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INEQUALITIES FOR CO-ORDINATED m—CONVEX FUNCTIONS
VIA RIEMANN-LIOUVILLE FRACTIONAL INTEGRALS

CETIN YILDIZ!»*, MEVLUT TUNC2, AND HAVVA KAVURMACI!

ABSTRACT. In this paper, we prove some new inequalities of Hadamard-type
for m—convex functions on the co-ordinates via Riemann-Liouville fractional
integrals.

1. INTRODUCTION

Let f: I C R — R be a convex function defined on the interval I of real numbers
and a < b. The following double inequality;

(o2t < Zf(x)dng(awrf(b)

2 b—a 2

is well known in the literature as Hadamard’s inequality. Both inequalities hold
in the reversed direction if f is concave.
In [7], Dragomir defined convex functions on the co-ordinates as following:

Definition 1. Let us consider the bidimensional interval A = [a,b] X [¢,d] in
R? with a < b, ¢ < d. A function f : A — R will be called convex on the co-
ordinates if the partial mappings fy : [a,b] = R, f,(u) = f(u,y) and f, : [c,d] = R,
fo(v) = f(z,v) are convex where defined for all y € [c,d] and z € [a,b]. Recall that
the mapping f : A — R is convex on A if the following inequality holds,

f()\.’b + (1 - )‘)23 )‘y + (1 - )‘)w) < /\f(x’y) + (1 - )‘)f(sz)
for all (z,y), (z,w) € A and X € [0,1].

In [7], Dragomir established the following inequalities of Hadamard’s type for
co-ordinated convex functions on a rectangle from the plane R2.
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Theorem 1. Suppose that f : A = [a,b] X [¢,d] = R is convex on the co-ordinates
on A. Then one has the inequalities;

w1 f(a—i—b c+d)
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fla,c) + f(a,d) + f(b,c) + f(bd
4
The above inequalities are sharp.

<

Similar results can be found in [7]-[12].
n [17], Toader defined m—convex functions as following:

Definition 2. The function f : [0,b] — R, b > 0 is said to be m—convez, where
m € [0,1], if we have
fltz +m(1 —t)y) <tf(z) +m(l—1)f(y)
for all x,y € [0,b] and t € [0,1].
Denote by K, (b) the class of all m—convex functions on [0, b] for which f(0) < 0.

Obviously, if we choose m = 1, we have ordinary convex functions on [0, b].
In [10], Ozdemir et al. defined co-ordinated m—convex functions as following:

Definition 3. Let us consider the bidimensional interval A = [0,b] x [0,d] in
[0,00)%. The mapping f : A — R is m—convezx on A if

fx+ (1 —=t)z,ty+m(l —t)w) <tf(z,y) + m(l —t)f(z,w)
holds for all (z,y), (z,w) € A and t € [0,1], b,d > 0 and for some fixred m € [0, 1].

In [16], Sarikaya et al. proved some Hadamard’s type inequalities for co-ordinated
convex functions as followings:

Theorem 2. Let f : A C R> - R be a partz’al dz’ﬁerentiable mapping on A =
[a,b] % [c,d] in R? with a < b and ¢ < d. If
co-ordinates on A\, then one has the inequalities:

ata is a convex function on the

(1.2)
fla,c) + fa,d) + f(b,c) + f(b,d) 1 e
‘ 1 + 0—a) d—c//c flz,y)dzdy — A
(b—a)(d—c) S| (a,0) + | 3| (0. 0) +’8t89 (b,0) + | 5535 | (b, )

- 16 4
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where

1 1 b 1 !
A=y l(ba)/a [f(:v,c)—i—f(:v,d)]dm—&—(dic)/c [f(a,y)dy + f(b,y)] dy

Theorem 3. Let f : A C R? — R be a partial differentiable mapping on A :=

q
[a,b] x [c,d] in R? with a < b and ¢ < d. If ’gti , q > 1, is a convex function on

Os
the co-ordinates on A, then one has the inequalities:
(1.3)
fla,c)+ f(a,d)+ f(b,c)+ f(b,d 1 bopd
‘ (@9 0. d) + 116.0) + >+(b_a)(d_c)/ [ o pasdy - 4
o[ F e R T Y LA
< (b—a)(d—c) [ |ot0s (a,¢) +|5ms | (@) +|5m5| (0:) + |55 (b,d)
T A+ 4
where
1| 1 b 1 d
A= b—a) [f(w76)+f(w7d)]dw+(d_c) [f(a,y)dy + f(b,y)] dy
and % —+ % =1.

Theorem 4. Let f : A C R?> — R be a partial differentiable mapping on A :=
q

[a,b] % [c,d] in R2 with a < b and ¢ < d. If | 24

the co-ordinates on A, then one has the inequalities:

(1.4)

fla,e) + fla,d) + f(b,c) + f(b,d) . b i
‘ 4 +(b_a)(d_c)/Q/cf(fﬂ7y)dxdy A

2 q 9 q
(b—ayd—c) [ |5ms| (@0 +|5s| (a,d)+

- 16 4

, ¢ > 1, is a convex function on

1
2 q

32f
otos

o*f

q q
(b7 C) + Otds (b7 d)

where

1l 1 b 1 !
A=3 [(b_a)/a [f(z,¢) + f(x,d)] da + (d_c)/c [f(a,y)dy+f(b,y)]dy]-

We give some necessary definitions and mathematical preliminaries of fractional
calculus theory which are used throughout this paper.

Definition 4. Let f € Li[a,b]. The Riemann-Liouville integrals J, f and J f of
order a > 0 with a > 0 are defined by

J& f(x) = /ﬂf(m — 1)L f(t)dt, r>a

(o)

and

b
T 1@ = 7 / (t—2)* ' f()dt, z<b
where T'(o0) = [;° e~ 'u®" du, here is JO, f(z) = Ji- f(x) = f(z).
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In the case of a = 1, the fractional integral reduces to the classical integral.
Properties of this operator can be found in the references [3]-[?].
Throughout of this paper, we will use the following notation:

B = z((;”al))af(é(lﬁt)lﬂ) [J;’:{gd, (a.0) + I (be)+ I f (a,d) + TS L f (b, d)}
_w [Jﬁ_f (aye) +J2 f(b,e) + I f (b,d) + % f (a, d)]
_w [ £ (a.d) + T f (a,€) + T £ (b,d) + T3 £ (b, )]

where

S
9

I flae) = m [ [ u-0" sy dyas

(S
u

«, 1 a—1 —
Tt 00 = fmrm / / (x—a)* (d—y)° " f (2y) dydz

b d
# 7:17&71 *Cﬁ71 " .
F(a)F(ﬂ)//(b )T fwy)dyd

i// ) (d - y)° ™ £ (2, ) dyda.

Ty f (a,d)

TP (b,d)

at,c

The main purpose of this paper is to establish inequalities of Hadamard-type
inequalities for m—convex functions on the co-ordinates via Riemann-Liouville frac-
tional integrals by using a new Lemma and fairly elemantery analysis.

2. MAIN RESULTS
To prove our main result, we need the following Lemma:
Lemma 1. Let f: A =[a,b] X [¢,d] = R be a twice partial differentiable mapping

on A = [a,b] X [e,d]. If g;); € L(A) and o, > 0, a,c > 0, then the following
equality holds:

(2.1)

flae) + o, d) + [0, + F0.d) |
4

_ (—a d—c O/O/ (1—4)° _ta][(l_s)ﬁ_sﬁ}g:g;(ta+(1—t)b,sc+(1—s)d)dsdt.
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Proof. Integration by parts, we can write

1
«a B B 82f
[(1—6)* — 9] 1—3) _S}ata (ta+ (1 —1t)b,sc+ (1 — s)d) dsdt
S
0

e
[

= {/ 1—3 { f(bsc+(1—s)d)—l—%(a,sc—k(l—s)d)
0

+(1—t)b,sc+(1—s)d)dt

O\H o _

(ta+ (1—1)0, sc—l—(l—s)d)dt] ds

1
a/ (1— 1) 13f (1= t)b,sc+(1—s)d)dt
0

— /to‘ la‘z(taJr(lt)b,str(ls)d)dt] ds}.

0

By integrating again, we get

K= Goma—g Y@+ Fad)+ f(b.e)+ f(0.d)

—5/(1—s)ﬂflf(b,sc—l—(l—s)d)ds—ﬁ/sﬂflf(a,sc—i—(l—s)d)ds
0 0
1

—B/(1—s)ﬂflf(a,sc—&—(l—s)d)ds—B/S’B_lf(b,sc—i—(l—s)d)ds

1
—a [ (A=t f(ta+ (1 —t)b,d)dt — a/ta Lf(ta+ (1 —t)b,d)dt
0

—a [ 1= 1f(ta+(1—t)b,c)dt—a t N (ta+ (1 —t) b, ) dt

O\H O\H o
o _

+aB 1= A=) flta+ (1 —1t)bsc+ (1 —s)d)dsdt

+a8 (1= F(ta+ (1 — )b, sc+ (1 — s)d) dsdt

o O~ _
o O~ _
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+af )21 gP- Lf(ta+ (1 —t)b,sc+ (1 —s)d)dsdt

+af

ok\\\H OK\\\H

Jo-
/

pa—1lgB— Yf (ta+ (1 —t)b, Sc+(1—s)d)dsdt}.

By using the change of the variables, we can get
z=ta+ (1—t)band y =sc+ (1 —s)d,

that is

—-b —d
x andSZy

t= .
a—>b c—d

Taking into account these equalities, we obtain

(2.2)
1
K = m{f(a,c)‘Ff(ayd)‘Ff(b,C)+f(b»d)
d d
/ ay)dy+/(d—y)5_1f(a,y)dy
‘ d
-~ / (y— o) " f(by)dy + / d—y)°" " f(by) dy]
b ’ bc
« a—1 a—1
_m a/(x—a) f(at,d)dx—l—a/(x—a) f(x,c)dx
b b ﬂ
+a/<bx> f(w7d)d:c+a/(bw) f(z,C)d$]+(b_a)a1(d_c)ﬁ1

b d b d
X //(gc—a)o‘*l(y—c)ﬁf1 mydyd:v+//x—aa Yd—y)" 7 f(x,y) dyda

+/b/d(b—x)a_1(y—c)5— (z,y dydx+// ) d = )P 1f(x,y)dydas]},

a c

Multiplying both sides of (2.2) by %“(d*c) and using the Riemann-Liouville
integrals, we obtain equality (2.1). This completes the proof. I

Theorem 5. Let f: A =1[0,b] x [0,d] = R be a partial differentiable mapping on
A and 2L € L(A), a,8> 0. If | 2f

is m—convez function on the co-ordinates
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on A where 0 < a <b< oo and0 < c<d< oo, then the following inequality holds;

‘ﬂm@+ﬂm@+f&@+f&@

! +B‘
c boaua
02 f 2f 2f [ d 02 [ d
X (‘81588 (a, )| + ‘8t6 (b.0)| + ‘82585 (“’ m)‘ +m‘8t83 (bm>D
where
M. - |6
a+l a—+1
B
[P I N )
. =

8+1 pg+1

Proof. From Lemma 1 and using the property of modulus, we have

‘fac + f(a, d)+f(b c) + f(b,d)

-5
11
< b—a //|1—t —t[|1=s) = (I1—=1t)b,sc+ (1 —s)d)|dsdt
= ata ’ '
0 0
Since ‘% is co-ordinated m—convex, we can write
‘f(mc)+f<a,d)1f<b,c>+f(b,d) +B‘
(b-a)d-o) [ [ o2 0 (
—a —C B B « «
< X A" _ _ _ _ _ -
= 1 //‘(1 o =|l0 =0 |{t5 dios (@O H M=) 505 (“w)’
0 0
0% f 0% f d
+(1—1t)s 5105 (b,e)| +m(1 =) (1 —s) 505 (b )‘}dtd

By computing these integrals, we obtain

’f(avc)+f(a,d)+f(b70)+f(b7d)

: +B‘
b-a)d-o| 1 (3)°
- 4 a+1 a—+1
xo/‘ls <s‘;Z( )+m(1)‘§:é’;(ai>'
*téi( )+mﬂ‘aw8( i)Dds
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Using co-ordinated m—convexity of ‘

again, we get

Otos
‘f a,¢) + f(a,d) + f(b,c) + F(b,d) +B‘
4
b-ad-of 1 @[ 1 &
= 4 a+1 a+1||g+1 B+1

82
X ( ataJ; (a,¢)

Thus, the proof is completed. |

2 f 2f [ d 2f [ d
* ‘Btas (b’c)‘ +m‘8tas (“’m)‘ +m‘8tas (bm>D

Remark 1. Suppose that all the assumptions of Theorem & are satisfied. If we
choose « = f=m =1, we obtain the inequality (1.2) .

. . . . . %f
Theorem 6. Let f : A — R be a partial differentiable mapping on A and 5= €
L(A), a,8€(0,1]. If atas , q > 1, is m—convez function on the co-ordinates on

A where 0 <a<b< oo and 0 <c¢<d< oo, then the following inequality holds;

f(aac)+f(a,d)+f(b,6)+f(b,d)+B
4
< (b—a)l(d—c) 1
d(ap+1)? (Bp+1)»
aa;aé (‘%C)‘q"'m % (a, d)‘q+ 6:85 (b, 0)‘ +m a:afs (2 %)’q ’

4
where p~ ' +¢ 1 = 1.

Proof. From Lemma 1 and by applying the well-known Hoélder inequality for double
integrals, then one has

fla, ) + fla,d) + f (b, ¢) + f(b, d)
4

(b—a 11

< 0/0/ (1 =)™ — 2]
1 1
/]

00
By using the fact that

+5

=

(1-s) = sﬁup dsdt

q

q
dsdt

81585( )b, sc+ (1 —s)d)

69 — 5] < [t1 —ta|®
for a € (0,1] and t1,t2 € [0,1], we get
1
/|172t|apdt
0
1

1
/|(1 — ) =t at
0
ap+1

IN
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and
1 1
P
/H(l—s)ﬁ—sﬁH dt < /|1—25|ﬁpdt
0 0
- Bp+ 1
o2 (4

Since % is co-ordinated m—convex, we can write

‘f(a’c)—’_f(a’d)If(b’c)+f(b,d) +B‘
< b-ad-9
d(ap+1)7 (Bp+1)7
[ ! 2 q
0/0/[ ‘8158 (a,c)| +mt(1—s) gt&i(“’,i) }
+(1-1t)s ;Z(b,c)q+m(1_t)(1_s)‘§;i (b;ll) qudt);

By computing these integrals, we obtain

‘f(&,C)ﬂLf(a,d)+f(b,6)+f(b,d)+B‘
4
SENCEDILEE
- A(ap+1)P (Bp+1)¥
aa;aé (a70)‘q+m %(a’i)‘q‘F otds (b C)‘ +m atas (b d)’ !

4

Which completes the proof. i

Remark 2. Suppose that all the assumptions of Theorem 6 are satisfied. If we
choose « = f=m =1, we obtain the inequality (1.3).

Theorem 7. Let f: A — R be a partial differentiable mapping on A and gtaf €
L(A), a,p€(0,1]. If ‘ Btas‘ , ¢ > 1, is m—convez function on the co-ordinates on

A where 0 <a<b< oo and 0 < c<d< oo, then the following inequality holds;

‘f(a,c) + fa,d) + f(bc) + f(b,d) B‘
4
1—1
(b—a)(d—rc) 1_(l)a 1_(1)/3 q -
- ! ( ar1 || B M Mj
A R 7 O S i AP R 0 P
(| o] ol 2] ] e (12

(1);

where My, Mg are defined as in Theorem 5.
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Proof. From Lemma 1 and by applying the well-known Power-mean inequality for
double integrals, then one has

‘f(aw) + fla,d) + f(b,c) + f(b, d)
4

< ool /1/1|<1—t>“—ta
/1/1|<1—t>“—ta|

+B‘

1—1

(1-5)° = sﬁ‘ dsdt

Q=

q
(1=1t)b,sc+ (1 —s)d)| dsdt

(1- P_s

3t3

Since af ‘ is co-ordinated m—convex, we can write

‘ (a,c) + fla,d) + f(b,c) + f(b,d)
4

< Lol (e
0 0

8

1—

Q=

(1- s)ﬁ — sﬁ‘ dsdt

11
o 62 q 82 d q
//|(1—t) —t% (l—s)ﬂ—sﬂ‘[ts 8taj;(a7c) +mt (1 —s) ata‘]; (a,m) ]
00
52 q 92 d\ ¢ %
+(1—1t)s aaf(bc) +m(l—t)(1-ys) ataj; <b,m) dsdt> .

By computing these integrals, we obtain

‘f(a,C)+f(a,d)+f(b,0)+f(b,d)+B‘
4

b-a@—o (1= T [=@ T\ " 2
- 4 ( a+1 B+1 Ma Mg

q

0% f
OtOs (b:c)

q a2f d q %
s ()]

Remark 3. Suppose that all the assumptions of Theorem 7 are satisfied. If we
choose « = f =m =1, we obtain the inequality (1.4).

2f |1 | erf [ d
X(’@tas (a,c) +‘ D10 (“ )

which completes the proof. |

!
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