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EIGENVALUES FOR ITERATIVE SYSTEMS OF (n,p)-TYPE
FRACTIONAL ORDER BOUNDARY VALUE PROBLEMS

K. R. PRASAD!, B. M. B. KRUSHNAZ2* AND N. SREEDHAR?3

ABSTRACT. In this paper, we determine the eigenvalue intervals of A1, Aa, - -
-, An for which the iterative system of (n,p)-type fractional order two-point
boundary value problem has a positive solution by an application of Guo-
Krasnosel’skii fixed point theorem on a cone.

1. INTRODUCTION

The study of fractional order differential equations has emerged as an impor-
tant area of mathematics. It has wide range of applications in various fields of
science and engineering such as physics, mechanics, control systems, flow in porous
media, electromagnetics and viscoelasticity. Recently, much interest has been cre-
ated in establishing positive solutions and multiple positive solutions for two-point,
multi-point boundary value problems (BVPs) associated with ordinary and frac-
tional order differential equations. To mention the related papers along these lines,
we refer to Erbe and Wang [4], Davis, Henderson, Prasad and Yin [3] for ordi-
nary differential equations, Henderson and Ntouyas [6, 7], Henderson, Ntouyas and
Purnaras [8, 9] for systems of ordinary differential equations, Bai and Lu [1], Zhang
[17], Kauffman and Mboumi [10], Benchohra, Henderson, Ntoyuas and Ouahab [2],
Su and Zhang [16], Khan, Rehman and Henderson[11], Prasad and Krushna [15]
for fractional order differential equations.

This paper concerned with determining the eigenvalues \;, 1 < i < n, for which
there exist positive solutions for the iterative system of (n, p)-type fractional order
boundary value problems

Dngyz(t) + )\Zaz(t)fl(ywrl(t)) =0,1<:i:<n, 0<t<1,
yn+1(t) = yl(t)a 0<it< 17

(1.1)

(1.2) y(0) =0, 0<j <n—2, y®(1)=0,

where Df, is the standard Riemann-Liouville fractional order derivative, n —1 <
a<nandn>3, 1<p<a-—1isa fixed integer.
By a positive solution of the fractional order BVP (1.1)-(1.2), we mean (y;(t), y2(t), -
=0,

Lun(t) € (ClIt, 1])" satisfying (1.1)-(1.2) with yi(£) > 0,6 = 1,2,3,- - -, for
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all t € [0,1] and (y1(¢), y2(t), - - -, yn(t)) # (0,0, - -,0).

We assume the following conditions hold throughout the paper:
(A1) fi: RT > R" is continuous, for 1 < i < n,
(A2) a; : [0,1] = R is continuous and a; does not vanish identically on any

closed subinterval of [0, 1], for 1 < ¢ <,
(A3) each of

filz)

)

fio = lim M and fioo = lim
z—0t T r—o00 I
for 1 < i < n, exists as positive real numbers.

The rest of the paper is organized as follows. In Section 2, we construct the
Green’s function for the homogeneous BVP and estimate the bounds for the Green’s
function. In Section 3, we establish criteria to determine the eigenvalues for which
the fractional order BVP (1.1)-(1.2) has at least one positive solution in a cone by
using Guo-Krasnosel’skii fixed point theorem. In Section 4, as an application, we
demonstrate our results with an example.

2. GREEN’S FUNCTION AND BOUNDS

In this section, we construct the Green’s function for the homogeneous BVP
and estimate the bounds for the Green’s function which are needed in establishing
the main results.

Lemma 2.1. If h(t) € C|0, 1], then the fractional order BVP,
(21) D3+y1 (t) + h(t) =0, te (07 1)7

(2.2) y00)=0,0<j<n-2 yP1)=0

has a unique solution,

yi(t) = /O G(t,s)h(s)ds,

where
[ € ) b 0<t<s<l1
_ T(a) ) -
(2.3) G(t,s) = { Elmt S p<s <<l

Proof. Assume that y, (t) € C1*171[0, 1] is a solution of fractional order BVP (2.1)-
(2.2) and is uniquely expressed as

15+ Dy (t) = =I5+ h(t)

-1 t
() = =— / (t —8)*  h(s)ds + ct® 4 ot Feat® B - et
L(a) Jo
From ygj)(O) =0,0<j<n—-2,wehavec, =cp_1 =¢Cn_2="---=co =0. Then
-1 t
y1(t) = 7/ (t —5)* 'h(s)ds + c1t*7 1,
L(a) Jo

P

HORTSY | (R § (O i)ﬁ /O (t — 5)°=1Ph(s)ds.



138 PRASAD, KRUSHNA AND SREEDHAR

From ygp)(l) = 0, we have

p p
e E(a —i) — E(a - i)r(la) /01 (1 — )" 1"Ph(s)ds = 0.
Therefore, ¢; = w5 [y (1= )2~ 7Ph(s)ds. Thus, the unique solution of (2.1)-(2.2)
l -1 [t o1 a-1 i o1
) = g [ =9 s+ s [ - s
= /0 1 G(t, s)h(s)ds,
where G(t,s) is given in (2.3). O

Lemma 2.2. The Green’s function G(t,s) satisfies the following inequalities,

(1) G(t,s) >0, for all (t,s) € 0,1] x [0, 1],

(i1) G(t,s) < G(1,s), for all (t,s) € [0,1] x [0, 1],
1

Joa—1

(7i1) G(t,s) > G(1,s), for all (t,s) € I x[0,1],

where [ = [%, %] .

Proof. The Green’s function G(t, s) is given in (2.3). For 0 <¢ < s < 1.

Glt,s) = ﬁ[ﬂ*-la _ 5] > 0,

For0<s<t<1,

G(t,s) :ﬁ[ta—lu )l (- 5)n ]

1 a—1 —_s a—1-p _ ja-—1 —3 a—1
zm[t (1) (1 =)
1

:m[t“’l(l —8)* 1)1~ (1 —s)P] > 0.

Hence the inequality (7) is proved. We prove the inequality (i7). For 0 <t < s <1,

5 6(t5) = grsllo =D 31— 0
For0<s<t<1,
2a9) :ﬁ[(a S 21— ) P (0= 1)t - )77
_ (OF‘(‘Q)U 1721 = )21 )P (1 5) ]
T R A E DI O

_e—1) (1 — st — 1]t —ts)22 > 0.
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Therefore G(t, s) is increasing with respect to ¢ € [0, 1]. Hence the inequality (i4) is
proved. Now, we establish the inequality (iii). For 0 <t <s<landt€ I,

G(t,s) _ to1(1 — g)a1-p _ja-ls
G(1,s) (1—s)a—1-» = go- 17
ForO0<s<t<landtel,
G(t,s) t 11 —s)e 7P — (¢t — )2t
G(l,s) (1—s)@lp—(1—g)o !
T (1 —s)* P — (t—ts)*!
=T (1—s)lr—(1—s)o L

Hence the inequality (i4) is proved. |

An n-tuple (y1(t), y2(t), -+, yn(t)) is a solution of the BVP (1.1)-(1.2) if and only
if y;(t) € ClelT1]0, 1] satisfies the following equations

y1(t) =\t /01 G(t,s1)a1(s1) fr ()\2 /01 G(s1,82)az(s2) - - -

1
n— An Gn—annnn ndnd d
fut (3o [ Glonmrosn)an ()l () ) - o)
and
1
uilt) = A /0 G(t, 5)ai(s) i (g (3))ds, 0<t <1, 2<i<nm,

where
Ynt1(t) =31(t), 0 <t <1
In establishing our main result, we will employ the following fixed point theorem
due to Guo-Krasnosel’skii [5, 13].

Theorem 2.3. [5, 13] Let X be a Banach Space, P C X be a cone and suppose
that Q1,2 are open subsets of X with 0 € Q1 and 1 C Q. Suppose further that
T: PN (Q\Q) = P is completely continuous operator such that either

A |Tu||<||uw]l, we PNOQ and | Tu [|>]| u ||, u € PN, or
) | Tu||IZ||w|l, we PNoQ and || Tu ||<|[ u], v € PNoQs holds.

Then T has a fized point in PN (Q2\Q4).

3. POSITIVE SOLUTIONS IN A CONE

In this section, we establish criteria to determine the eigenvalues for which the
fractional order BVP (1.1)-(1.2) has at least one positive solution in a cone.
Let X = {z: 2 € C[0,1]} be the Banach space equipped with the norm

= max t)|.
||IEH 0<t<1 ‘.’E( )|
Define a cone P C X by

1
= > i > — .
P {x € X |z(t)>0on [0,1] and I}lel}'l.%‘(t) 2 Jai Hx||}



140 PRASAD, KRUSHNA AND SREEDHAR

Now, we define an integral operator T : P — X, for y; € P, by

Tyi1(t) =\ G(t,s1)a1(s1)fi{ A G(s1,82)az(s2) - -
) /0 ( 2/0 2)a2(s2

fn-1 ()\n /01 G(sn—1, Sn)an(sn)fn(yl(sn))dsn) s dsZ)dSL

Notice from (A1), (A2) and Lemma 2.2 that, for y; € P, Ty1(t) > 0 on [0,1]. And

also, we have

Tyi(t) < M /OIG(l,sl)al(sl)fl()\g /01 G(s1,50)as(sa) - -

frn-1 (/\n /01 G(Sn—1,8n)an(8n) fn(y1 (sn))dsn) e dsz)dsl

so that
1

1
[Tyill < A1 | G(1,s1)ai(si)fi( A2 [ G(s1,s2)aa(s2) - -
" en oot

Jn-1 ()‘n /01 G(sn—1, Sn)an(sn)fn(yl(sn))dsn) T d32)d51~

Next, if y1 € P, we have from Lemma 2.2 and (3.2) that
1 1
Iglei}lTyl(t) :r?ei}l/\l/o G(t,s1)a1(s1)f1 (/\2/0 G(s1,82)az(s2) - -
1
fnfl ()\n/ G(Snfla Sn)an(sn)fn(yl(3n>)d3n) ce d52)d51
0
1 1 1
> Mg [ G0 (s [ Glosalaatsn)
4=t Jo 0

frn-1 (/\n /01 G(Sn—1,8n)an(8n) fn(y1 (sn))dsn) e d32)d81

1
Z 4o— 1
Therefore,

1
s Tl

Hence, Ty; € P and so T : P — P. Further, the operator 7" is a completely con-
tinuous operator by an application of the Arzela-Ascoli Theorem.

in Ty, () >
min Ty, (1) =

Now, we seek suitable fixed point of T belonging to the cone P. For our first
result, we define positive numbers N; and Ns, by

) 1
Ny = 121%}(” { |:4a—1 /SEI G(lvs)ai(s)dsfioo] }

Ny = min { [/01 G(l,s)ai(s)dsfio} _1} .

and
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Theorem 3.1. Assume that the conditions (A1)-(A3) are satisfied. Then, for each
A1, A, - -, A satisfying

(33) N1<)\i<N2, 1<i<n,

there exists an n-tuple (y1,y2,- -« -, yn) satisfying (1.1)-(1.2) such that y;(t) > 0,
1<i<non(0,1).

Proof. Let A;, 1 <i < n be given as in (3.3). Now, let € > 0 be chosen such that

max {[ ! G(1, 5)as(s)ds(fioo _e)]l} < min A

1<i<n | (4970 [ ~ 1<i<n

and

max A; < min {[/01 G(1,8)a;(s)ds(fio + e)} _1}.

1<i<n 1<i<n

We seek fixed point of the completely continuous operator T : P — P defined by
(3.1). Now, from the definitions of f;o, 1 <14 < n, there exists an H; > 0 such that,
for each 1 < i <n,

fi(z) < (fio+€e)x, 0<z < Hj.

Let y; € P with |ly1|| = H1. We first have from Lemma 2.2 and the choice of ¢,
for0<s,.1 <1,

)\n/o G(sn—hsn)an(sn)fn(yl(sn))dsn
S An/o G(lv Sn)an(sn)(fno + E)yl(sn)dsn

1

< / G(L, $n)an (50)d0 (fuo + €)1
0

< |lyall = H.

It follows in a similar manner from Lemma 2.2 and the choice of e that, for 0 <
Sn—2 S 17

1
)\nfl/o G(Sn7278n71)an71(5n71)
1
fnfl <>\n A G(Snflv Sn)an(sn)fn (yl (Sn))dsn)dsnfl

1
S An—l / G(Sn—h Sn—l)an—l(Sn—l)dsn—l(fn—l,o + €)Hy1|l
0
< ol = Hy.

Continuing with this bootstrapping argument, we have, for 0 <t <1,

N /01 G(t. s)ar(s) i (Ao /01 G50, 52)an(sa) - - -

fn(yl(sn))dsn) . ~d$2)d81 < Hy,

so that, for 0 <t <1,
Ty1<t) § Hl.
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Hence, ||[Ty1|| < H1 = ||y1||- If we set Q1 = {x € X | ||z|| < H1}, then
(3.4) [Tyull < llyall, for yr € PN O,

Next, from the definitions of f;oo, 1 <4 <mn, there exists Ho > 0 such tha‘i for
each 1 < i < n, f;(x) > (fieo — €)x, ¥ > Ho. Choose Hy = max{2H;,4% 1Hy}.
Let y; € P and ||y1]| = H2. Then,

1
4@—1

Then, from Lemma 2.2 and choice of €, for 0 < s,,_1 < 1, we have that

ly1]l = Ho.

iny, (t) >
minys (t) =

/\n/o G(SnflySn)an(sn)fn(yl(sn))dsn

> An G(laSn)an(sn)fn(?h(sn))dsn

sel
1
> F)\n/ G(la Sn)an(sn)(fnoo - 6)yl(sn)dsn
sel
1
> [ GLsan(sa)dsn (e = ]
sel
2 [lyall = Ha.

It follows in a similar manner from Lemma 2.2 and choice of €, for 0 < s,,_5 < 1,

1
/\n—l / G(Sn—Q; Sn—l)an—l(sn—l)
0

Jn—1 ()‘n /01 G(Snfh Sn)an(sn)fn(?/l(Sn))d3n>d5n71

1
= 7,1)‘71—1/ G(laSn—l)an—l(sn—l)dsn—l(fn—l,oo — )|yl
4~ sel
> [lyal = Ho.

Again, using a bootstrapping argument, we have

A1 /01 G(t,s1)a1(s1) fr ()\2 /01 G(s1,82)az(s2) - -

fn(y1(sn))dsn> . ~d$2>d81 > H,,

so that
Tyi(t) > Ha = [[y1]]-
Hence, [|[Ty1|| > ||y1]|- So if we set Qo = {z € X | ||z|| < Ha}, then

(3.5) [Tysll = [lyall, for g1 € P N0y,

Applying Theorem 2.3 to (3.4) and (3.5), we obtain that 7" has a fixed point
y1 € PN (Q2\Q1). Setting y1 = yn+1, we obtain a positive solution (y1,y2,- -, Yn)
of (1.1)-(1.2) given iteratively by

yi(t) = )\,»/O Gt 5)as(3) fiyssr (s))ds, i = n,n—1,--- 1.

The proof is completed. O
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Prior to our next result, we define the positive numbers N3 and N4 by

Ny = lrgixn{ Lla 1/ G, s)ai(s )dsfw]l}
Ny = min { [/01 a, s)ai(s)dsfioo] _1} .

Theorem 3 2. Assume that the conditions (A1)-(A3) are satisfied. Then, for each
A1, Ao, -+ Ay satisfying

and

(36) N3<)\1<N4, 1<i<n,

there exists an n-tuple (y1,y2,- - -, Yn) satisfying (1.1)-(1.2) such that y;(t) > 0,
1<i<non(0,1).

Proof. Let A\;, 1 <i < n be given as in (3.6). Now, let € > 0 be chosen such that

1 ! .
nax { |:4al /SGI G(1,s)ai(s)ds(fio — e)} } < min A

and

1 -1
A<{[/ G0 ey f+0) }

Let T' be the cone preserving, completely continuous operator that was defined
by (3.1). From the definition of f;p, 1 < i < n there exists H3 > 0 such that, for
each 1 <i <n,

fi(x) > (fio —€)z, 0 <z < Hs.

Also, from the definitions of f;, it follows that f;(0) =0, 1 <i < n, and so there
exist 0 < K,, < K,,_1 < --- < Ky < Hs such that

Ky
Aifi(t) <
() fol G(1, s)a;(s)ds

L tel0,K;], 3<i<n,

and

H;
fo (1, 8)as(s )ds7
Choose y; € P with ||y1|| = K,,. Then, we have

A2 fa(t) < t € [0, Ky).

An /0 G(sn—1, sn)an<5n)fn(yl (Sn>)d5n

1
< /0 G(L, 50)tn (50) fon (y1.(50) s

fol G(1,8)an(80) Kn_1dsy

fol G(1, sp)an(sn)dsy,
< Kn71~
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Continuing with this bootstrapping argument, it follows that
1 1
%o [ Gllisaaa(sn) fa(ha [ Glsn,sa)aass) -
0 0

fn(yl(sn))d5n> s d53>d82 < Fg.

Then,
Ty (t) =\ /01 G(t,s1)ar(s1) fr (Az /01 G(s1,82)az(sz2) -
Faln(sa))dsn ) -~ dso ) ds
> erh [ Gs)me) (o - sy > ]
So, [|[Ty1|| > |ly1ll- If we set Q1 = {z € X | ||z|| < K.}, then
(3.7) 1Tyl = llyall, for g1 € PO

Since each f;. is assumed to be a positive real number, it follows that f;, 1 <
i < n, is unbounded at co. For each 1 <7 < n, set

fi(e) = sup fi(s).

0<s<z

Then, it is straightforward that, for each 1 < ¢ < n, f’ is a nondecreasing real-
valued function, f; < f/ and

lim fi(@)

o = fico-
Next, by definition of fiso, 1 < i < m, there exists H4 such that, for each 1 < i < n,
fi (@) < (fico + )z, @ > Ha.
It follows that there exists Hy = max{2H3, H,} such that, for each 1 <i < n,
fi(z) < ff(Ha), 0 <z < Hy.

Choose y; € P with |ly1|| = H4. Then, using the usual bootstrapping argument,
we have

Ty (t) = )\1/ G(t,s1)a1(s1)fi(Ag - +)ds1
N
< [ Gl sa(sn i O s
S )\1/0 G(l, sl)al(sl)ff(H4)ds1

1
<\ / G(1, 51)ax (51)ds1 (froo + ) Ha
0

< Hy= ||y1Ha
and so ||[Ty1|| < ||ly1]]- So, if we let Qo = {x € X | ||z|| < H4}, then
(3.8) ITy1]l < |ly1ll, for y1 € PN INs.

Applying Theorem 2.3 to (3.7)-(3.8), we obtain that 7" has a fixed point y; €
P N (Q\Q1), which in turn with y; = y,41, yields an n-tuple (y1,%2," - -, Yn)



EIGENVALUES FOR ITERATIVE SYSTEMS 145

satisfying the BVP (1.1)-(1.2) for the chosen values of \;, 1 < i < n. The proof is
thus completed. ([

4. EXAMPLE

In this section, as an application, we demonstrate our results with an example.
Consider the fractional order boundary value problem

A
DaPyi(t) + . i ty2(46 — 27.5e72¥2)(500 — 487e3¥2) = 0,1 € (0, 1),
A
(4.1) D2:Pys(t) + . jtyg(?)? — 25.5¢7°%2)(400 — 368¢¥3) = 0,t € (0,1),
A
DZPys(t) + - jty1(79 — 75e¥1)(800 — 749.5¢72¥1) = 0,¢ € (0,1),
(4.2) yi(0) =0, y;(0) =0 and y;(1) =0, i =1,2,3.
The Green’s function G(t, s) of corresponding homogeneous BVP is given by
M 0<t<s<1
G(t,s) = t1‘51;(12—-55))0‘5,—(t—s)1'5 ===
Ne) , 0<s<t<L1.

By direct calculations, we found that
Jio =299, fa0 = 368, f30 = 202,

Fioo = 23000, foso = 14800, 300 = 63200,

0.75 -1
N, = max{ [(0.25)1~5 G(l,s)al(s)ds(23000)} ,
0.25
[(0.25)1~5 /0'75 G(l,s)ag(s)ds(l4800)] :
0.25
0.75 -1
[(0.25)1-5 - G(l,s)ag(s)ds(63200)] }

= max{0.0009634, 0.0014972, 0.0003506} = 0.0014972.

Similarly, Ny = min{0.0307737,0.0250037,0.0455512} = 0.0250037. Applying The-
orem 3.1, we get an optimal eigenvalue interval 0.0014972355 < \; < 0.0250037, for
i = 1,2,3 in which the fractional order BVP (4.1)-(4.2) has at least one positive
solution.
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