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Abstract. In 2011, Wang and Guo introduced c-distance in cone metric spaces. The idea of cone
metric spaces over topological modules was presented by Branga and Olaru in 2020. Combining these
two ideas, we introduce cone metric spaces with c—distance over topological module and establish a

fixed point theorem.

1. Introduction

Cone metric spaces were first introduced by Huang and Zhang [9]. For detailed study of cone
metric spaces, refer [5,6,12,14-16]. Other authors have also established fixed point theorems in cone
metric spaces (for instance, [1-3, 10, 11]). Wang and Guo [18] presented cone metric spaces with
c-distance and proved some fixed point theorems. Cone metric spaces over topological module were
introduced by Branga and Olaru [4]. In this paper, we present a new concept namely “cone metric

spaces with c-distance over topological module" and prove a fixed point theorem.

2. Preliminaries

Definition 2.1. [8] Let (G,+) be a group with partial order relation < . Then G is said to be a

partially ordered group If translation in G is order preserving:
x<y=z+x+wz4+y+wVxywzel

Definition 2.2. [17] Consider a ring (R,+,.) and 1 be an identity of (R,+,.) such that 1 # 0 and

< is a partial order on R. Then R is called a partially ordered ring if:
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(1) (R,+,.) is a partially ordered group,
(2) z>0 and w > 0 implies z.w >0 for all z, w € R.

Remark 2.1. Throughout the paper, R* = {r € R: r > 0}, U(R) and U+ (R) are the notations for
the positive cone of R, the set of invertible elements of R and U(R) N R™, respectively.

Definition 2.3. [20] Consider an abelian group (G,+). Then G is called a topological group if G is

endowed with a topology G such that the conditions mentioned below are satisfied:

(1) For(g1,92) € G xG, the map (g1, 92) — 91 + go Is continuous where g1 +g»> € G and G x G
is endowed with the product topology;
(2) For g € G, the map g — —g is continuous, where —g € G.

(G,+,G) or (G, G) is the notation for the topological group.

Definition 2.4. [20] A ring (R, +,.) is called a topological ring if R considered with the topology
R such that (R,+,R) is a topological group and for (ri,rn) € R x R, the map (r1,rn) — n.ris

continuous, where ri.ro € R and R x R is endowed with the product topology.

(R,+,.,R) is called a Hausdorff topological ring [20] if the topology R is Hausdorff. Also,
T or , Is the notation for the topological ring.
R R R,R) is th ion for th logical ri

Definition 2.5. [20] Consider a topological ring (R,R). A left R—module (E,+,.) is called a
topological R—module if a topology & is defined on E such that (E,+) is a topological abelian group
and the condition mentioned below is satisfied:

For (r,x) € R x E, the map (r,x) — r.x is continuous, where r.x € E.

Further, (E,+,.,&) or (E, &) is the notation used for the topological left R—module.

Definition 2.6. [4] A set P C E, where (E,+,.,&) is a topological module, is called a cone if :

(1) P is closed, nonempty and P # {0g};
(2) s.x+t.y € P, whenever x,y € P and s, t € RT;
(3) x € P and —x € P implies x = Of.

Remark 2.2. Throughout the paper, P° and P are be the notations for the interior and closure of P,
respectively. Furthermore, the cone P is said to be solid if P° is non-empty. Also, a partial ordering <p
with respect to P is defined by y — x € P if and only if x <p y and x <p y indicates x <p y, X # .
Moreover, the partial ordering x < y indicates y — x € P°.

Next, we shall consider the following hypotheses:
(Hyp 1) [4] Consider a Hausdorff topological ring (R, 4+, ®, R) such that:
(1) U+(R) is non-empty.
(2) Og is a limit point of U4+ (R).
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(3) <k indicates the partial ordering on R.
(Hyp 1) [4] (E,+,.,&) is a topological left R—module.
(Hyp I11) [4] P is a solid cone contained in E.

Proposition 2.1. [4] Consider a topological left R—module (E,+,.,£) and P be a cone contained
in E such that the hypothesis Hypl, Hypll and Hyplll are satisfied. Then:

(1) P°+ P° C P°;

(2) B® P° C P°, where 3 is an element of U+ (R);

(3) Ifv<puandB € R", thenB o v <pLB 0O u;

(4) Ify <px and x < z, then y < z,

(5) Ify < x and x <p z, theny < z;

(6) Ify < x and x < w, then y < w;

(7) If0g <py < v,VYv € P° thenv =0,

(8) IfOg < v and {b,} is a sequence in E such that b, — Og, then there is a natural number mg

such that b, < u for m > mg.

From now onwards, (R, +, ., R) denotes a Hausdorff topological ring.

Definition 2.7. [4] A directed set is a partially ordered set (A, <) such that the condition mentioned
below is fulfilled:
If X1, X2 in A there is A3 in \ so that A1 < A3 and Ao < 3.

Definition 2.8. [4] A sequence {x)}xen in R is a family of elements in R that is indexed by a directed

set.

Definition 2.9. [4] A family {xx}xen contained in R is convergent to an element x € R if for each
neighborhood W of x there exists Ag € N such that x, is an element of W for every A\ € N\, where
A > Ao

Definition 2.10. [4] A sequence {xx}xen is called a Cauchy sequence if for each neighborhood W of
Or there exists Ao € N\ such that xx, — x», € W for each \g < X1 and Ao < Xo.

Theorem 2.1. [4] Every convergent sequence {xx}xen in R is a Cauchy sequence.

To exemplify the summability of the family of elements of a topological ring, consider H(A) to be

the set of all finite sets contained in A directed by the inclusion C .

Definition 2.11. [4] An element t of R is sum of family {xx}xen contained in R if the sequence
{ti}ien(n) s convergent to t, where for each | € H(N),
t = ZX)V
Ael

The family {xx}xe/ Is said to be summable if {x)}xe; has a sum t in R.
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Definition 2.12. [4] A family {x\}xe/ contained in R is said to satisfy Cauchy condition if for every
neighborhood W of O there exists Iy in H(NA) such that Y 5., xx € W, for each J € H(A) disjoint

with lyy.

Theorem 2.2. [4] A sequence {t;};enn) is @ Cauchy sequence if and only if the family {xx}xen

contained in R satisfies Cauchy condition.

Theorem 2.3. [4] Let {xx}xen be a summable family in R. Then for each neighborhood W of Og,
there exists J in H(A) so that x, € W for each X € A\ J.

Definition 2.13. [4] Let (R,+,.,R) be a topological ring. Then R is said to be complete if the
topological additive group of ring (R, +,R) is complete.

Definition 2.14. [4] Let Xbe a non-empty set, (E,+,.,E) be a topological left R—module and the
map d : X x X — E satisfies:

(1) d(x,y) 2p 0 Vx,y € X.

(2) d(x,y) =0g ifand only if x =y Vx,y € X.

(3) d(x,y) =d(y,x) Vx,y € X.

(4) d(x,y) <pd(x,z)+d(z,y) ¥x,y € X.
Then d is said to be a cone metric on X and the pair (X, d) is said to be a cone metric space over

topological left R—module E.

Definition 2.15. [4] Let (X, d) be a cone metric space over the topological left R—module E, x be
an element of X and {x,} be a sequence in X. Then
(1) {xn} is said to be convergent to x if for each u > 0, there is a natural number N such that
d(xp, x) < u, V.n>N.
(2) {xn} contained in X is said to be a Cauchy sequence if for each u > 0, there is a natural

natural number N such that d(x,, xm) < u, ¥ m,n> N.

3. Fixed point theorem via c-distance

In this section we first introduce a new notion namely c—distance in cone metric spaces over
topological module. Next we discuss some results regarding the same. Further, a fixed point theorem

in cone metric spaces via c—distance over topological module has been established.

Definition 3.1. Let (X, d) be a cone metric space over a topological left R—module E. Then a map
p: X x X — E issaid to be a c—distance on X if it satisfies the following conditions:

(p1) p(x,¥) 2p 0 ¥V x,y € X;

(p2) p(x,2) <p p(x,y) +ply.2) ¥V x,y,z € X;

(p3) Foreveryy € X andn>1, p(y,x,) <p u for some u= u, € P, then p(y, x) <p u whenever

{xn} in X is convergent to a point x € X;
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(p4) For each u > 0, there exists v > 0 such that p(z,x) < v and p(z,y) < v implies that
d(x,y) < u where u,v € E.

Lemma 3.1. Let (X, d) be a cone metric space over a topological left R-module E, p be a c—distance
on X. Consider the sequences {x,} and {y,} in X. Next, let {a,} be a sequence in P convergent to

Of and x,y,z € X. Then the following hold:

(1) If p(xn, yn) <p an and p(xn, z) <p a, for every natural number n, then {y,} is convergent to
z.
(i) If p(xn,y) <p an and p(xn, z) <p a, for every natural number n, theny = z.
(i) If p(xn, xm) <p an for all m > n, where m, n are natural numbers, then {x,} is a Cauchy
sequence in X.

(iv) If p(y,xn) <p an, then {x,} is a Cauchy sequence in X.

Proof. (i) Let u > 0. Then there is v > 0 such that p(¢', V') < v and p(u, z) < v implies
that d(v',z) < u. Let mg be any natural number such that a, < v and b, < v for each
n > mg. Next for each n > mg, p(xn, ¥n) <p an < v and p(xp, z) <p b, < v. Therefore,
d(¥n, 2) < u. This proves that {y,} is convergent to z.
(ii) Proof clearly follows from (/).
(i) Let u > 0. Proceeding as proof of (/) let v > 0 and mg be any natural number. Next, for
n,m>mo+1,p(Xmg: Xn) < Umy < v and p(Xmy, Xm) < Um, <K V. Therefore, d(xn, Xm) < V.
This proves that {x,} is a Cauchy sequence.
(iv) Proof clearly follows from (iii).
]

Theorem 3.1. Let (X, d) be a cone metric space over a topological left R—module E and p be a

c—distance on X. Suppose that the hypothesis Hypl, Hypll and Hyplll are satisfied. Define
S = {r e RY|{r"} is a summable family}.
and the map T : X — X satisfies:
p(Tx, Ty) <p rp(x.y), Vx,y € X.

Then T has a fixed point x* in X and for each x € X,{T"x} is convergent to the fixed point. If
¢ =T¢, then p(¢,{) =0. Also, T has a unique fixed point.

Proof. Fix xo € X. Let xy = Txg, %0 = Tx1 = T%x0, .. ., Xpt1 = TXxp = T 1xg. Then

p(Xn, Xn+1) = P(TXn—1, Txn) <p rp(xn—1,Xn) <p r2p(Xn—2,Xn-1) <p ... <p r"p(xo, x1).
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On the basis of above inequality, for all g > 1, we have
P(Xny Xn—i—q) <p P(Xn, Xn—i—l) +.. p(Xn—i-q—lv Xn+q)
<p r"p(xo.x1) + ...+ " p(x, x1)

<p rM(Agr+r+...+r"p(xo, x1)

+o00 .
<p O, x).
i=0

Using Theorem 2.3, we have r" K Ogr as n — oo. Also {r"} is a summable family, right multiplication
is continuous and using Proposition 2.1 (8) we see that for each v > 0, there is a natural number
N such that p(xn, Xn+q) < UV n > Nand g > 1. Then {x,} is a Cauchy sequence in X. By the
completeness of X, there is x* in X such that x, is convergent to x* as n tends to oo. By (p3) we

see that
p(xn, x*) < u. (0.3.1)
Also,
p(xn, Tx*) = p(Txp_1, TX")
SP rP(Xn—I:X*)
+oo _
<p (Y rp(xo.x1)
i=0
< u.(0.3.2)

Now, p(xn, x*) < u and p(x,, Tx*) < u. Let v>> 0. Then by (p4), we have d(x*, T(x*)) < v. Next
using Proposition 2.1 (7) we have

x*=Tx".
Hence x* is a fixed point of T. Next suppose that y* is a fixed point of T. Then for u € P°, we
have q(x*,y*) = q(Tx* Ty*) <p ra(x*,y*) <p rPq(x*,y*) <, ... <p r"q(x*,y*) < u. Hence
qg(x*, y*) = 0. Also, g(x*,x*) = 0. Using Lemma 3.1 (ii), we have x* = y*. Hence T has a unique
fixed point. O

Corollary 3.1. Let (X, d) be a cone metric space over a topological left R—module E and p be a

c—distance on X. Define
S = {r e RY|{r"} is a summable family}.
and the map T : X — X satisfies:
p(T"x, T"y) <p rp(x,y), ¥ x,y € X.

Then T has a fixed point x* in X. If { = T¢, then p(¢, ) = 0.
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Proof. Using Theorem 3.1, we see that x* is a unique fixed point of T". Also, T"(Tx*) = T(T"x*) =

T(x

*). Therefore, T(x*) is a fixed point of T". So, x* = Tx*. This shows that x* is a fixed point of

T. Also, the fixed point of T is also a fixed point of 7" shows that T has a unique fixed point.

Next suppose that { = T . We see that the fixed point of T is also a fixed point of T"”. From this,

for u> 0, we have

p(¢. Q) =p(T¢, TC) = p(T"¢, T"C) <p rp(¢,¢) <p r?q(¢,¢) <p ... <p r"p(¢.{) < u.
Hence p(¢,¢) = 0. O
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