T2) be a bitopological space and let (X, Tfm), Tf2'1)> its pairwise semireg-
ularization. A bitopological property P is called pairwise semiregular provided that (X, T1,T2) has the

property P if and only if (X, Tfm), Tf2‘1)> has the property P.

Lemma 2.1. [16] Let (X, T1,T2) be a bitopological space and let (X, ’7'?1'2),7'?2’1)) its pairwise

semiregularization. Then

(a) Tj-int (C) = 'rfl.,j)—int(C) for every T;-closed set C;

(b) Ti-cl(A) = Tfi’j)—cl (A) for every A€ 1j;

(¢) the family of (T,-, TJ-)—regular open sets of (X, T1,T2) are the same as the family of (Tfu), TS('J.J.))—

regular open sets of (X, 7—?1’2)v 7’?2,1)) ;



4 Int. J. Anal. Appl. (2023), 21:16

(d) the family of (7',-, Tj)—regular closed sets of (X, T1, T2) are the same as the family of (Tfi'j), Tfj',.))—

regular closed sets of (X, Tfm), 'rle)) :
)

S _ S
(€) (T(fd‘))(,-,j) = TGy
3. Pairwise Semiregularization of Pairwise Lindelof Spaces

Definition 3.1. [5, 7]. A bitopological space (X, T1,T2) is said to be i-Lindelof if the topological
space (X, ;) is Lindeloéf. X is called Lindelof if it is i-Lindelof for each i = 1,2. In other words,
(X, T1,T2) is called Lindelof if the topological space (X, T1) and (X, T2) are both Lindelof.

Note that /-Lindelof property as well as Lindelof property is not a pairwise semiregular property by

the following example.

Example 3.1. Let X be a set with cardinality 2¢, where ¢ = card (R). Let 171 be a co-c topology
on X consisting of () and all subsets of X whose complements have cardinality at most ¢ and let
To be a cofinite topology on X. Then (X, T1,T2) is To-Lindelof but not T1-Lindel6f and hence not

Lindelof. Observe that (X, Tfm), sz,l)) is Tflyz)-Linde/éf and TfZl)—Lindeléf since Tfm) and 752,1)

are indiscrete topologies. Hence (X , Tflvz), szll)) is Lindelof.

Definition 3.2. A bitopological space (X, T1,T2) is called (i, j)-Lindeldf [5, 7] if for every i-open cover
of X there is a countable j-open subcover. X is called B-Lindelof [5] or p1-Lindeléf [7] if it is both
(1, 2)-Lindeléf and (2, 1)-Lindelof.

An (i, j)-Lindelof property as well as B-Lindelof property is not pairwise semiregular property by the

following example.

Example 3.2. Let (X, T1,72) be a bitopological space as in Example 3.1. Then (X, T1,T2) is not
(71, 72)-Lindel6f but it is (7, 71)-Lindel6f and hence not B-Lindelof. Observe that (X, 73, 5. 7%,1))

is (Tfl,z)' sz,l)) -Lindelof and (szl)' Tfl’2)> -Lindelof since Tfm) and 752‘1) are indiscrete topologies.

Hence (X, TS sz,1)> is B-Lindelof.

(1.2)

Definition 3.3. A cover U of a bitopological space (X, T1,T2) is called T1T2-open [23] if U C T1UT5.
If, in addition, U contains at least one nonempty member of T1 and at least one nonempty member

of To, it is called p-open [4].

Definition 3.4. [5] A bitopological space (X, T1,T2) is called s-Lindel6f (resp. p-Lindelof) if every

T1To-open (resp. p-open) cover of X has a countable subcover.

A p-Lindelof property is not pairwise semiregular property by the following example. Thus the

s-Lindelof property is also not pairwise semiregular property.
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Example 3.3. Let (X, T1,T2) be a bitopological space as in Example 3.1. Then (X, T1,T2) is not
p-Lindelof and hence not s-Lindeléf. Observe that (X, Tflvz), sz,l)) is p-Lindel6f and s-Lindelof since

Tfl 2) and sz 1) are indiscrete topologies.

4. Pairwise Semiregularization of Generalized Pairwise Lindelof Spaces

Definition 4.1. [9, 13, 16] A bitopological space X is said to be (i,j)-nearly Lindelof
(resp.  (i,j)-almost Lindelof, (i,j)-weakly Lindelof) if for every i-open cover {Uy: o € A} of

X, there exists a countable subset {a,:n€ N} of A such that X = U i-int (J-cl (Uy,))
neN
(resp. X = U J-cl(Uy,), X = j-c (U (Uan)>>. X is called pairwise nearly Lindelof (resp. pair-
neN neN

wise almost Lindeldf, pairwise weakly Lindelof) if it is both (1,2)-nearly Lindelof (resp. (1,2)-almost
Lindelof, (1,2)-weakly Lindelof) and (2, 1)-nearly Lindeldf (resp. (2, 1)-almost Lindelof, (2, 1)-weakly
Lindelof).

Our first result is analogue with the result of MrSevi¢ et al. [15, Theorem 1].

Theorem 4.1. A bitopological space (X,T1,T2) is ('r/,'rj)—nearly Lindelof if and only if
(X 7t10) 7oy 5 Ty -LindeloF

i,
Proof. Let (X,T1,72) be a (7, 7;)-nearly Lindelsf and let {Uy : @ € A} be a T, jy-open cover of
(X, Tfl,z)'szl))' For each x € X, there exists ayx € A such that x € U,, and since for each
ax € AUy, € T?’-’j), there exists a (7',-, Tj)—regular open set Vg, in (X, T1, T2) such that x € V, C Us,.
So X = Uxex Vi, and hence {V,, : x € X} is a (T,,Tj)—regular open cover of X. Since (X, T1,72)
5 (T/,Tj)-nearly Lindelof, there exists a countable subset of points xi, ..., Xp, ... of X such that
X =, _ Ve, €U, Ua, This shows that (X, 75, 5,75, 1)) is 75, -Lindelof.

Conversely, suppose that (X, 'rfm),'rfz’l)) is Tfiyj)—Lindeléf and let {V, :ax € A} be a (T,‘,Tj)—
regular open cover of (X, T1,T2). Since V, € Tfm foreacha e A, {V, :a€A}isa T?i‘j)—open cover
of (X, Tf1,2)' T?2,1))' Since (X, Tfm), 'rle)) 5 ’rfi’j)—LindeI'of, there exists a countable subcover such
that X = UneN Va,. This implies that (X, 71, 72) is (7}, 7;)-nearly Lindelf. O

Corollary 4.1. A bitopological space (X,T1,T2) is pairwise nearly Lindel6f if and only if
(X, Tflvz), sz,l)) is Lindelof.

Proposition 4.1. A bitopological space (X, Tfm), Tf2‘1)> is (Tfi’j), Tfj’i)>—near/y Lindel6f if and only

i (X, 7810y Ty ) 15 75,y -Lindelof

Proof. The sufficient condition is obvious by the definitions. So we need only to prove necessary con-

dition. Suppose that {Uy : @ € A} is a Tfi’j)—open cover of (X, 7'51'2), Tf2,1)>- For each x € X, there

exists oy € A such that x € Uy, . Since (X, Tf:[,z)' Tfm)) is (’T?/J), Ta ,)>—semiregu|ar, there exists a

‘,I
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Tfi’j)—open set Vg, in <X, Tf1,2)' 7—?2,1)) such that x € V,, C Tf,‘,j)‘int <‘T‘(§j’/)— cl (Vax)) C Uy, . Hence
X = UXEX Vo, and thus the family {4, : x € X} forms a Tf/'j)—open cover of (X, T€1,2)’T€2,1))'

Since (X, 751,2)'Tf2,1)) is (Tf/vj),Tai))—nearly Lindelof, there exists a countable subset of points
X1y, Xp, ... of X such that X = UneN ¢ yint (Ta,-)— cl (Vam)) C UneN Ua,,- This shows that

(x, 7%, sz,l)) is 75, y-Lindelof. -

Corollary 4.2. A bitopological space (X, 751.2)'Tf2,1)> Is pairwise nearly Lindelof if and only if

(X 7810y Ty 75 Lindelof

From the Definition 2.6, if the property P is not bitopological property but it satisfies the condition
(X, T1,T2) has the property P if and only if (X, Tfm), 7'52’1)) has the property P, then the property
P will be called pairwise semiregular invariant property. The following theorem prove that (/,/)-
nearly Lindelof as well as pairwise nearly Lindelof property satisfying the pairwise semiregular invariant
property since (/,j)-nearly Lindelo6f and pairwise nearly Lindelof are not i-topological property [8]
and bitopological property, respectively. This is because the i-continuity and (/,)-0-continuity (resp.

continuity and p-0-continuity) are independent notions (see [12]).

Theorem 4.2. A bitopological space (X, T1,72) is (T Tj)-nearly Lindelsf if and only if
(X, Tflvz), Tf2,1)) Is (Tfu), Ta‘,))—near/y Lindelof.

Proof. It is obvious by Theorem 4.1 and Proposition 4.1. [l

Corollary 4.3. A bitopological space (X,T1,T2) is pairwise nearly Lindel6f if and only if

(X, Tflvz), sz,l)) Is pairwise nearly Lindelof.
Theorem 4.3. [20] If (X, T1,T2) Is pairwise semiregular, then (X, T1,T2) = (X, T{L2) Tf2,1)>-
The converse of Theorem 4.3 is also true by the definitions.

Proposition 4.2. Let (X, T1,T2) be a pairwise semiregular space. Then (X, T1,T2) is (i,J)-nearly
Lindelof if and only if it is i-Lindelof.

Proof. By Theorem 4.3, (X, T1,T2) = (X, Tfm), Tfm)). The result follows immediately by Proposi-
tion 4.1. N

Corollary 4.4. Let (X, T1,7T2) be a pairwise semiregular space. Then (X, T1,T2) Is pairwise nearly
Lindelof if and only if it is Lindelof.

Unlike all types of pairwise Lindelof properties, the (7, )-almost Lindelof, pairwise almost Lindelof,
(i,/)-weakly Lindelof and pairwise weakly Lindelof properties are pairwise semiregular properties as we

prove in the following theorems.
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Theorem 4.4. A bitopological space (X,T1,72) is (T, 7;)-almost Lindelf if and only if

<X, Tfl,z)' Tf2,1)) is (wa.), T-a.yl.))—a/most Lindelof.

Proof. Let (X, T1,T2) be a (7;,7;)-almost Lindelsf and let {Uy : a € A} be a ’rfu)—open cover of
(X, Tflvz),’sz’l)). Since 7¢, ) € Ti, {Ua : @ € A} is a T;-open cover of the (77, 7;)-almost Lindelof

space (X, T1,T2). Then there is a countable subset {a, : n € N} of A such that X = U Tj-

neN
cl(Uy,). By Lemma 2.1, we have X = UneNTEJ"")_Cl(Ua")' which implies (X, Tfl’z),7?2'1)> is
(Tfi’j), Tfj’/)>—a|most Lindelof.

Conversely suppose that (X, ’7’?1'2),’7'52'1)) is (’rfi’j),'rg(’j'i))—almost Lindelof and let {V, : o € A}
be a T;-open cover of (X, T1,72). Since V,, C Tj-int (TJ'— cl (Va)) and T,-int (’TJ'— cl (Va)) € 'rfi’j), we
have {T;-int (7;-cl(V4)) :a € A} is a T{; jy-open cover of the (Tfi‘j),Ta’/))—almost Lindelsf space
(X, Tfl,z)'szl))' So there is a countable subset {a, : n € N} of A such that X = UneN 'rg(’j',.)—
cl (7j-int (1j-cl(Va,))). By Lemma 2.1, we have X = UHGN Tj-cl (Ti-int (1j-cl (Va,))) C UHGN
7j-cl (Va,). This implies that (X, 71, 72) is (7}, 7;)-almost Lindelof. O

Corollary 4.5. A bitopological space (X,T1,T2) Is pairwise almost Lindelof if and only if

<X, Tfl,z)' Tf2,1)) Is pairwise almost Lindelof.

Note that, the (/,j)-almost Lindelof property and the pairwise almost Lindelof property are both
bitopological properties (see [18]). Utilizing this fact, Theorem 4.4 and Corollary 4.5, we easily obtain

the following corollary.

Corollary 4.6. The (i,j)-almost Lindeléf property and the pairwise almost Lindelof property are both

pairwise semiregular properties.

Proposition 4.3. Let (X,71,72) be a (7, 7;)-almost regular space. Then (X, T1,7T2) is (T;,T;)-
almost Lindelof if and only if (X, %, .75, 1)) is 7%, ) -Lindelof
Proof. Let (X,T1,T2) be a ('r,,'rj)—almost Lindelof and let {Uy : v € A} be a Tfi'j)—open cover of

(1.2)
there exists a ('r/, 'rj)—regular open set V,, in (X, T1,T2) such that x € V,, C Ug,. Since (X, T1,T2) is

(X, Ts sz,l))' For each x € X, there exists oy € A such that x € Uy, and since U,, € ’T?I»J-),

(i, 7;)-almost regular, there is a (7;, Tj)-regular open set Cq, in (X, 71, T2) such that x € Co, C Tj-
cl(Cqy,) € Vi, Hence X = Uxex Ca, and thus the family {Cq, : x € X} forms a (T,,Tj)—regular
open cover of (X, T1,T2). Since (X, T1,T2) is (7',-, Tj)—almost Lindelof, there exists a countable subset
of points x1,...,xp, ... of X such that X =[] _ 7;-cl(Ca,) € |J, _ Vo, €U, Ve This
shows that <X, Tfl,z)'7f2,1)> is Tfi’j)—Lindeléf. Conversely, let (X, 751'2),7'?2’1)) be a Tfi’j)—LindeIéf
and let {Uy : a € A} be a T;-open cover of (X, T1,72). Since U, C Tj-int (TJ-—CI(Ua)) and Tj-

int (7j-cl (Ua)) € ) {ri-int (1j-cl (Ua)) ¢ € A} is T, jy-open cover of the 7¢, \-Lindelof space

iJ)
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(X, Tfl,z)' sz,l))' Then there exists a countable subset {a, : n € N} of A such that X = UneN Ti-

int (7,-cl (Ua,)) C UHGN 7j-cl (Uy,). This implies that (X, 71, 72) is (74, 7j)-almost Lindeldf. O

Corollary 4.7. Let (X, T1,T2) be a pairwise almost regular space. Then (X, T1,T2) is pairwise almost

Lindelof if and only if (X, T3, 5,78, ) is Lindelof

Proposition 4.4. Let (X, 7'?1‘2),’7'?2’1)) be a (Tfm,Tf[’j))—extrema/ly disconnected space. Then

(x, T80 sz,l)) is (Tfu), i j))—a/most Lindelf if and only if (X, TS oy Tfm)) is 7%, ;) -Lindelof

iJ)
Proof. The sufficient condition is obvious by the definitions. So we need only to prove neces-
sary condition. Suppose that {Uy : € A} is a ’rfid.)—open cover of (X, 751,2)'7'?2,1))' For each
x € X, there exists oy € A such that x € U,,. Since (X,’rflvz),’rle» is (Tf/,j)”rs(},/)>'
semiregular, there exists a ’rfu)—open set Vg, in (X, ’rfm),’rfm)) such that x € V,, C Tf/,j)‘

int (Ts(j,i)‘CI (Vax)> C Ua,. Hence X = UXGX Vi, and thus the family {V,, : x € X} forms a
T(iopen cover of <X’ T€1,2)’Tf2,1))‘ Since <X' Tfl,z)'ng,l)) Is (Tf,-,j),Tf‘jy,-))—almost Lindelsf and

‘7’6”-), Tfi’j)>—extremally disconnected, there exists a countable subset of points xq, ..., Xp, ... of X
such that X = UneN 7 (Vay,) = UneN T it (TS('J.J.)— cl (Vaxn)> C UneN Uay,- This shows
that (X, 7%, 5. 75 1)) Is 77, )-Lindelof. O
Corollary 4.8. Let (X, Tfm), Tf2’1)> be a pairwise extremally disconnected space. Then

<X, T2 Tfm)) is pairwise almost Lindelof if and only if (X, T{1.2) Tf2’1)> is Lindelof

Proposition 4.5. Let (X, T1,T2) be a pairwise semiregular and (J, i)-extremally disconnected space.

Then (X, T1,T2) is (i,j)-almost Lindelof if and only if it is i-Lindelof.

Proof. By Theorem 4.3, (X, T1,T2) = (X, Tflvz), T€2,1)>' The result follows immediately by Proposi-
tion 4.4, O

Corollary 4.9. Let (X, T1,T2) be a pairwise semiregular and pairwise extremally disconnected space.

Then (X, T1,T2) is pairwise almost Lindelof if and only if it is Lindelof.

Theorem 4.5. A bitopological space (X,T1,72) is (T, 7;)-weakly Lindelsf if and only if
(X, Tflvz), Tf2,1)) Is (Tfu), Ta',))—weak/y Lindelof.

Proof. The proof is similar to the proof of Theorem 4.4 by using the fact that

T4 cl (UHGN Ti-int (7;- cl (Va,,))> = 7j-c (UneN Ti-int (7;-cl (Va”)))
7i-cl (U, 7 (Ve))
7i-d (UneN Va”) '

N

N
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Thus we choose to omit the details. O

Corollary 4.10. A bitopological space (X, T1,T2) is pairwise weakly Lindelof if and only if
<X, Tfl,z)v sz,l)) is pairwise weakly Lindeldf.

Note that, the (/,j)-weakly Lindelof property and the pairwise weakly Lindelof property are both
bitopological properties (see [18]). Utilizing this fact, Theorem 4.5 and Corollary 4.10, we easily obtain

the following corollary.

Corollary 4.11. The (i, ))-weakly Lindelof property and the pairwise weakly Lindelof property are both

pairwise semiregular properties.

Recall that, a bitopological space X is called (7, )-weak P-space [13] if for each countable family

{U, : n € N} of i-open sets in X, we have j-cl U U, | = Uj—cl (Up). X is called pairwise weak
neN neN

P-space if it is both (1,2)-weak P-space and (2, 1)-weak P-space.

Proposition 4.6. Let (X,T1,72) be a (7;,7;)-almost regular and (T;, 7;)-weak P-space. Then
(X, T1,72) is (T,-, ’TJ') -weakly Lindeléf if and only if (X, Tfm), 7—?2,1)) is 'rfi’j)—L/ndeléf.

Proof. Necessity: Let {Uy : o € A} be a Tf/'j)—open cover of (X, Tle),TfZI)). For each x € X,
there exists ax € A such that x € Uy, and since U,, € ’Tfl-’j) for each ay, € A, there exists a
(T4, 7j)-regular open set Vg, in (X, 71, T2) such that x € Vi, C Uy,. Since (X, T1,7T2) is (7}, T})-
almost regular, there is a (T,,Tj)—regular open set Cq, in (X,T1,72) such that x € Co, C T)-
cl(Cq,) C Vi, . Hence X = Uxex Ca, and thus the family {Cq, : x € X} forms a (7',-, Tj)—regular open
cover of (X, T1,72). Since (X, T1,72) is (7;, 7j)-weakly Lindelsf and (7, 7;)-weak P-space, there

exists a countable subset of points xq, ..., Xp, ... of X such that X = 7;-cl (UneN CaXn) = UneN Tj-
o (Car) €U, Ve Uy, Vs, This shows that (X, 7%, ). 75, 1)) s 75, -Lindelof.

Sufficiency: Let {Uq : & € A} be a Tj-open cover of (X, 71, 7T2). Since Uy C Tj-int (7)-cl (Ua))
and 7j-int (7;-cl (Ua)) € T4y {ri-int (1/-cl(Uy)) - € A} is 7, jy-open cover of the T, ) -Lindelof
space(X, TfLQ),TfZl)). Then there exists a countable subset {a,: n € N} of A such that X =

U, mrint (7l (Ua,)) € U, 7l (Ua,) = 75l (UHEN Uan>. This implies that (X, 71, 75) is
(74, 7;)-weakly Lindelof. O

Corollary 4.12. Let (X,T1,7T2) be a pairwise almost regular and pairwise weak P-space. Then

(X, 71.,72) is pairwise weakly Lindelof if and only if (X, 78, 5, 7%,1)) is Lindelof

Proposition 4.7. Let (X, 7'51'2), 'rf2’1)> be a (’Tal-), ’Tf/'j)> -extremally disconnected and (Tfu), Ta'i)) -

weak P-space. Then (X, T(1.2) 7?2,1)) is (Tf/'j), Ts(j,i)) -weakly Lindelof if and only if (X, T(1.2): 'rf2’1)>

is Tf/J)—Lindeléf.
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Proof. The sufficient condition is obvious by the definitions. So we need only to prove necessary con-

dition. Suppose that {Uy, : a € A} is a Tfi’j)—open cover of (X, 751'2), Tf2'1)>. For each x € X, there
exists o € A such that x € Uy, . Since (X, 'rfm), sz,l)) is (Tfu), Ta,.))—semiregular, there exists a
T{ij)-open set Vg, i (X, T12) sz,l)) such that x € Vo, C 7¢; -int <T‘(§j’i)— cl (Vax)) C Uq, . Hence
X = Uxex Vo, and thus the family {4, : x € X} forms a T(; j-open cover of <X, Tfm),sz’l)).

Since (X, Tflvz),TfZlD IS (Tfl-d-),Tiji))—WeaHy Lindelof, (Ta,.),Tfiyj)>—extremally disconnected and

(Tf,’j), Tiji)>—weak P-space, there exists a countable subset of points xq, ..., Xn, ... of X such that
X =15 (U Ve ) = U, 7 Ve = U, miyrint (7570 () €U U,
This shows that (X, 7, 5).7%,1)) is T )-Lindelof. 0

Corollary 4.13. Let (X, Tfm), Tf2,1)) be a pairwise extremally disconnected and pairwise weak P-

space. Then (X, 7,5, 7%, 1)) is pairwise weakly Lindelof if and only if (X, %, .75, 1)) is Lindel.

Proposition 4.8. Let (X, T1,T2) be a pairwise semiregular, (j, i)-extremally disconnected and (i, )-

weak P-space. Then (X, T1,T2) is (i,j)-weakly Lindelof if and only if it is i-Lindelof.

Proof. By Theorem 4.3, (X, T1,T2) = (X, 7'51'2), 'rle)). The result follows immediately by Proposi-
tion 4.7. O

Corollary 4.14. Let (X, T1,T2) be a pairwise semiregular, pairwise extremally disconnected and pair-

wise weak P-space. Then (X, T1,T2) is pairwise weakly Lindelof if and only if it is Lindelof.
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