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ABSTRACT. This study presents the fractional reduced differential transform method for a nonlinear mutualism model with
fractional diffusion. The fractional derivatives are described by Caputo's fractional operator. In this method, the solution is
considered as the sum of an infinite series. Which converges rapidly to the exact solution. The method eliminates the need
to use Adomian's polynomials to calculate the nonlinear terms. To show the efficiency and accuracy of this method, we
compared the results of the fractional derivatives orders with the ordinary derivative order index a=1 for the nonlinear
mutualism model with fractional diffusion. Approximate solutions for different values of the fractional derivatives together
with non-fractional derivatives and absolute errors are represented graphically in two and three dimensions. From all
numerical results, we can conclude the efficiency of the proposed method for solving different types of nonlinear fractional

systems of partial differential equations over existing methods.

1. Introduction
Recently, it has turned out that many phenomena in engineering and other sciences can be described
by models using mathematical tools from fractional calculus [1], fractional calculus owes its origin to
a question of whether the meaning of a derivative to an integer order could be extended to still be
valid when n is not an integer. Diffusion phenomena is one the most important topic in heat transfer,

especially in mechanics engineering and biological population. In the earlier literature most of the
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discussions are devoted to coupled systems of two equations. In the recent years, attention has been
given to reaction-diffusion systems with three population species, the densities of three populations
u, v,w are governed by the following coupled equations: ([2], [3])
Dfu — d,V?2u = u(a,(t,x) — by (t, x)u + ¢, (t, x)v)
Dfv — d, V2 = v(a,(t, x) — by (t, x)v + ¢y (¢, x)u + e(t, x)w) (1)
D&w — d3V2w = w(as(t, x) — b3 (t, x)w + c3(t, x)v)
with initial conditions
u(x,0) =uy, v(x,0)=1v, w(x0)=w,
wheren —1 < a < n, foreach i = 1,2,3, d; is constant and a;, b;, ¢c;, e are smooth functions [2], V2
denotes Laplacian with respect to the variables x = (xq, x5, x3) and u(x, t), v(x, t),w(x,t) is solution
of Eq. (1). If d; =0 for each i =1,2,3 in Eq. (1) we obtain a model of Lotka Volterra for prey-
predator.
2. Preliminaries and Fractional Calculus
In this section, gives some important definitions, such as the gamma function and basic definitions
of the fractional derivatives.
2.1.  Gamma Function
Gamma function I'(n) is simply the generalization of factorial to complex and real arguments. The

gamma function can be defined as ([5], [6])

r(n) = [ t" e tdt = (n— 1)}, n€IN (2)

which is convergent for n > 0. A recurrence formula for gamma function is ([5], [6])
['(n+ 1) =nl'(n) forn € IR (3)
I'(n) = Itnt1) forn €lIR™ (4)

2.2.  Fractional Derivatives
Definition (1): Riemann-Liouville Fractional Integral Operator
Suppose that @ > 0, n — 1 < @ < n, the Riemann-Lioville fractional integral define as [5]

1

RLDre(f(0) = @)

t
f (¢ = w)e f(w)du ®)

Note: Riemann-Liouville fractional differential operator define as
Ripaf(t) = D"D*™f(t), a<n (6)
Definition (2): Caputo Fractional Differential Operator

Suppose that @ > 0, n — 1 < a@ < n, the Caputo fractional differential define as [5]
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t
! f CON. l<a<
u, n-— a<n
r _ t— a-n+1 ’
De(fy) =T -0 - %
dTL
Wf(t) a=neEeN
Riemann-Liouville and Caputo fractional integral operator for polynomial is [5]
'n+1)
RLp—an) = Cp-a ) = ta+tn 8

Definition (3): The Mittag- Leffler Function
Suppose a > 0, > 0, then the Mittag-Leffler function define by [5]

Eqp(t) = kzzom )

3. Fractional Reduced Differential Transform Method

Fractional Reduced Differential Transform Method (FRDTM) is iteration method, suppose
u(t, xq, X9, ...,X,) be analytical and continuously differentiable with respect to n+ 1 variables
t,xq,X5,.., %, in the domain of interest; then FRDTM in n dimensions for the following differential
equation

Dfu+Lu+Nu) =0 (10)
where D is differential operator with respect time, L differential operator with respect variables
X1,X2,..,Xn and N(u) is nonlinear term ([7]-[10]).

I'ka+ 1)
MNatk+1)+1)

Up (%61, X9, i) Xp) =

k
[~L@w) = ) NN ()] (11)
=0

The approximate solution is given by ([7], [8]).

co

U(t, X1, X, o) X)) = Z Upt® = ug + Ut + uyt?® + - (12)
k=0

4. Numerical Results
In this section, we assume d; = 1,a; =1 for i =1,23, by =b3=1,b, =3, ¢y =c, =c3 =0.5,
e=0.5in Eq. (1)
Dfu = ug +u —u? + 0.5uv
D&V = vy + v — 3v% + 0.5uv + 0.5wv

DEW = wyy + w — w? + 0.5vw
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with initial conditions
u(x,0)=¢e*, v(x,00)=x, wkx,0)=x—m 0<x<10
Applied FRDTM

I(ka + 1) ‘

k
1
Uk+1 = F(a(k T 1) T 1) ((uk)xx + Uy — Z UpUp—y + Ezourvk—r)
r=

r=0

k k k
F'(ka + 1) 1 1
Vk+1 = T(a(k+ 1)+ 1) ((Vidxx + v — 3 ZO UrVg—p t EZO Vrlg—r + Ezovrwk—r)
r= r= r=

[(ka + 1) ‘ 1%
Wit = Tak+ D+ 1D (Wi xx + Wi — Z WyWyg—r + EZ Wy Vk—r)
r=0 r=0
Given Ug=e* vyg=Xx, Wo=X—T
when k =0
) 1
U = NCEE)) ((Uo)xx +uo —ug + Euovo)
(2 —-e*+0.5x)e*
“ME T T D
) 1
vy = NCEE) ((Wo)xx +vo — 305 + 5 Yotho + EUOWO)
x —2.5x% + 0.5xe* + 0.5mx
V1= I'(a+1)
1 , 1
wy = m((wo)xx +wo—wh + EWOUO)
x—m)(1+m—0.5%)
W1= F(a+ 1)
when k =1
1 1 1
Uy = TZa+ 1D ((U)xx +ug — 2uguy + 5 oVt + Eulvo)
(5 —9e* + 2e?* + 0.25(7 — m)x — 0.5xe* — x?)e*
Y2 = r(2a + 1)
1 1 1 1
v, = m((vl)m + v, — 6V + > Voth + 5 V1t + > VoW + §U1W0)
(1 —0.5m— 5.5x + 0.5¢*)(x — 2.5x% + 0.5xe* + 0.57x) — x3
V2 = r(2a + 1)

(0.25¢* — 0.5m2 + 0.25m + 0.5)x? + (1.5e* — 0.5e**)x + e¥* — 5
+
'Qa+1)
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1
(W)xx + W1 — 2wowy + s wovy + 5 Wwqvp)

V2= Ta+ 1) 2 2
_ (—m)(m+1-05x)(2m+1—1.5x) + 0.5x(x — m)(x — 0.5mx — 2.5x% + 0.5xe*) — 1
Wz = r2a+1)
when k = 2
1 , 1
Uz = TGa+1) ((U2)xx + Uz — 2uqu, —uj + 5 tov2 + Pheie! + Euzvo)
1 , 1 1 1 1
Vg = m((vz)m + v, — 6vyv, — 3v7 + Euovz + Eulv1 + Euzvo + EUOWZ + §U1W1
+ Evzwo)
1 , 1 1 1
w3 = m((wz)xx +wy = 2wow, —wi + 5 Wov2 + Wi + EWZUO)
u(x,t) = Z Upt®® = ug + u t® + uyt?® + -
k=0
o) = o* + (2—e*+0.5x)e*  (5—9e* +2e** +0.25(7 — m)x — 0.5xe* — x?)e* 2
wot)=e¢ I(a+1) T2a+ 1)
v(x,t) = Z Vet = vg + v t% + v,t2% + -
k=0
D) =x4 x —2.5x% + 0.5xe* + 0.57x "
vt =X I'a+1)
N (1 —0.5m—5.5x + 0.5e%)(x — 2.5x% + 0.5xe* + 0.57x) — x3 ey
I(2a + 1)
N (0.25e* — 0.5m2 + 0.257 + 0.5)x? + (1.5e* — 0.5e?*)x + e* — 5 12
r(2a + 1)
w(x, t) = 2 Wit = wo + wyt® + wyt2% + -
k=0
w(x, t)
x—m)(1+m—0.5x
=(x-mn)+ ( ) ) ya

I'a+1)

4 (x—m)(m+1—-0.5x)(2n+ 1 — 1.5x) + 0.5x(x — w)(x — 0.5mx — 2.5x% + 0.5xe*) — 1 .
ra+1)

2a
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Table 1. Numerical results of variable u(x,t)

x a=1 a=0.8 a=0.5
a=0.2
1.0e+014 *

0.0000 -0.0000 -0.0000 -0.0000
-0.0000

0.0000 -0.0000 -0.0000 -0.0000
-0.0000

0.0000 0.0000 0.0000 0.0000
0.0000

0.0000 0.0000 0.0000 0.0000
0.0000

0.0000 0.0000 0.0000 0.0000
0.0000

0.0000 0.0000 0.0000 0.0000
0.0000

0.0000 0.0000 0.0000 0.0000
0.0000

0.0000 0.0002 0.0002 0.0001
0.0001

0.0000 0.0042 0.0034 0.0021
0.0010

0.0000 0.0851 0.0683 0.0425
0.0209

0.0000 1.7093 1.3734 0.8546

0.4193
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Figure 1. Graphical presentation of variable u(x, t)
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Figure 2. Compression derivatives order between non-fractional order with fractional orders of

variable u(x, t).
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Table 1 shows the approximate solution of fractional diffusion of variable u(x,t), it is noted that
only the Second order of the FRDTM. Figure 1: The surface of diffusion variable u(x,t) is
convergence between fractional order and ordinary order, in Figure 2: we get small difference between
ordinary order with multiple fractional orders.

Table 2. Numerical results of variable v(x, t)

x a=1 a=20.8 a=0.5
a=0.2
1.0e+009 *

0.0000 -0.0000 -0.0000 -0.0000
-0.0000

0.0000 -0.0000 -0.0000 -0.0000
-0.0000

0.0000 -0.0000 -0.0000 -0.0000
-0.0000

0.0000 -0.0000 -0.0000 -0.0000
-0.0000

0.0000 -0.0000 -0.0000 -0.0000
-0.0000

0.0000 -0.0003 -0.0002 -0.0002
-0.0001

0.0000 -0.0023 -0.0019 -0.0012
-0.0006

0.0000 -0.0182 -0.0147 -0.0091
-0.0045

0.0000 -0.1473 -0.1184 -0.0737
-0.0361

0.0000 -1.1998 -0.9641 -0.5999
-0.2943

0.0000 -9.7643 -7.8456 -4.8821

-2.3950
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Figure 3. Graphical presentation of variable v(x,t)
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Figure 4. Compression derivatives order between non-fractional order with fractional orders of

variable v(x, t).
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Table 2 shows the approximate solution of fractional diffusion of variable v(x,t), it is noted that
only the Second order of the FRDTM. Figure 3: The surface of diffusion of variable v(x,t) is
convergence between fractional order and ordinary order, in Figure 4: we get small difference between
ordinary order with multiple fractional orders.

Table 3. Numerical results of variable w(x, t)

x a=1 a=20.8 a=0.5
a=0.2
1.0e+007 *

0.0000 -0.0001 -0.0001 -0.0000
-0.0000

0.0000 -0.0000 -0.0000 -0.0000
-0.0000

0.0000 -0.0000 -0.0000 -0.0000
-0.0000

0.0000 -0.0000 -0.0000 -0.0000
-0.0000

0.0000 0.0001 0.0001 0.0000
0.0000

0.0000 0.0011 0.0009 0.0006
0.0003

0.0000 0.0077 0.0062 0.0038
0.0019

0.0000 0.0401 0.0322 0.0201
0.0098

0.0000 0.1828 0.1469 0.0914
0.0448

0.0000 0.7647 0.6144 0.3823
0.1876

0.0000 3.0144 2.4220 1.5072

0.7394
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Figure 5. Graphical presentation of variable w(x, t)
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Figure 6. Compression derivatives order between non-fractional order with fractional orders of

variable w(x, t).
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Table 3 shows the approximate solution of fractional diffusion of variable w(x, t), it is noted that
only the Second order of the FRDTM. Figure 5: The surface of diffusion of variable w(x,t) is
convergence between fractional order and ordinary order, in Figure 6: we get small difference between

ordinary order with multiple fractional orders.

5. Conclusions

The fractional reduced differential transform method has been successfully applied to obtain an
analytical approximate solution for the mutualism model with fractional diffusion. It is easy to
recognize that FRDTM is powerful mathematical tool for solving different kinds of linear and/or
nonlinear fractional partial differential equations the FRDTM is no need to use Adomian's polynomials
to calculate the nonlinear terms. We have concluded that the fractional derivative of diffusion
mutualism model is more accurate than ordinary derivative order. From all numerical results, we can
conclude the efficiency of the proposed method for solving different types of nonlinear fractional
partial differential equations so we recommended researchers would use Fractional reduced
differential transform method when derivation the mathematical models (biological phenomena) for
fractional derivatives.
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