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FIXED POINT AND COMMON FIXED POINT THEOREMS FOR
a—PROPERTY IN CONE BALL-METRIC SPACES

RAJESH SHRIVASTAVA!, RAJENDRA KUMAR DUBEY?, PANKAJ TIWARI?, ANIMESH
GUPTA%*

ABSTRACT. In this paper, we define a new cone ball-metric and get fixed points
and common fixed points for the o — property in cone ball-metric spaces.

1. INTRODUCTION AND PRELIMINARIES

Throughout this paper, by RT, we denote the set of all non-negative numbers,
while N is the set of all natural numbers.
Let O : RT x Rt — RT be a binary operation satisfying the following conditions

(i) ¢ is associative and commutative,
(ii) ¢ is continuous.

Five typical examples of ¢ are :

(i) a®b = max{a, b},

(ii) aQ0b=a+1b,

(iii) a®b = ab,

(iv) aQ0b=ab+a+ 0,
(v) adb = mfamy-

Definition 1.1. The binary operation ¢ is said to satisfy a — property if there
exists a positive real number « such that

a®b < amax{a, b}
for all a,b € RT.
Following five examples are stand for o — property.

Example 1.2. If a0b = a + b, for each a,b € RT, then for o > 2, we have
a{b < amax{a, b}.

Example 1.3. If a(Qb =
a®b < amax{a, b}.

ﬁim}v for each a,b € RT, then for a > 1, we have

Example 1.4. If a0b = ab, for each a,b € R, then for o > a, we have adb <
amax{a,b}.
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Example 1.5. If aQb = ab+a + b, for each a,b € RT, then for o > a + 2, we have
a{b < amax{a, b}.

Example 1.6. If a0b = max{a, b}, for each a,b € RT, then for o > 1, we have
a®b < amax{a, b}.

Huang and Zhang [3] have introduced the concept of the cone metric space,
replacing the set of real numbers by an ordered Banach space, and they showed
some fixed point theorems of contractive type mappings on cone metric spaces.
In 2006, Mustafa and Sims [5] introduced a more appropriate generalization of
metric spaces, G-metric spaces. Recently, Beg et al. [2] introduced the notion of
generalized cone metric spaces, and proved some fixed point results for mappings
satisfying certain contractive conditions. In this paper, we define a new cone ball-
metric and get fixed point and common fixed results for the o — property in cone
ball-metric spaces.

We recall some definitions of the cone metric spaces and some of the properties
[3], as follow:

Definition 1.7. [3] Let E be a real Banach space and P a subset of E. P is called
a cone if and only if:
(i) P is nonempty, closed, and P # {0},
(ii) a,b € RT, 2,y € P = ax + by € P,
(i) r€e Pand —z € P = x = 0.

For given a cone P C E, we can define a partial ordering with respect to P
by x X y or x = y if and only if y — 2 € P for all z,y € E. The real Banach
space F equipped with the partial ordered induced by P is denoted by (F, ). We
shall write x < y to indicate that x < y but = # y, while z < y will stand for
y — x € intP, where intP denotes the interior of P.

The cone P is called normal if there exists a real number K > 0 such that for
all z,y € F,

I<sz<y = [z <Kyl
The least positive number K satisfying above is called the normal constant of P.

The cone P is called regular if every non-decreasing sequence which is bounded

from above is convergent, that is, if {z,,} is a sequence such that

TI<STa K Tp < XY,

for some y € F, then there is 2z € E such that ||z, —z| — 0 as n — oo. Equivalently,
the cone P is regular if and only if every non-increasing sequence which is bounded
from below is convergent. It is well known that a regular cone is a normal cone.
Moreover, P is called stronger minihedral if every subset of E which is bounded
above has a supremum [1].

In the following we always suppose that E is a real Banach space with a stronger
minihedral regular cone P and intP # ¢, and < is a partial ordering with respect
to P.

Metric spaces are playing an important role in mathematics and the applied
sciences. In 2003, Mustafa and Sims [5] introduced a more appropriate and robust
notion of a generalized metric space as follows.

Definition 1.8. [5] Let X be a nonempty set, and let G : X x X x X — [0,00) be
a function satisfying the following axioms:
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x,y,2) =0 if and only if x = y = z;

x :c,y) > 0, for all z # y;

z) > G(z,x,y), for all z,y,z € X;

x y, z) =Gz, z,y) = G(z,y,x) = --- (symmetric in all three variables);
(5) G(z,y,2) < G(z,w,w) + G(w,y, z), for all z,y,z,w € X.

Then the function G is called a generalized metric, or, more specifically a G-metric

on X, and the pair (X, G) is called a G-metric space.

This research subject is interesting and widespread. But is too abstract makes
the human difficulty with to understand. So we introduce the concept of cone
ball-metric spaces and we prove fixed point results on such spaces for functions
satisfying the contractions involving the o — property.

In [6] Chen and Tsai introduce the following notion of the cone ball-metric 5.

Definition 1.9. [6] Let (X,d) be a cone metric space, B : X x X x X — E,
x,y,2 € X and we denote

§(B) = sup{d(a,bd) : a,b € B},
and
Blz,y,2) = 8(B),
where B = N{F C X|F is a closed ball and {z,y,2} C F}. Then we call B a

ball-metric with respect to the cone metric d, and (X, B) a cone ball-metric space.
It is clear that B(x,x,y) = d(z,y).

Remark 1.10. It is clear that the cone ball-metric B has the following properties:

(1) B(z,y,2) =0 if and only if z = y = z;

(2) B(z,z,y) > 0, for all z # y;

(3) B(z,z,y) <B(x y,2), for all z,y,z € X;

(4) B(z,y,2) =B(z,z,y) = B(z,y,2) = --- (symmetric in all three variables);
(5) B(z,y,z )#B(mww)—l—lg(w y,2), for all x,y, z,w € X;

(6) B(z,y,2) < B(z,w,w) + By, w,w) + B(z,w,w), for all z,y,z,w € X.

Definition 1.11. [6] Let (X, B) be a cone ball-metric space and {z,} be a sequence
in X. We say that {z,} is

(1) Cauchy sequence if for every ¢ € E with 6 < ¢, there exists ng € N such
that for all n,m,l > ng, B(@n, Tm, ;) < €.

(2) Convergent sequence if for every ¢ € F with 6 < ¢, there exists ng € N
such that for all n,m > ng, B(xn, Tm,x) < € for some z € X. Here x is
called the limit of the sequence {z,} and is denoted by lim,, o x, = z or
Ty — T a8 N — 00.

Definition 1.12. [6] Let (X, B) be a cone ball-metric space. Then X is said to be
complete if every Cauchy sequence is convergent in X.

Proposition 1.13. [6] Let (X,B) be a cone ball-metric space and {x,} be a se-
quence in X. Then the following are equivalent:

(i) {zn} converges to x;

(ii) B(xp,xn,x) = 0 as n — o0;
(iii) B(zp,z,x) — 0 as n — oo;

(iv) B(zp, Tm,x) = 0 as n,m — oo.
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Proposition 1.14. [6] Let (X,B) be a cone ball-metric space and {x,} be a se-
quence in X, z,y € X. If v, > x and z,, - y as n — oo, then x = y.

Proof. Let € € E with § < € be given. Since z,, — x and z,, = y as n — oo, there
exists ng € N such that for all m,n > ng,

B(zy, Tm,x) < % and B(zp, Tm,y) < g

Therefore,
B(z,z,y)

R

B(x,Tpn, Zn) + B(xn, z,y)
= B(xa‘rnv'xn) +B(y7xn7x)
< B, wp, 20) + B(Y, Tm, Tm) + B(Tm, T, T)
L - +-+-=¢
Hence, B(z,z,y) < £ for all @« > 1, and so £ — B(x,z,y) € P for all a > 1. Since

£ — 60 as a — oo and P is closed, we have that —B(x,z,y) € P. This implies that
B(z,z,y) =0, since B(z,z,y) € P. So xz =y. O

Proposition 1.15. [6] Let (X, B) be a cone ball-metric space and {x,},{ym},{z1}
be three sequences in X. If x,, — x, ym — Yy, 21 — 2z asn — 00, then B(zy, Ym, 21) —
B(x,y,z) as n — oo.

Proof. Let € € E with § < € be given. Since x,, = &, Y, — ¥, 21 — 2 a8 . —> 0O,
there exists ng € N such that for all n,m,l > ng,

B(xy,,x,r) < %, B(Ym,y,y) < %, B(zi,2,2) < %,

Therefore,
B(xruymazl) < B(mmﬂf,ﬂﬂ)ﬂLB(fE,ym,Zl)
< £ B(wn,w, @) + B(ym, v, y) + By, =, 1)
< B(@n,x,2) + B(Ym, y,y) + Bz, 2, 2) + B(z, 2, )
< S4By,
3 3 3 7y7 )
that is,
B, Yy 21) — Bla,y,2) < e
Similarly,

B(Z‘,% Z) - B(xna Ym» Zl) <e.
Therefore, for all & > 1, we have
€
B(wrnymvzl) - B(x,y,z) < Ev
and .
B(ajvyaz) - B(xnvymazl) < E
These imply that
€
a - B(Irwymvzl) +B(z,y,z) € Pa
£ + B(xn, Ym, 21) — Blz,y, z) € P.
«
Since P is closed and £ — 6 as a — oo, we have that

lim  [=B(zn, Ym, 21) + B(z,y,2)] € P,

n,m,l—oo
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lim [B(znaymazl) - B(x,y,z)] S

n,m,l—oo
These show that
lim  B(zn,Ym, 21) = Bz, y, 2).

n,m,l—oo

So we complete the proof. O

2. MAIN RESULTS

Let (X, B) be a cone ball-metric space with P, and let ¢ : Rt x RT — R™.
We now state our main common fixed point result for the a — property in a cone
ball-metric space (X, ), as follows:

Theorem 2.1. Let (X, B) be a complete cone ball-metric space, P be a reqular cone
in E and f,g be two self mappings of X such that f(X) C g(X). Suppose that O
satisfies o — property with a > 0 such that
B(fz, fy,fz) < ki[B(gz,gy,92)0B(gz, fz, fr)]
+  k2[B(gz, gy, 92)0B(gy. [y, fy)]
where ki, ko, ks > 0 and 0 < a(ky + ko + k3) < 1. If g(X) is closed, then f and g
have a coincidence point in X.

Moreover, if f and g commute at their coincidence points, then f and g have a
unique common fixed point in X

Proof. Given zy € X. Since f(X) C ¢(X), we can choose z; € X such that
gr1 = fxo. Continuing this process, we define the sequence {x,} in X recursively
as follows:

fxn = gxniq for each n € NU{0}.

In what follows we will suppose that fx,+1 # fz, for all n € N, since if fz,1; =
fxy for some n, then fx,+1 = grny1, that is, f, g have a coincidence point x,41,
and so we complete the proof.

By (2.1), we have

B(fxn, fros1, frns1) < kilB(9ZTn, 9%nt1, 9Tn1)OB(9Tn, fon, fon)]
+  k2[B(g2n, 941, 9Tn41)0B(9Tn41, [Tnt1, fTni1)]
+  k3[B(9Tn, 9Tn+1, 9Tn+1)0B(9Tn+1, fTnt1, fTni1)]-

Therefore, by the condition of oo — property, we conclude that for each n € N,

B(fxn,fxn-i-hfxn-i-l) < klama’X{B(fxn—lafxn7me)aB(fxn—1afxnmfmn)}
+  keamax{B(frn—1, fTn, fTn), B(fTn, [Tni1, fTni1)}
+ kgO[ maX{B(fmnflv fxnv fxn)a B(fmnv fxn+17 fxn+1)}~
If B(fen, fent1, fent1) > B(fen-1, fTn, fz,), we obtain
B(frn, frntr, fons) < alky+ ke + k3)B(frn, foni1, fong),

which contradiction. Hence B(fxy, fTni1, fTnt1) < B(fzn—1, fTn, f2y). simi-
larly it is easy to see that B(frni1, fTnio, fTni2) < B(f2n, fTni1, fTni1)
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B(fznafxn—i-lafzn-‘rl) < OZ(kl+k2+k3)B(f$n_1,f$n,f$n),

and

B(f(En, fxn+17 f$n+1) 4 58(‘]01'“71, fx'ru fxn)

5”B(f$0, thfxl)

AN

where a(ky + k2 + k3) = 0 < 1. So we have

B(fxn, frnt1, fxns1) =< O"B(fzo, fz1, fx1) =0 as n— oco.

Next, we claim that the sequence {fx,} is a Cauchy sequence. Suppose that
{fxzn} is not a Cauchy sequence. Then there exists v € F with § < v such that
for all k£ € N, there are my, ny € N with my > ni > k satisfying:

(1) my is even and ny is odd,

1)
(2) B(fony, fTmys fTm,) 7 7, and
(3) my is the smallest even number such that the conditions (1), (2) hold.

Since limy, 00 B(fn, fTni1, fTnt1) = 0 and by (2), (3), we have that
DA B(fznka fxﬂLkv fxmk)

< B(frnes fr—1s fr—1) + B(fTmp—1, fTmys fTm,)

< B(fon,, [rm,—2, fTmy,—2) + B(fTmy—2, fTm,—1, fTm,—1)
+B(fTmp—15 frmys frur)

< Y+ B(frmy—2, [Tmp—1, [Tm—1) + B(fTmy—1, fTmy, fTm,)-

Taking limy_, o, we deduce

—00
Since
B(fxnkflvfxmkflvfxmkfl) < B(fxnkflvfxnkafxnk)+B(fxnkafxmkvfxmk)

+B(fmmkv fxmkflv fxmkfl)
Taking limy_, ., we deduce
(22) kli_g)loB(fxnk—hf'rmk—lafxmk—l) 4’7
On the other hand,
Y= B(fzn, frmg, frm,)
< B(fxnka fxnk*17 fxnkfl) + B(fxnkfla f‘rmm fxmk)

B(fxnka fxnk.—la fxnk—l) + B(fxnk—la f‘rmk—la fzmk—l)
+B(fxmk—17 fxntka fxmk)
Taking limy_,,, we also deduce
(2‘3) 7<kILH;oB(fxnkflafxmkflafxmkfly

By (2.2) and (2.3), we get

A

lim B(fxnk_h fank—l; f'rnbk—l) =7-
k—o0
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And, by (2.1), we have that
B(f‘r"k? STy fxmk) < ¢(L(xnkaxmka zmk))

where

B(fxnk 5 ffmk. ; fxmk) < kl[B(gxnk y 9Ty, géﬂmk)QB(ank, fxnk s fxnk)]
kQ[B(gxnk I’ gxmk 9’ gxmk)OB(gmmka fxmk bl fxmk)]
k3[B(9Tny, 9Tmi s 9Tmi )OB(GTmys [Ty fTmy)]-

+ +

B(fmnkafxmkvfmmk) '\< kl[B(fxnkflafxmkfhfxmkfl)olg(fxnkflafngf'rnk)]
+ k2[8(fxnk*17 fﬁrmk*h fxmkfl)OB(fxmkflv f‘rmk7fxmk)]
+ kB[B(f$nk—la fxmk—la fxmk—l)OB(fxmk—h fxmkafxmk)]~

B(fxnka fxmka fxmk) < ok maX{B(fxnk—la fxmk—la fxmk—1>7 B(fxnk—h fxnka fxnk)}
aks maX{B(fxnk_h foLk—la fxmk—l)y B(fxmk—la f-rmk’ fxmk)}
Oék}g maX{B(fxnkfh fxmkfla fxmkfl)a B(fl'mkfla fxmka fxmk>}’
(1) If
B(fmnk—lv fmmk—h fx'mk—l)a

is maximum then taking limy_ ~, we deduce

lim B(fajnkflv fwmkfla fxmkfl) =7,

k—o0
and

v = im B(fan,, fem, fom) <7,

— 00
a contradiction.
(II) If
B(fxnkfh fxnw fmnk)v

or
B(fmmkflafxmw f'rmk)a

is maximum then taking limy_,~, we deduce
lim B(fxnk,flv fxnkaf'rnk) = 97
k—o0

hm B(fxmk,—h f$mk7 fxmk) = 07
k—o00
and
v = lim B(fzn,, fem,, ftm,) <0,
k—oo
a contradiction.

Follow (I) and (II), we get the sequence {fz,} is a Cauchy sequence.
Since X is complete and g(X) is closed, there exist v, € X such that

lim g(z,) = nh_)ngo flzn) =g(p) =v.

n— oo

We shall show that p is a coincidence point of f and g, that is, we claim that

B(gu, fu, fu) = 0.
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g, fu, fi) # 0, then by (2.1), we have

B(
Blgp, fu, fr) < B(gp, fan, fon) + B(fon, fu, fr)
< Blgp, fon, fon) + ki [B(gzn, gp, gi) OB(gn, fn, fn)]
+k2[B(gn, g, gu) OB(gp, fu, f1)]
+k3[B(gxn, g, gu)OB(gu, fu, f1)],
B(gp, frn, frn)
+a(ky + kg + k3) max{B(gzn, gu, gpn), B(gTn, frn, frn), B(gu, fu, f1)},

If not, assume that

e

(I11) If

max{B(g9zn, gpt, gi), B(gTn, fn, f2n), B(gu, fuu, fr)} = B(gn, gi. gp),
then taking lim,_, .., we deduce

Jim B(gwn, gp, gp) = Blgp, gp, gp) = 0,
and
Blgp, fu fr) = lim Bgp, fn, fon) + a(ky + ke + k) lim B(gaa, g, gp)
< 0,
a contradiction.
V) If
max{B(gzn, g, gi), B(GTn, fTn, frn), B(gu, fiu, f1)} = B(gzn, fon, fzn),
then taking lim,,_, .., we deduce
Jim B(gan, fan, frn) = Blgp, gp. gp) = 0,

and
Blgu, fu, fp) = lim Blgp, fon, frn) + alky + ko + k3) lim B(gen, frn, frn) < 0,
a contradiction.
(V) If

max{B(gzn, g, gpt), B(gxn, fn, frn), Blgu, fr. fr)} = Blgu, fu. fr),
then

B(gp, fu, fr) = aky + ko + k3)B(gp, fu, fr) < B(gp, fu, fu),

a contradiction.
Follow (IIT)-(V), we obtain that B(gu, fu, fi) = 0, that is, gu = fu = v, and so
1 is a coincidence point of f and g.
Suppose that f and g commute at p. Then
fv=1rgn=gfn=gv.

Later, we claim that B(fu, fv, fv) = 6. By (2.1), we have
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B(fu, fv, fv)

VN

k1[B(gp, gv, gv)OB(gp, f1u, f1r)]
ka[B(gp, gv, gv)0B(gv, fv, fv)]
k3[B(gu, gv, gv)0B(gv, fv, fv)]
a(ky + ko + k3) max{B(fu, fv, fv), B(
= a(ky + ke + ks) max{B(fu, fv, fv),0}.

+ o+

fus fu, fu), B(fv, fv, fv)}

Therefore, if

B(fu, fv, fv) < alky + ko + k3)B(fu, fv, fv) < B(fu, fv, fv),
then we get a contradition, which implies that B(fu, fv, fv) =6, B(v, fv, fv) =0,
that is, v = fv = gv. So v is a common fixed point of f and g.
Let 7 be another common fixed point of f and g. By (2.1),
B(ﬁ7 V’ l/) = B(fﬁ7 fV7 fy)’

where

B(fv, fv, fv) ki[B(gv, gv, gv)OB(gv [T, f7)]
ko[B(gv, gv, gv)OB(gv, fv, fv)]
[

)
)
3[B(gv, gv, gv)OB(gv, fv, fv)]
)
)
)

N+ + X
=~

a(kl + ko + ks IIl?LX{B(fI/ fl/ fl/) (fﬁ,fﬁ,fﬁ),[j’(fufmfy)}
alky + ko + k3) max{B(f7, fv, fv),0}
= a(ks + ke + ks) max{B(7,v,v), 0}

< B(r,vv).
Therefore, we also conclude that B(7,v,v) = 6, that is 7 = v. So we show that v

is the unique common fixed point of g and f. ([l

Corollary 2.2. Let (X,B) be a complete cone ball-metric space, P be a regular
cone in E and f, g be two self mappings of X such that f(X) C g(X). Suppose that
B(fz, fy,fz) < amax{B(gz,gy,9z2),B(gz, fz, fz),

(2.4) B(gy, fy, fy), B(gz, fz, f2)}

where a € [0,1) . If g(X) is closed, then f and g have a coincidence point in X.
Moreover, if f and g commute at their coincidence points, then f and g have a
unique common fixed point in X

Proof. Tt is sufficient if we take a0b = amax{a,b} for a € [0,1) in Theorem 2.1
then we get the result. [

Corollary 2.3. Let (X,B) be a complete cone ball-metric space, P be a regular
cone in E and f be a self mapping of X. Suppose that { satisfies o — property with
a > 0 such that

B(fz, fy,fz) < ki[B(z,y,2)0B(x, fz, fz)]

+  ka2[B(z,y,2)0B(y; fy, fy)]

(2.5) +  ks[B(z,y,2)08B(z, f2, f2)],
where k1, ka, k3 >0 and 0 < a(ky + ko + k3) < 1. Then f has a fized point in X.
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Proof. Tt is sufficient if we take g = I (identity mapping) in Theorem 2.1 then we
get the result. ([
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