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Abstract. We consider a mathematical model which describes a dynamic frictional contact problem for
thermo-viscoelastic materials with long memory and damage. The contact is modeled by the normal
compliance condition and wear between surfaces are taken into account. We establish a variational
formulation for the model and prove the existence and uniqueness of the weak solution. The proof
is based on arguments of hyperbolic nonlinear differential equations, parabolic variational inequalities

and Banach fixed point.

1. Introduction

Contact problems involving deformable bodies arise naturally in many situations and industrial pro-
cesses as well as in everyday life and play an important role in mechanical and structural systems.
That is way have been widely studied in the last years. The aim of this paper is to model and establish
the variational analysis of a frictional contact problem for a dynamic thermo-viscoelastic body with
wear and damage. The contact is modelled with normal compliance and wear. Thermoviscoelas-
tic contact problems by taking into account the evolution of the temperature parameter could be
found in [5,6,13]. General models for thermoelastic frictional contact, derived from thermodynamical
principles, have been obtained in [14,23,24]. Quasistatic contact problems with normal compliance

and friction have been considered in [1] and [16]. Dynamic problems with normal compliance were
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first considered in [17]. The existence of weak solutions to dynamic thermoelastic contact problems
with frictional heat generation have been proven in [2] and when wear is taken into account in [3,9].
Recently contact problems with wear were studied in [6,8, 10, 18,19]. The damage of the material
caused by growth, temperature and various other external factors. The evolution of the microscopic-
cracks responsible for the damage is determined by a parabolic inclusion with a constitutive function
describing the source of damage in the system which results from tension or compression. Using the
subdifferential of indicator function of the interval [0, 1] guarantees that the damage function g, which
measures the decrease in the load bearing capacity of the material, varies between 0 and 1; when
¢ = 1 the material has its full capacity; wvhen ¢ = 0 it is completely damaged, and if ¢ = 1, the
material is partially damaged. Because of the importance of the subject, three-dimensional problems
which include this approach to material damage have been investigated recently in [7,12, 13]

This paper is organized as follows. In Section 2, we present the notation and some preliminaries. In
section 3 we present the original model and list the assumptions on the problem’s data and we derive
the variational formulation. In section 4 we present our main result stated in Theorem 4.1 and its
proof which is based on arguments of time-dependent variational inequalities, parabolic inequalities,

differential equations and fixed point.

2. Notations and Preliminaries

First we will introduce some notations and preliminaries that we will use later. We denote by S¢

” ” "

the space of second order symmetric tensors on Rd(d =1,2,3). Let"” :" and represent the
inner product on S¢ and R, respectively, and || - || denotes the Euclidean norm on S¢ and R?. Thus,
for all u,v € RY, u-v = v, v = (v-v)z and for all 0,¢ € S9, o : ¢ = 0y;¢;;, 1< = (¢ : Q)2

1 < i,j < d. Also, an index that follows a comma represents the partial derivative with respect

to the corresponding component of the spatial variable, e.g. u;.; = %. We denote by t the time
J

variable and a dot superscript represents the time derivative with respect to the time variable t, e.g.

o Ou . d2u

u= 3., u=%3.
In Wf?e:t foIIO\i/avts, we use the standard notation for Lebesgue and Sobolev spaces associated to 2 and
[ introduce the spaces

H={u=(u): ueL?Q)]},

H={o=(0y):0;=0j € LX)},

Hy ={u=(u;) : €(u) € H},

Hi = {0 € H : Divee € H}.

Here € and Div are the deformation and divergence operators, respectively, defined by

e(u) = (ejj(v)), €;j(u) = %(Uu + uji), Divo = (o).
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The spaces H, ‘H, H1 and H; are real Hilbert spaces endowed with the canonical inner products given
by

(u,v)H:/u.vdx Yu,v € H, (Q,U)H:/C:adx V¢, 0 €H,
Q Q

(u, V), = (u,v)y + (e(u), e(v))y Yu,v e Hy,
(¢, 0)u, = (¢, o)y + (Divi, Divee)y Wi, 0e € Hj.

The associated norms on the spaces H, H, H; and H; are denoted by || - ||m, || - llz, || - ||, and
|| - |l%,, respectively. For every element v € H; we also use the notation v for the trace of v on I
and we denote by v, and v, the normal and the tangential components of v on [ given by v, = v - v,
v, = v—v,v. We also denote by o, and o the normal and the tangential traces of a function o € H1,
we recall that when ¢ is a regular function then o, = ov-v, o = ov—o,v, and the following Green's

formula holds

(o,e(v))y + (Divee, v)py = /oe° .“da WveH;. (2.1)
r

For a real Banach space (X, | - ||x) we use the usual notation for the spaces LP(0,T;X) and
WHkP(0,T; X) where k € N and 1 < p < oo; we also denote by C(0,T;X) and CL([0, T]; X)
the spaces of continuous and continuously differentiable functions on [0, T] with values in X, with the
respective norms

X x) = max_||x(t .

11l cjo,77:) te[O’T]H (Ollx

Ixles o = ma IX(D)llx + max (0)]x.

We end this section by giving an existence, uniqueness and regularity result concerning evolution

problems, taken from [4, p.268].

Theorem 2.1. Let V and H be two real Hilbert spaces such thatVV C H and the inclusion mapping of
V into H is continuous and densely defined. We suppose that V' is endowed with the norm || -|| induced
by the inner product (-,-)) and H is endowed with the norm | -|. We denote by /' the dual space of
V, by (-, )vxv the duality pairing between an element of \VV and an element of V', and H is identified
with its own dual H'. We assume that M is a maximal monotone set in V' x VV and A is a linear,

continuous and symmetric operator from V' to /' satisfying the following coerciveness condition:
(AV, W)y + AV|? > w|v]]® YW € V (2.2)
where A € R and w > 0. Let f € W11(0, T; H) be given in W*(0, T; H) and ug, vo be given with

u €V, vgeDM), {Aug+ Mvg} N H # (. (2.3)
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Then there exists a unique solution u to the following problem:

d?u

dt?
du
u(0) = ug, E(O) = vp.

d
+ Au+ /v/(d—‘:) > f(t) a.e on (0, T),

which satisfies

ue W0, T;V)NW?>>(0,T; H).

3. Mechanical and variational formulations

The physical setting is the following. A thermo-viscoelastic body occupies a bounded domain
Q Cc RY (d = 2,3) with outer surface I = 8, assumed to be sufficiently smooth and decomposed
into three disjoint measurable parts I'1, [, and I3, such that meas(I'1) > 0. Let us denote by [0, T],
T > 0 the time interval of interest. The body is clamped on 1, so the displacement field vanishes
there. A surface traction of density f, act on I',. Moreover, the body is submitted to the action of
body forces of density fy and a heat source of constant strength g.

The body could come in sliding frictional contact with a moving obstacle made of a hard perfectly rigid
material, and assume that the contact surface of the body I3 is covered by a layer of soft material.
This layer is deformable and the foundation may penetrate it, and could deteriorate over time as a

result of frictional contact with the foundation.

Problem P. Find a displacement field u : Q x [0, T] — RY, a stress field o : Q x [0, T] — SY,
a damage field ¢ : Q x [0, T] — R, a temperature field 6 : Q2 x [0,T7] — R and a wear field
w: T3 x[0,T] — R such that

o = Ae(u) + Ge(u) + /Ot B(t —s,e(u(s)), s(s), 6(s))ds inQ x (0,T), (3.1)
¢ — A+ 0W,(s) 3 S(e(u),.6) inQx(0,T), (3.2)
6 — oA = d(e(u),c.0)+q inQx(0,T), (3.3)
Divo +fo = pii in Q x (0,T), (3.4)
u=0 onTyx(0,T) (3.5)
ov=f on % (0,T), (3.6)

—o, = pu(uy — w), |lor|| < pr(uy —w),

ol < U, — w) = i, = Vv*,

H T|| PT( v ) T on s x (O,T), (3.7)
lorl| = pr(uy —w) =0y =Vv* — dor, XA >0,

w = Ky |V pu(uy, — w),
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o6
i +u16=0 onl x(0,T), (3.8)
N
5, =0 onfx (0,7), (3.9)
w(0) =0 on 3, (3.10)
U(O) = Up, U(O) = Uo, 9(0) = 90, Q(O) =<0 on Q. (3.11)

We now describe problem (3.1)—(3.11). Equation (3.1) represents the thermo-viscoelastic constitutive
with long memory and damage, A and G denote the linear viscosity operator and the elastic operator,
respectively and B is the relaxation tensor depending on the damage ¢ and the temperature 6. Equation
(3.2) describes the evolution of the damage field, governed by the source damage function S and OV x
is the subdifferential of indicator function of the set of admissible damage functions. Equation (3.3)
represents the evolution of the temperature field 8 where @ is a nonlinear constitutive function which
represents the heat generated by the work of internal forces, g represents the density of volume heat
sources and g is a strictly positive constant. Equation (3.4) represents the equilibrium equation for
the stress displacement fields. Equations (3.5) and (3.6) are the displacement and traction boundary
conditions, respectively. Equation (3.7) describes the condition with normal compliance, wear and the
Coulomb’s friction law. The wear function w which measures the wear accumulated of the surface.
The evolution of the wear of the contacting surface is governed by the differential form of Archard’s
law (see, eg., [2,21,23,24]), where v* is a constant vector which represents the displacement of the
foundation, k,, > 0 is a wear coefficient, p, and p; are prescribed functions of the normal compliance
and friction bound, respectively. (3.8) is a Fourier boundary condition for the temperature 6 where
w1 > 0 and it represents a conduction coefficient of I'. (3.9) is a homogeneous Niemann boundary
condition for the damage g, where % is the normal derivative of ¢. (3.10) represents the initial
condition for the wear function, which shows that at the initial moment the foundation is new. Finally
the functions ug, ug, 6y and gg in (3.11) are the initial data.

We now turn to the variational formulation of Problem P.

We introduce the following space for the temperature field denoted by
E = HYQ).
The following Friedrichs-Poincaré inequality holds on E is
IV8ll 2y > Crlile. Vo €E. (3.12)

L2(Q) is identified with its dual and with a subspace of the dual £’ of E, i.e., E C L?(Q) C E', and
we say that the inclusions above define a Gelfand triple. We use the notation (.,.)g« g to represent

the duality pairing between E’ and E.

(W, O erxe = (W, 9)12(q), Yw, O € L*(Q). (3.13)



6 Int. J. Anal. Appl. (2023), 21:56

We define the admissible space
V={ve (HQ)?: v=0o0nT},
also, the admissible damage set
K={seHQ): 0<¢<lae inQ}
Since meas(I';) > 0, Korn's inequality holds and there exists a constant Co > 0, that depends only

on €2 and 1, such that

Collv [[H< lle(v) [, Yv € V.

On the space V, we consider the inner product and the associated norm given by
(u,v)y = (e(u),e(v))3, ully = lleu)[, Yuv €V. (3.14)

It follows that || - ||, and || - [[v are equivalent norms on V' and therefore (V, || - ||v/) is a real Hilbert
space. Moreover, by the Sobolev trace theorem and (3.14), there exists a constant C; > 0, depending

only on €2, 'y and I3, such that
IVl 2(rpye < Callvllv, Vv €V (3.15)

In the study of the mechanical problem (3.1)-(3.11), we still need to assume that the operators

A, G, B and the functions S, ®, p, (for r = v, T) satisfy the following conditions

(1) A:QxS9— s

(2)  There exists my4 > 0 such that
(A(x,€1) — A(x, €2)).(1 — €2) > maller — 2],
for any €1,e0 € S a.e x € Q;

(3)  There exists My, My > 0 such that (3.16)
I(A(x, €)|| < Millg|| + Mo, for any e € S? a.e x € Q;

(4)  The mapping x — A(x, €) is continuous on S, a.e. x € Q;

(5) The mapping x — A(x, €)is Lebesgue measurable on Q

for any € € SY.

(1) G:QxS9— s
(2)  There exists mg > 0 such that
G(x,€)-g > mg|e|? foranyeecS?aexecQ; (3.17)
(3) G(x,e1)-e2=-¢€1-G(x, &) forall 1,60 €S9, ae. x € Q;
L (4) Gijk € L®(Q),Vi,jk,1=1,.,d
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(1) B:Qx[0,T] xS xR xR — S

(2)  There exists Lg > 0 such that
1B(x, t,e1,C1,01) — B(x,€2,¢2,02)[| < Lp(ller — &2l + [¢1 — (o + 61 — 02])
forall t €0, T], e1,62 €S (1,(2,601,62 €R, ae. x € Q;

(3) The mapping x — B(x, t,€,(,0) is Lebesgue measurable on 2 (3.18)
forany t €0, T],e €S9 ¢, 0 € R;

(4) The mapping t — B(x, t, g, (,0) is continuous measurable on [0, T]
foranye €S9, €,0 € R, ae. x € Q;

(5) The mapping x — B(x,t,0,0,0) € H.

(1) S:QxSIxRxR-—R;
(2) There exists Ls > 0 such that
|S(x, €1,(1,01) — S(x,€2,(2,02)| < Ls(llex — &2l + |¢1 — Caf + (61 — 62])
Vx € Q,Ver,e0 €S9 V(1,6 01,6 € R; (3.19)
(3)  The function x — S(x, €, (, 0) is Lebesgue measurable on Q
Ve €S9V eR
(4)  The function x — S(x,0,0,0) € L3(Q).

(1) ©:QxS!XRxR—R;
(2) There exists Ly > 0 such that
|P(x, €1,61,601) — P(x,€2,%,02)| < Lo(ller — €2l + [s1 — G2 + (61 — 62])
Vx € Q,Ve1, 60 €S9V 61, 6,601,600 € R; (3.20)
(3)  The mappingx — ®(x, €, Vs,0) is Lebesgue mesurable on
VeeSd s 6 eR;
(4)  The function x — ®(x,0,0,0) € L%(Q).

(1) pr:T3xR—Ry, (r=v,71);
(2)  There exists L, > 0 such that ||p,(x, a1) — pr(x, a2)|| < L,|a1 — ao|

Vx € Q,Va;,a» € R, a.e. x €l3; (3.21)
(3) pr(x,a) <0 Va<o, ae xels;

(4)  The mapping x — p,(x, a) is Lebesgue measurable on I's Va € R.

We suppose that the mass density satisfies, for p* > 0
p € L®(Q), p(x) > p*, aexell (3.22)
We also suppose the mechanical and heat forces satisfy

qge L?0,T;L%(Q), fo e WHL(0, T; H), fo e WHL(0, T; L2(T2)9). (3.23)



8 Int. J. Anal. Appl. (2023), 21:56

Next, we define the elements f(t) € V by
(f(t),v)y = / fo -vdx+/ fo-vda, YWweV
Q M
Let us define j : V x V x L?(I3) — R be the functional

J(u,v,w) = /r pu(u, —w)v,da +/ pr(u, — w)|lvr||da, (3.24)

M3

the functional j satisfies

for all u € Vand w € L3(T'3)
J:v— j(u,v,w) is proper, convex and lower semicontinuous on V. (3.25)
Taking into account assumptions (3.21) combined with (3.15), we get
J(uy,v2, w) — j(uy, vi, w) + j(u2, vi, w) — j(uz, v, w)
< CH(Ly + Ly)[uy — uzly v — v2|lv, (3.26)
Yup, uo, vy, vo €V, Yw € L3(3).
We note that condition (3.23) implies
fc W0, T;V) (3.27)
We suppose that the initial data satisfy
6o € L%(Q), 0 € K, wy € L%(I3), ug €V, g € D(8s)), (3.28)

where 0>/ denotes the partial subdifferential with respect to the second argument of the operator j
and D(0,j) represent its domain.
There exists g € H such that

(Ae(uo) + Be(up), £(v) — €(ing)) ,, +J(uo, v, 0) — j(ug, tag, 0) (3.29)
>(g,v—1ug), WeV .

We introduce the following continuous functionals A :V — V' and B : V — V' defined by Vu € V,
Yv eV

(Au,v)r ., = (Ge(u), e(v))x, (3-30)
(Bu,v),/.\, = (Ae(u), e(v))x. (3.31)

We define the bilinear forms a: E x E — R and b: HY(Q) x H*(Q) — R defined by

a(g, &):uo/gvg-V&dXvLul/r&&da, V& keE, (3.32)

b(s, ¢) :/QVQ~VCdx, Vs, ¢ e HY(Q). (3.33)
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We will use a modified inner product on the Hilbert space H given by

((u,v))y = (pu,v)y, Yu,veH, (3.34)

that is, it is weighted with p, and we let ||| - |||y be the associated norm, i.e.,
vl = (ov. w)fy, Vv e H (3.35)
It follows from assumptions (3.22) that ||| - ||| and || - || are equivalent norms on H, and also the
inclusion mapping of (V| - ||) into (H, ||| - |||#) is continuous and dense. We denote by V' the dual

space of V/, and by identifying H with its own dual, write
VCH=HcV.
We use the notation (-, '>V'><V to represent the duality pairing between V' and V and recall that
(u V) = ((u,v))y, YuveH. (3.36)

Using the above notation and a standard procedure based on integrals by parts, we have the following

variational formulation of the problem thermo-mechanical (3.1)-(3.11).

Problem PV. Find a displacement field u : Q x [0, T] — V/, a damage field s : Q x [0, T] — L?(Q),
a temperature field 8 : Q x [0, T] — E and a wear field w : ['3 x [0, T] — L2?(I'3) such that

(Ae(a) + Ge(u) +/O B(e(u(s)), s(s). 0(s)) ds, e(v) — e(in))

(3.37)
+ ((t,v—0)y+j(u,v,w) —j(u,u,w) > (f(t),v—u),, Vv €V,
(.8 = s(8)2(e) + b(s(t). 6 — (1))
(3.38)
> (S(e(u(1)),s(t),6(1)). 8 — s(t))12(). VB €K,
(6(8), @) g + a(6(1). @) = (D(s(2), £(u(£)), 0(8)). @) g 5.39)
+(a(t), @)i2(q), Ya€E, ae te(0,7), -
W = Ky|lv*|lp, (1, — w), ae. te(0,T). (3.40)
To study Problem (3.37)-(3.40), we need the following smallness assumption
2mA
L,+Lr< oG (3.41)

where my, Cy and L, (r = v, T) are given in (3.16), (3.15) and (3.17), respectively.

Our main existence and uniqueness result is stated and proved in the next section.
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4. Existence and uniqueness result

Theorem 4.1. Let the assumptions (3.16)-(3.29) and (3.41). Then there exists an unique solution

(u,s,6,w) to problem PV . Moreover, the solution satisfies

ueWh>(0,T;V)NnW?2>2(0,T; H), (4.1)
s e HY(0, T; L3(Q)) N L%(0, T; HX(Q)), (4.2)
6 cC(0,T;L2(Q)NL*0,T;E), 6 LY0,T;E) (4.3)
w e CH0O, T; L3(I3)). (4.4)

The functions u, 0, ¢, 0 and w which satisfy (3.1) and (3.37)-(3.40) are called a weak solution of
the contact problem P.
We conclude that, under the assumptions (3.16)-(3.29) and (3.41), the mechanical problem (3.1)-
(3.11) has a unique weak solution satisfying (4.1)-(4.4). The regularity of the weak solution is given
by (4.1)-(4.4) and, in term of stress,

o€ W0, T;H,). (4.5)

Indeed, it follows from (3.1), (3.16)(3), (3.17)(3), (3.17)(4), (3.18)(2) and the regularity (4.1)-(4.3)
implies ¢ € W*°(0,T;H). Let t € [0, T] and we choose as a test function v = u(t) + z where
z € D(Q)? in (3.37) and using (2.1), (3.34) and (3.36) to obtain

Divo +fog=pl in H.

It now follows from (3.23) and (4.1) that Dive € W°°(0, T; H) which show (4.5).

The proof of Theorem 4.1 is carried out in several steps that we prove in what follows, everywhere in
this section we suppose that assumptions of Theorem 4.1 hold, and we consider that C is a generic
positive constant which may depend on the problem’s data but it is independent on time, and whose
value may change from place to place.

Let w € C(0, T;L2('3)) and n € L2(0, T;H). In the first step we consider the following variational

problem

Problem PV,,. Find uy,: [0, 7] = V such that
((lwy(t), v = awn(t)))H + (Auwn(t), v — un(t))
+ (Blwn(t), v — Gyy(t)) +j(uwn(t), v, w(t))
— (W (8), U (£), w(E)) = (F(E).V = G (), YV € V.
Uyn(0) = g, iy (0) = g,

where (F(t),v)y = (F(£),v)y — (n(t), e(v))3, Wv e V.

In the study of Problem PV,,, we have the following result.

(4.6)
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Lemma 4.1. The problem PV,, has a unique solution which satisfies u,, € W1*(0,T;V) N
W2(0, T; H)

Proof. By assumptions (3.30), (3.14), (3.17)(3), we see that the operator A is linear, continuous,
and symmetric from V to V' and satisfies the condition (2.2) with A = 0 and w = mg.

After, we define the set-valued operator ¥ : V — V' by
Y= B+ 8. (4.7)
From (3.16)(2), we deduce that the operator B defined by (3.31), is monotone. Using (3.31) and

(3.14), we have

|[Bu— Bvl|,, < ||Ag(u) — Ae(v)|lz, Yu,v eV,

keeping in mind (3.16)(2), (3.16)(3), (3.16)(4) and Krasnoselski's theorem (see [15, p.60]), we find
that B : V — V' is a continuous operator. Using again (3.31) and (3.16)(2), we find that B is
bounded.

From (3.24) and (3.25), we deduce that j is maximal monotone. Consequently, since B is monotone,
bounded and hemicontinuous from V to V', we conclude (see [4, p.39]) that ¥ = B + 85/ is maximal
monotone.

Moreover, the initial data ug and g satisfy (2.3) due to (3.28) and (3.29). Thus, all the requirements
of Theorem 2.1, with A defined by (3.30), M = ) given in (4.7) and f = F, are satisfied, it follows that

there exists a unique solution u,, to Problem PV, satisfying the regularity expressed in (4.1). O

Let n € L?(0,T;H). In the second step, we consider the operator x : C(0,T;L?([3)) —
C(0, T L2(T3)) defined by

t
x(6) = kW'l [ Pt (5) ~ w(s))ds ¥t € (0.7] (4.8)
0
Lemma 4.2. The operator x has a unique fixed point w* € C(0, T; L?('3)).

Proof. Let wy, wo € C(0,T;L?(I'3)) and denote by u;, i = 1,2 the solutions to the problem PViun,

for w = w; i.e. u; =uy,y and v; = 0; = u,,,. From the definition (4.8) of x, we can write
t
Ixwa(t) = xwa(t)l 2y < kWIIV*II/O (P (u1u(t) = wi(t)) — pu(t2u(t) — wa(t)))lds
Using (3.21)(2) and (3.15), we get

I (6) =) ey < O [ Imats) = was) aryds + [ lus(s) —ua(s)I)ds  (49)
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Using the relation (4.6), we find

((wi(t) —va(t), vi(t) —va(t)))H + (Aur(t) — Aua(t), vi(t) — va(t))v
+ (Bvi(t) — Bvo(t), vi(t) — va(t))y
< J(u(t), va(t), wi(t)) —j(ua(t), va(t), wa(t))

+J(ua(t), vi(t), wa(t)) — j(ur(t), vi, wa(t)).

By virtue of (3.30), (3.31), (3.16)(2), (3.17)(2), (3.21) and (3.14)(2), this inequality becomes

1d

-9 mg d.
2dt

0 S us(®) = w0 + mallva(e) ~ va(DI

lIva(t) = va(B) I3 +
<1, (|u1u—U2U|+|WI—W2|>|VQU|da—LU/ (Ju1y — tsy| + W1 — wal) v, da
M3

3

+L7—/ (‘ull/_UZV’+|W1_W2|>||V2T||da_LT/ (|U1u_U21/|+|W1_W2D||V17'||d3-
I3

s

Integrating this inequality over the interval time variable (0, t), using (3.15) and the inequality 2ab <
a® + b? leads to

Iva(e) = val ) s+ 5 fua(e) = wa(e) I + s [ s (9) = va(o)l s

< L2 [ (Gl = wlI} + (€ + D) - v

+ l[wa(s) = wals)|22(r.) s,
and keeping in mind (3.41), we obtain
T T
[ vis) =vas) s < € [ (lus(s) = ua(s) -+ 1mas) = was) o). (4.20)
On the other hand, since u;(t) = ug + fot vi(s) ds, we have
t
lus(t) —ua(t)If < /O lvi(s) = v2(s)|I7 ds. (4.11)

and using this inequality in (4.10) yields

T t
Jus(t) = ua(e)f < € [ (1wt = wal®)f + [ Ivats) = vat) I s).

It follows now from a Gronwall-type argument that

lur(£) — va(8)[2 ds < c:/o Iwi(s) — wa(s)[Z ds.
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which implies for s < t < T
t t s
[ ()~ w()lpds < [ [ lm(n) = w0z, drds
0 0o Jo
t ot ,
§C/O /0 [wi(r) = wa(r)ll{2(r,)drds
t T
<C [ 1wn() = wa(r) By [ s
Then
t t
/0 uy(s) — ua(s)|[Zds < CT/0 lwi(s) — W2(5)||f2(|—3)d5. (4.12)
From (4.8) and (4.12), we deduce that
2 ‘ 2
Ixwa(s) = xwa(8)lI2ar, < CT /O lwa(s) — wa(s)|22(r. ds. (4.13)
Reiterating the last inequality n times, we infer that

CnTn+1
n!

1
2
Ix"wi = x"wallco,Ti12(rs)) < ( > lwy = walleo7e2(rs)):-

Thus, for n sufficiently large, a power x" of x is a contraction in the Banach space C(0, T; L2(I'3)).
Which implies that the operator x has a unique fixed point w* € C(0, T; L?('3)). O

In the third step, let v € L2(0, T; L?(Q)) be given and consider the following variational problem
for the damage field.

Problem PV,. Find a damage field sy : [0, T] — H(Q) such that

Sy €K (9.8 —sy(1) o) + b(sy(8), B — s4(1))
> (v(t).8 — ()2 VB € K, (4.14)

§’y(0) = <0-
Lemma 4.3. The problem PV, has a unique solution ¢y satisfying
Sy € HY(0, T L2(Q)) N L2%(0, T; HY(Q)) (4.15)

Proof. Using (3.33) and (3.28), after some algebraic computations and from a classical existence and
uniqueness result of parabolic equations (see for example the reference [22, p.60]), we find that the
problem PV has a unique solution sy € H*(0, T; L2()) N L2(0, T; HY(Q)). O

In the forth step, let ¢ € L2(0, T; E'), we consider the following variational problem
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Problem PV,,. Find a temperature 6, : Q x (0, T) — R such that
(O(1). @)y g + A(06(1), @) = (() + q(t), &) g
Vae Eaete(0,T), (4.16)
0,(0) = 6p.

Lemma 4.4. The problem PV,, has a unique solution 8, satisfies the regularity (4.3).

Proof. From the Friedrichs-poincaré inequality, we can find that there exists a constant us > 0 such

that
/ IV(©)|Rdx + # / I€1Rda > / €Rdx.
Q Ho Jr Q

a(€, &) > usll€|lz, (4.17)

, which implies that a is elliptic on E. Consequently, based on a classical

Thus, we obtain

where psz = 7"0’”""2(1'“2)

arguments of functional analysis concerning parabolic equations (see [4, p.140]), we conclude that the

problem PV, has a unique solution 6, which satisfies the regularity (4.3). O

Let us now consider the operator A : L2(0, T;H x L?(Q) x E) — L2(0, T; H x L?(Q) x E)

AN, v, o) (t) = (A(n, v, @) (£), Na(n, 7, @) (1), A3(n, 7, @)(1)), (4.18)
defined by
Aa(n. 7, 0)(t) = /O B(E(Unn)(5), 54(5). 06(5)) s, (4.19)
No(n, 7, @) (1) = S(e(upy(1)). $y(1), (1)), (4.20)
A3(n, 7, @)(t) = W(e(uuq(t)), sy(t), 6,(1)). (4.21)

Here, w* be the fixed point of the operator x. For every (1,7, @) € L2(0, T; H x L2(Q)x E), Uysn, Sy
and 6, represent the displacement, the damage and the temperature obtained in Lemma 4.1, Lemma
4.3 and Lemma 4.4 respectively.

The last step in the proof of Theorem 4.1 is the next result.
Lemma 4.5. The operator A\ has a unique fixed point (n*,v*, ¢*) € L?(0, T;H x L?(Q) x E').

Proof. Let (n1,71, 1), (M2, 72, 92) € L2(0, T; H x L2(Q) x E').
We use the notation uy -y, = uj, Uy« =V, Sy, =¢; and 0, = 0; for i = 1,2.
Using (4.19)-(4.21) and from (3.18)-(3.20) and (3.14), we get

1AM, 71, 901)(E) — A(m2, 72, (p2)||HXL2(Q)XE/

<Ly /0 (lu3(5) — ua(S)llv + 161(5) — 52(5) 262 + 162(5) — 82(5) ) ds

+ (Ls + Lo) ([lur () — ua(D)[lv + lls1(t) = s2()ll 120y + 1161(t) — 62(t) ]l 12(c2))
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Employing Holder's and Young's inequalities, we deduce that

A1 Y1, 01)(8) = A(m2, 72, <P2)Hn2HxL2(Q)X5/

<€ [ (luats) — w6 + 15105) ~ 2y

(4.22)
+1161(s) = 62(5)I|E) ds + C(|[ur (1) — wa(D)[[F
+ lls1(t) — §2(t)||%2(§2) +161(t) — 92“)”%(9))
Using the relation (4.6), we obtain
(Ae(vi) — Ae(vz), e(vi — v2)y + ((V1 — V2, v1 — v2))y
< (Ge(ur) — Ge(uz), e(vi — v2))y +j(u1, vo, w) — j(ug, vi, w) + j(uz, v1, w)
—Jj(u2,vo, w) — (M1 — M2, €(v1) — €(v2))n
We use similar arguments that those used in the proof of the relation (4.12) to obtain that
t t
| s) —us(s)lfds < € [ ms) = ma(s) o (4.23)

From (4.14), we get
($1 — 61,61 — §2)L2(Q) + b(s1 — 2,61 —S2) < (S1— 2,61 — §2)L2(Q) ae. te(0,T).

Integrating the previous inequality with respect to time, using the initial conditions ¢1(0) = ¢1(0) = <o

and the inequality b(s1 — s2,$1 — $2) > 0, we find

1 t

Sllai(t) — 2(t)lI72(q) < /O (s1(5) — s2(5), s1(s) — s2(8)) 12(q) s,
which implies that

t
ls1(t) — §2(t)||%2(9) < /0 (H’Yl(s) - ’YQ(S)H%?(Q) + lls1(s) = §2(5)||i2(§2))d5:
this inequality combined with Gronwall’s inequality leads to
t

e (t) = sa(B)lfFagey < € /0 [91(5) = ¥2(8)|22(gyds, VEe€ [0, (4.24)

In order words from (4.16), it follows
(91 — 91, 01 — 02)E’><E +a(01 — 02,61 — 02) = (1 — 2,01 — 92)E’><E ae te(0, 7).

We integrate the previous equality, using (3.13), the initial conditions 61(0) = 61(0) = 6y and as a is
E-elliptic, we get

191(8) — B2(8)[1Z2(cy + i3 / 161(t) — 6a(D)I12

< /O l01(5) — @a(8) | 16:(5) — Ba(s)]le ae. te (0. T),
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employing Young's and Holder's inequalities, we get

161(8) — 62(8)]122(00) + / 16:(5) — 82(s) | ds
(4.25)

t
gc/ lo1(s) — wa(s)Pds ae. te(0,T).
0

Now, we combine (4.23), (4.24) and (4.25), we find that

-
AL, y1, 01)(8) = N2, 72, @)Hixp(g)xt—/ < C/o [(n1, 71, 01) () = (M2, 72, <Pz)||§{xL2(Q)XEI-
Reiterating this inequality n times we are led to

1AL Y1, @1)(8) = A2 Y2, 02) (D)3 2y

t s m T
Cn/o /O /O /O 112, @2)(r) — (12,72, 02) (D4 2y TS,
—

n integrals

which implies that

IN"(m1, 71, 1) — N'( 2v‘Y2:‘P2)Hi2(HXL2(Q)XE’)
o n (4.26)
cn ©0s)|?
= n! (M, 71, 01) = (M2, 72, 2)||L2(HXL2(Q)XE,)'

ince lim €<% = 0, it follows tha ere exists a positive integer n suc at €7 < 1 and,
S lim <= = 0, it follows that th t tive int h that &= < 1 and
n—oo : :

therefore, (4.26) shows that the operator A" is a contraction on the Banach space L?(H x L?(Q) x
E') and, so, there exists a unique fixed point (n*,v* ©*) € L2(0, T;H x L2(Q) x E') such that

ANn™ ", 0*) = (0", 7", ©*). O

We have now all the ingredient to prove Theorem 4.1 which we complete now.

Existence. Let w* be the fixed point of the operator x given by (4.8) and (n*,v*, ©*) be the fixed
point of the operator A given by (4.18)-(4.21) and denote

We = Upsns, Se = Syr, Os = Opr. (4.27)
It follows from (4.19)-(4.21) that

70 = [ Blew(9),5.(9).0.(5)) o5

7 (1) = S(e(ux(t)), s (1), 6:(1)),
©*(t) = W(e(us (1)), s+(1), 0:(1)).

and, therefore, (4.6), (4.14), (4.16) and (4.8) imply that (u., S«, 0., w*) is a solution of problem PV.
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Uniqueness. The uniqueness of the solution follows from the uniqueness of the fixed point of the
operators x and A defined by (4.8) and (4.18)-(4.21) respectively.
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