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Abstract. The theory of difference equations got a significant position in the applicable analysis.
Therefore, studying the qualitative behavior of the difference equations is a fruitful area of research
that has increasingly attracted many researchers. In this paper, we demonstrate the stability and
the existence of periodic solutions of the nonlinear difference equation. Moreover, we provide some

numerical simulations to confirm our results.

1. Introduction

The major purpose of this study is to provide a substantial analysis on periodicity of solution, local
asymptotic stability and global behavior of the following difference equations

Cy¥n—1+ Dyn_3
= Ay,_ By,_ , =0,1,.. 1.1
Yn+1 Yn—1+ Byn—3 + Fy, s—E n=20 (1.1)

where the parameters A, B, C, and D are positive real numbers and the initial conditions y_3,y_5, y_1,

and yp are positive real.

The study of difference equations is of utmost importance in mathematical applications. These
equations also naturally appear as discrete analogs and as numerical solutions of some dynamical
systems of differential equations that illustrate several phenomena in physics, biology, ecology, engi-

neering, economics, etc. [1-10]. The theory of difference equations occupied a central position in
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the applicable analysis. So, there is no doubt that the theory of discrete time equations will persist in
playing an important role in mathematics. Therefore, it has been developing in terms of analysing the
behavior and solving these equations. This progress can obviously be seen in the published studies,
take for instance, Alharbi et al. [11] analysed the stability and the periodicity of solutions and explored
the form of solution for a special case of the rational difference equation
bZ, s

cZps—dXp-11’
El-Dessoky [12] obtained the local and global stability of the positive solutions, the periodic behavior,

n=0,1,...

Zn+1 =alp-s —

and the boundedness character of the following difference equation
aXn—t
Xn+-1 :,BXn_/‘FaXn_k‘i‘ﬁ, n=20,1,..
Elsayed et al. [13] investigated the stability and periodicity as well as obtaining the solutions of a
higher-order difference equation
U o Un—9Un—5Un—1
n+1 — y
Un—7Un—3(i1 + Un—9Un—5Un—1)

In [14], Zayed et al. studied some qualitative properties of the solutions for the non-linear difference

n=20,1,...

equation
bxn—k + hxp—
Xn+1:AXn+BXn_k+CXn_/+DXn_g—i_M, nzo,].,
dXp—k + €Xn—j
The boundedness solution, local stability, and global attractivity of the following second-order fractional
equation
o+ YXp—1
Bxn + DxpXp—1 + Xn—1'
are demonstrated in [15] by Kostrov et al.

n=0,1,...

Xn+1 =

Avotina [16] presented the periodic solution of three special cases of the rational difference equation:

a + Bxp + ¥Xn-1
A+ Bxp+ Cxp_1’
For more recent studies, we refer the reader to [17-43] and references cited therein.

Xnt+1 = n=0,1,...

2. Preliminaries and Notation

In this section, we introduce some definitions and theorems of the theory of difference equations
that be utilized in our analysis. Assume that S be a continuously differentiable function such that
S : [a, b]*tt — [a, b], where [a, b] is a real numbers interval and k is a positive integer. Then the
difference equation

the1 = S(th, th=1, .o, th—k), n=20,1,2,... (2.1)

has a unique solution {t,}>° , for all set of initial values t_, t_x41,....t0 € [a,b]. (Kocic and
Ladas [5])
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Definition 2.1. (Equilibrium Point)
A point t* € [a, b] is called an equilibrium point of equation (2.1) if

t* = S(t*, 5, ..., t).
That is, t, = t* for all n > 0, is a solution of equation (2.1), or equivalently, t* is a fixed point of S.

Definition 2.2. (Stability)

The equilibrium point t* of equation 2.1 is said to be

e [ocally stable if, for every o > 0, there exists 3 > 0 such that
for every t_x, t_x+1, ..., t—1, to € [a, b] with

[t — ]+ [togqr — t¥] + .+ B0 — £ < B,
we have
|ty — t¥| < a VYn> —k.

e [ocally asymptotically stable if t* is locally stable solution of equation 2.1 and there exists

w > 0 such that for every t_x, t_ ki1, ..., t—1, to € [a, b] with

[t =t 4+ [toppr — ']+ ...+ |to — t7] < w,
we have
n—oo

e Global attractor if, for every t_y, t_x+1,..., t—1, to € [a, b] we have

lim t, = t*.
n—oo

e globally asymptotically stable if t* is locally stable, and also a global attractor of equation 2.1

e unstable if t* is not locally stable of equation 2.1.

Definition 2.3. (Periodicity)

A sequence {t,}°° _, is a periodic solution with period q if t,1q = t, for all n > —k.

Definition 2.4. (Linearised Equation)

The linearized equation of the difference equation (2.1) about the equilibrium t* is the linear difference

equation
k—1
oS(t*, t*, ..., t%)
Xn+1 = Z ot, Xni (2'2)
i=0

Now, suppose that the characteristic equation associated with (2.2) is

Q) = QoCF + Q¢ T+ .+ Qr1C+Qx =0. (2.3)



4 Int. J. Anal. Appl. (2023), 21:17

Theorem A [8]
Assume that Q; € R, where 1 =1,2,3,..., K and k € {0,1,2,3,..}. Then

k
Z Qi< 1.
i=1

is a sufficient condition for the asymptotic stability of the following the difference equation

Xnpk + Q1 Xngk—1+ ... + QuXn=0.

Theorem B [9]
Assume that h is a continuous function such that h: [a, B]°T* — [a, B], where k is a positive integer

and [a, B] is a real numbers interval.And consider the difference equation
tn-‘,—l = h(tn, tn_l,...,tn,k), n=20,1,2,.. (24)

Now, let h satisfies the following

(1) Forall1 </ < k+1 where i is an integer , the function h(z1, 2o, ..., Zxk+1) is weakly monotonic
in zj for each z1, 2, ..., Zk+1 -

(2) Assume (m, M) is a solution of the the system
m=h(my, mo, ..., Mky1) ,

M = h(My, Mo, ..., Mii1) .

Then M=m, fer each (i=1,2,..., k+ 1) we set

m, if his non-decreasing in z;
e M, if his non-inceasing in z,
and
M, if his non-decreasing in z;
m, if his non-inceasing in z;,
m=M.
So, there exists a unique fixed point t* of the equation (2.4) and any solution of (2.4) converges to
-

3. The Local Stability Analysis

In this section, we calculate the equilibrium points of equation (1.1). Moreover, the local stability

of these equilibrium points will be investigated.

Theorem 3.1. The non-linear difference equation (1.1) has two equilibrium points yf = 0 and y; =

C+D E
FAiAB) T F
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Proof. Equation (1.1) can be written as

y'(1-A-B)= F_E
or
Fy>*(1—-A—B)—Ey*(1-A—B)—-Cy*—Dy* =0,
then,

Fy*1-A—B)—y*(E(1—-A—-B)+C+D)=0.

So, The difference equation (1.1) has two equilibrium points

__C+D | E
T F(1-A-B)  F

*

)/f =0, Yo

Theorem 3.2. The first equilibrium point y; = 0 of the difference equation (1.1) is locally asymptot-
ically stable if
|-C—-D|< E(1-A-B).

Proof. Suppose that g(0, 00)® — (0, 00) is a function defined as follows

Cu+ Dw

w)=A B —_— 3.1
g(u, w) utBwt+ (3.1)
Differentiating g(u, w) with respect to u and w. We get
C (FCu+ DE)
=AY R —E N (7
substituting y;" = 0 into g,, and g,,. We get
C D
Ju(yi. yf)=A— = =—P1, gw(yi yi)=B——2=-P.
E E
Hence, the linearized equation of (1.1) about the equilibrium point y; is
Znt1+PiZn1+PZp3=0. (3.2)

It follows by Theorem A that the fixed point ,y;, of equation (1.1) is locally asymptotically stable if
[P+ [P < 1.

So,
C D
|A_E|+|B_E|<1'
this implies,
|AE—C+ BE - D| < E.

Thus, the first equilibrium point y;" is locally asymptotically stable if
| -C—-D|< E(1-A-B).

The proof is completed.
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Theorem 3.3. Suppose that
|Ca— (C+Ea)al]<C+D—-A-B.

Where o = (1—A—B), then the second equilibrium point y5 of equation (1.1) is locally asymptotically
stable.

Proof. Substituting y5 = C,%D + % into gy, and g,,. We get
. % Ca
Gu(y2.¥5) =A+ CiD —Q1,
. (C+ Ea)x
aw(¥2.¥5) =B — “CiD = —Qo.

Where oo = (1 — A— B).

So, the linearized equation of (1.1) about the equilibrium point y3 is
Zn—i—l + QlZn—l + C\?2Zn—3 =0. (3.3)

It can be shown by Theorem A that the fixed point y; of the difference equation (1.1) is locally
asymptotically stable if

Q1] + Q2] < 1.
So,
Ca (C+Ea)a
At el TIB-Terp 1<t
thus,

A+ Ca+B—(C+ Ex)a] < C+D.
Therefore, the second equilibrium y3 is locally asymptotically stable if
|Ca—(C+Eax)al<C+D—-A-B.

The proof is completed.

4. Global Behaviour Analysis

We dedicate this section to showing the case under which the equilibrium points y* of equation

(1.1) are asymptotically globally stable.

Theorem 4.1. The equilibrium points y* of the difference equation (1.1) is globally asymptotically
stable if

i AE+BF+D>C+BE+E

ihE+C+D>F
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Proof. Suppose that k and r be real numbers and assume g(k,r)?> — (k,r) is a function that

defined by
Cu+ Dw
g(u, W) =Au+ Bw + m
Now, we consider two cases.
Case i. Suppose that g(u, w) is increasing in u and w.
Then, assume (¢, p) is a solution of the following system
=90,
p=9(p,p) .
So,
CC+ D¢
C=ACHBCH g
Cp+ Dp
= Ap+Bp+ 1=
0 o+ Bp+ Fo—E '
this gives,

FCP(1-A-B)—E((1-A-B)=((C+D),

Fo’(1—A—B)—Ep(l—-A—B)=p(C+D),
after subtracting (4.3) from (4.2). We get
(=P )FL—-A=B)~((—pE(L-A-B)—((-p)(C+D)=0,
this implies,
C=0){((+pFA-A-B)-E(1-A-B)-(C+D)}=0.
Thus, when E+C+ D > F,
(=p.
It follows by Theorem B that y* is globally asymptotically stable. The proof is completed.

Case ii. Suppose that g(u, w) is increasing in u and it is decreasing in w.

Then, assume (¢, p) is a solution of the following system

¢=9(C0),
p=9(p.Q) .
So,
B C(+ Dp
C_AC+Bp+7/__p_E .
B Co+ D¢
p=Ap+ B(+ ﬁ )
this implies,

(1—=A)Fp—E)—-Bp(Fp—E)-C(—-Dp=0,

(4.1)

(4.2)

(4.3)

(4.4)

(4.5)

(4.6)
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p(1 — A)(FC — E) — BL(F¢ — E) — Cp— DC = 0. (4.7)
Now, subtracting (4.7) from (4.6). We get
(C—p{AE—-E+BF({+p)—BE-C+ D} =0. (4.8)
Therefore, when AE + BF +D > C+ BE+ E
(=p.

It can be shown by Theorem B that y* is globally asymptotically stable. The proof is completed.

5. Existence of Periodic Solutions

This section discusses the existence of periodic behavior of the nonlinear difference equation (1.1).
The following theorem states the necessary and sufficient conditions that assure Eq.(1.1) has periodic

behavior of prime period two.
Theorem 5.1. The difference equation (1.1) has solution of period two if and only if
E1-A-B)+C+D#0 (5.1)

Proof. Assume that equation (1.1) has a solution of period two

aa06,a,0, ...
with o #£ (3
a:Aa—l—Ba—i—%,
B CB+ DB
ﬁ_ABJrBﬁJrW.
So,
Fa’(1—-A—-B)—Ea(l—-A-B)=a(C+D), (5.2)
FB2(1-A—B)—EB(1-A-B)=pB(C+D). (5.3)

Subtracting (5.3) from (5.2) gives
F(1-A-B)(a®~p*) ~E(l-A-B)(a-B)=(C+D)(a-pH),
this implies,
Fl-—A-B)(a+pB)—Ea(l-A-B)=(C+D).

Consequently,
E(1-A-B)+C+D
F(1-A-B)

a+pB= (5.4)
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Again, adding (5.2) and (5.3). We get
Fl—A-=B)(a?+B?)={E(1—A—B)+(C+D)Ya+pP). (5.5)
By using (5.4), (5.5) , and the relation (a + 8)? = a? + 2a8 + 32, we obtain
F1-A-B){(a+B)?-2a8} ={E(1-A-B)+(C+D)}a+p),
then,

2F(1—-A-B)af=F1-A-B)(a+B)?—-{E(1-A-B)+ (C+D)}a+8),

(E(1-A—-B)+C+ D)? (1-A-B)+C+D

E
Fi—A—B) ~{EQ-A-B)+C+DN a4 p

2F(1—A—B)agB =

) -

Thus,
aB =0. (5.6)
Therefore, it follows from equations (20) and (22) that o and B are the two distinct roots of the

quadratic equation

X2 —(a+B)X +aB =0. (5.7)
That s, ( )
E(1-A-B)+C+D
2 —_ =
X FaoAme X0
then,
F1-A-BX?2—-(E(1-A—B)+C+D)X =0,
SO,

(E(1-A—-B)+C+D)?>0.
For (E(1—A—B)+ C+ D) # 0, the condition (5.1) holds.
On the other side, suppose that condition (5.1) is true. We will demonstrate that equation (1.1) has

a prime period two solution.

Set
_EQ-A-B)+C+D

and
y2=yo=q=0.
Now, we want to show that
yi=p, and y»=0.
It follows from equation (1.1) that

yi=Ap+Bp+ C;f[;r_DEp
SO,

(C+ D)(EUAA=EES2)
F(E(I;(ﬁl\:i)j—B(;—i-D) —F

E(l—A-B)+C+D
F(I—A—B) )

n=(A+8)(
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E(l-A—B)+C+Dy (C+D)E(1-A—B)+C+D
F(1—A-B) ) F(C+ D)
E(l—A-B)+C+D\ (E(1-A—B)+C+D
:(A+B)< F(1-A-B) )+ F ’
E(l—A-B)+C+D A+ B E(L—A-B)+C+D
= ( F )(*(1—;\—3)): FA-A-B)
Cq+Dqg
Fg—E

:(A+B)(

yo=Aq+ Bqg+ =gq.

So, by induction we get
Yon=q and Yopi1=p for all n> —3.

Hence, equation (1.1) has the prime period two solution p and q. Where p and g are the distinct
roots of the quadratic equation (5.7).

6. Numerical Examples

In this part, we provide some examples that verify our analytical results. MATLAB programming is

used to show numerically the behavior of the nonlinear difference equation(1.1).

Example 6.1. Figure 1 shows the behavior of Eq.(1.1) tends to the first equilibrium point y; = 0
when the parameters and the initial valuesare A=0.1, B=02, C=1, D=2 F =4, E =6,
y3=-3,y =2, y_1=-0.5 and yo = 1.

Example 6.2. Figure 2 presents the behavior of Eq.(1) approaches to the second equilibrium point

Plot of ¥(n#1)=(A"Y (n-1)+B"Y (n-3)}#{(C"¥(n11+D"Y(n-3)/(F*¥(n-3)-E))

-

Figure 1. The Behaviour of Equation (1.1)

y5 = 0 when we assume the parameters and the initial values that A= 0.6, B=0.2, C =3, D =4,
F=6,E=5y3=5y,=-3y1=1,and yy =4.
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Plot of Y(m+1)=(A"Y (n-1)+8"Y(n-3))+(C™Y(n-11+D"Y(n-3))(F*Y(n-3)-E))

12 l

\ ﬁ
|| 'u'u"‘.u., (LT | N
‘ ||{

Figure 2. The Behaviour of Equation (1.1)

Example 6.3. The unstable behavior of Eq.(1.1) is shown in figure 3. we assume the parameters
and the initial values that A=0.1, B=02,C=5 D=8 F=04 E=6,y 3=1, y. o= —6,
y_1 =3, and yp = —4.

Plot of ¥(n#1)=(A"Y (n-1)+B"Y (n-3)#{(C¥(n11+D"Y (n-3)/(F*¥(n-3)-E))

‘- 'L'l | i
I\.’ 'W-.]. |

0 10 20 30 40 50 60 70 80 a0 100

——

yin)
& &5 b b o m -

Figure 3. The Behaviour of Equation (1.1)

Example 6.4. In figure 4, The global stability behavior of Eq.(1.1) is shown. It is clear that
the behavior of Eq.(1.1) tends to the fixed point y; as n goes to oo under the following the initial
conditions and the parameters A=0.1, B=02,C=1, D=2, F=4 E=8,y 3=1,y »= -6,
y_1 =3, and yp = —4.



12 Int. J. Anal. Appl. (2023), 21:17

Plot of Y(n#+1)=(A"Y (n-1)+B"Y (n-3)) #(C"Y (n-1)+D"Y (n-3))(F*¥(n-3)-E))

-

Figure 4. The Behaviour of Equation (1.1)

Example 6.5. Figure 5 demonstrates the global stability behavior of the fixed point y5 when the
initial conditions and the parameters are A= 0.2, B=10.16, C =0.123, D =14, F = 0.5, E =5,
y3=5 y-,=-3 y 1=1, and yp = —4.

Plot of Y{+1)=(A°Y (n-1)+B"Y(n-3)) +((C™Y (n-1)+D"Y(n-3))(F*¥(n-3)-E)

100 ’ h

5

=}

(n
o
t—-'s'

-50 “

-100 I

-150

Figure 5. The Behaviour of Equation (1.1)

Example 6.6. Figure 6 shows that Eq.(1.1) has a prime period two solution when the initial
conditions and the parameters are A =02, B=0.1, C =02, D=3, F=1, E=0.6, y_3 = p,
Y_o=4q, y_1=p, and yo = g where p and ¢ satisfied Theorem 5.1
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Plot of Y(n#+1)=(A"Y (n-1)#B"Y (n-3)) #(C"Y (n-1)+D"Y (n-3))(F*¥(n-3)-E))

||h .I | H '.' "| It
'||'|||||”||| il

= |||||||||||| |'||"|||'|I
“' ! |\' '| || '||| i I || ‘|

W

o 50

(
= S 5

na

-

Figure 6. The Behaviour of Equation (1.1)

7. Conclusion

This study discusses the dynamics of the nonlinear difference equation (1.1). In section 3 we
illustrated that when the local stability condition in Theorem 3.2 is satisfied, the behavior tends to the
stability state of the equilibrium point y; = 0. While, the equilibrium y5 will be locally asymptotically
stable when |Ca — (C + Ea)a| < C+ D — A— B. The global solution of the equilibrium points
conditions is shown in section 4. Section 5 discussed the necessary and sufficient conditions to obtain
the periodic solution of equation (1). For confirmation of our theoretical analysis, we presented some
numerical examples in section 6, and figures 1-6 verified the results.

Conflicts of Interest: The authors declare that there are no conflicts of interest regarding the publi-

cation of this paper.
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