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Abstract. In this research a new definition of fractional vector cross product of two vectors in Euclidean
3-space is presented. Using this new definition the formulae for Euclidean norm, fractional triple vector
cross product, curl and divergence of fractional vector cross product of an electromagnetic vector field
is discussed. In particular cases, all the properties satisfy definition of standard vector cross product
for standard orthogonal basis of R®. The new definition has application in radiation characteristic in

micro-strip antenna and can be applied in other branches of mathematics and physics.

1. Introduction

In 1967, Crowe [1] presented vector analysis. In 2013, Das [2] defined fractional vector cross
product and derived fractional curl. He further defined the formulations that were useful in applications
in electrodynamics, elastodynamics, fluid flow etc. Mishra et. al. [4] gave a simulation approach and
applied fractional vector cross product in radiation characteristic in micro-strip antenna. Fractional
vector cross product was defined by Tripathi and Kim [5] in 2022. In this paper we present new
definition of fractional vector cross product in Euclidean 3-space different than in [5] and discussed

its properties further with respect to the new definition.

2. Fractional Vector Cross Product in Euclidean 3 - Space

Further to the study of fractional vector cross product in [5], we defined an alternative definition

below:
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Definition: Let R3 be the Euclidean 3-space equipped with standard inner product (.,.). Let

(e1, €2, €3) be standard orthonormal basis of R3 and B € [0, 1] a real number.

Then, for vectors

a=aje; + ares + azes, b= bie; + bres + bzes in R3, the B — fractional vector cross product

is defined by
axPp= {(axbs — azbo) sin (%T) + (by + b3)ay cos ( )}el
+{(a3b1 — apbs)sin (62 ) + (bs + by)ax cos ( 5 )}62
+{(a1b> — axby) sin (%) + (b1 + bo)as cos (%)}es

From eqn (2.1) we have,

B

e xP ej = cos (%)e/ + sin (7)@(
ej xP e; = cos (%)ej —sin (%)ek

e xPe=0forl=1{1723}

(2.2)

(2.3)

(2.4)

where (i, J, k) is a cyclic permutation of (1, 2, 3). The equations (2.2), (2.3) and (2.4) are similar to

that in [4] and [5].

Matrix representation
By (2.2), (2.3), (2.4) and linearity we can write equation (2.1) as

. B
axPb=sin (7){(82b3 — azbo)er + (asby — a1bz)ex + (a1ba — 22b1)63}

Bm
+ cos (7){(1)2 + bz)aier + (bs + b1)ases + (b1 + b2)33e3}

or

. ™
a ><[3 b =sin (g){(82b3 — a3b2)€1 + (33[31 - 31b3)€2 + (ale — 32b1)63}

+ cos (52 )(b1 + b2 + b3)a — cos (ﬁ;)(alblel + axboer + asbzes)

From [3] we have

axBp=

0 a1 COS (%r) — assin (%’) a1 Cos (%) + assin (57”)

NS

a> cos (&) + assin (BF) 0 a cos (

azcos () — axsin () ascos (F7) + avsin () 0

F) - assin (%)

(2.5)

(2.6)
by

2.7)
b>
bs
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or
(by + bs) cos (&F) bysin (&) — by sin (EF) a
axP b= —bgsin (&F) (b3 + by) cos (&) by sin (BT) e (2.8)
bosin (BX) —by sin (&) (b1 + by) cos (&F) ) \as

Thus considering a € R3 as a fixed column vector in R3, we see that a x# b : R® — R3 is a linear

function as given in eqn (2.7) and (2.8).
Particular case:

Case 1: The O-fractional vector cross product is defined by:

ax®b=(by+ bs)arer + (bs + b1)azes + (b1 + bo)ases

0 a) dai bl
By eqn (2.7) we have, ax%b=|a, 0 a b

d3 as 0 b3
Example 1: Using eqn (2.2) we have
eixe =e,ex%e=¢,ex"¢=0.
Case 2: The 1-fractional vector cross product is defined by:

axb= (32[33 — 83[32)61 + (a3b1 — 31b3)62 + (albz — 32[31)63.

By eqgn (2.7) we have

€1 6 €3 0 —as an bl
axb= dy do as| — das 0 —di b2
b1 b2 b3 —do di 0 b3

Example 2: Using egn (2.2) we have

6 X e = e e Xe=—¢e,e Xe=0.

where (/,J, k) is a cyclic permutation of (1,2,3). Thus, 1-fractional vector cross product is simply

the standard vector cross product.
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3. Properties of Fractional Vector Cross product
Theorem 3.1. The 3 - fractional vector cross product satisfies

axP(b+c)=axPb+axPc
(a+b)xPc=axPc+bxPc
(Za+ub) xPc=xxaxPc+pubxPc
Proof. From eqn (2.5), equations (3.1), (3.2) and (3.3) can be proved.
Particular case:
Case 1: The O-fractional vector cross product satisfies following properties:
ax%b+c)=axb+axc
(a+b)x°c=axc+bxc
(Ma+pub) x°c=xax®c+ubxc
Case 2: The 1-fractional vector cross product behaves as standard cross product.
ax(b+c)=axb+axc
(a+b)xc=axc+bxc

(Ma+ub)xc=MX axc+ubxc

Theorem 3.2. The 3 - fractional vector cross product satisfies

(a, a xP b) = cos (ﬁ;){af(bg + b3) + a3(by + b3) + a3(b1 + bo) }

7r i
(a, a xP by = cos (%)(bl + by + bs)||al|? — cos (%)(afbl + a3bo + a3bs)

Proof. From eqns (2.5) and (2.6), equations (3.4) and (3.5) can be proved.

(3.2)

(3.3)
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Particular case:

Case 1: The O-fractional vector cross product satisfies following properties:
(a,ax0 by = {af(by + b3) + a3(b1 + b3) + a3(b1 + bo) }
(a,a x% by = (b1 + by + b3)||al|?> — (a3b1 + a3bo + a3bs)

Case 2: The 1-fractional vector cross product satisfies following properties:
(a,ax b)=0

Example 3: Using eqn (2.2) we have
(e, e xP ¢j) = cos (&)
For O-fractional vector cross product (e;, e; x° e) =1

For 1-fractional vector product (e;, e x ¢;) = 0.

Theorem 3.3. The 3 - fractional vector cross product satisfies

™
(b, a xB b) = cos (%){albl(bg + b3) + axbo(b1 + b3) + asbs(by + bo) }

s m
(b, a xP b) = cos (%)(bl + by + b3)(a, b) — cos (%)(albf + apb3 + a3bh3)
Proof. From eqns (2.5) and (2.6), equations (3.6) and (3.7) can be proved.
Particular case:
Case 1: The O-fractional vector cross product satisfies following properties:
(b, a x0 by = {albl(bg + b3) + axba(by + b3) + azbs(by + b2)}

(a,ax%b) = (by + by + bs)(a, b) — (a1b3 + a2b3 + azb3)

(3.6)

(3.7)
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Case 2: The 1-fractional vector cross product satisfies following properties:
(a,ax b)=0
Example 4: Using eqn (2.2) we have

(ej, 61 xPej) =0

Theorem 3.4. The 3 - fractional vector cross product satisfies

(a+ b, axP b) = cos (%){(al + by)(ba + bs)ay

(3.8)
+(az + bo)(by + bs)as + (as + bs) (b1 + bp)as}
(a+ b, bxP a) = cos (ﬁ—w){(al + b1)(az + az) by
2 (3.9)
+(ax + bo)(a1 + a3)bo + (a3 + bs)(a1 + a2) b3}
a+ by az+bs a1+ bt
(a+b,ax5b>—<a+b,bxﬁa>:cos(%){ a a a3
b1 b bs
(3.10)
az+bs ai+b a+ b
- ai a as }
b1 by b3
Proof. This theorem can be proved from eqn (3.6).
O

Particular case:

Case 1: The O-fractional vector cross product satisfies following properties:
(a+b,ax?b)={(ar+ b1)(ba+ b3) + (a2 + b2)(b1 + b3) + (a3 + b3) (b1 + b2) }
(a+b,bx%a) = {(ar + b1)(az + a3)by + (a2 + b2)(a1 + a3) bz + (a3 + b3)(a1 + a2) b3 }
(a+b,ax®b)y—(a+b,bx°a)

ar+by az+bs a1+ b as+bs ar+by ar+ b

= { dal an as - dl ap as }
bl b2 b3 bl b2 b3
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Case 2: The 1-fractional vector cross product satisfies following properties:
(a+baxb)y=0,(a+bbxa=0
(a+b,axb)y—(a+bbxa=0

Example 5: Using eqn (2) we have
(ei + e, e xPe) — (e + ¢, e xP e) = (e — ¢) cos (677’)
For3=0,(ei+e,6x%¢)—(ei+e,exe)=¢—¢

ForB=1(e+e,e xe)—(e+e,exe)=0

Theorem 3.5. The 3 - fractional vector cross product satisfies

e
(a xP b) 4 (b xP a) = cos (%){(bl + by + b3)(are1 + axex + azes)
T
+(a1+ a> + az)(bier + boex + b363)} — 2cos (%)(alblel + axboer + azbses)

Proof. Using eqn (2.6) we can prove the theorem.

Particular case:

Case 1: The O-fractional vector cross product satisfies following property:
(@ax%b)+ (bx%a) ={(b1 + by + b3)(are1 + arer + azes)
+(31 +a> + 33)([3161 + brer + b3€3)} — 2(31[3161 + arboes + a3b3eg)

Case 2: The 1-fractional vector cross product satisfies following property:
(axb)+(bxa)=0

Example 6: Using eqn (2.2) and (2.3) we have
(e xP &) + (e xP ¢;) = cos (BT (e + ¢;)

For =0, (e x%¢)+ (e x°¢) = e+ ¢

(3.11)

(3.12)

(3.13)
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ForB=1, (e x &)+ (e x ) =0

Theorem 3.6. The B - fractional vector cross product satisfies

la <P b]I> = {llall*[Ib]* - (2. b)*}

2
™
+{2b1bo(arar + a3) + 2b1bs(aras + a3) + 2bobs(azaz + a3) }cos (%)
(3.14)
a1(bs + b3) ax(by + bz) az(by+ b2)
+ ai ao a3 sin (B)
b1 bo b3
16 %P all> = {lall*||b]l* — (a. b)*}
™
+{23122(b1b2 + b%) + 23123(b1b3 + b%) + 23233(b2b3 + b%)}COS(%)2
3.15
bi(as +as) ba(ar+a3) bs(ar + a2) (3.15)
+ a a» as sin (B)
b1 by b3
Proof. Using theorem 3.2 we can prove the theorem. Il

Particular case:

Case 1: The O-fractional vector cross product satisfies following property:

la = b)I> = {{llall”[[b]]* — (a b)*}
+ 2b1b2(31c72 + a%) + 2b1b3(3183 + a%) + 2b2b3(8233 + a%)}

16 %% all> = {{llall”[|b]|* - (a, b)*}
+ 23132(b1b2 + b%) + 23133(b1b3 + b%) + 28233(b2b3 + b%)}

Case 2: The 1-fractional vector cross product satisfies following property:
lla > bl[> = {llallllbll* — (a, b)*}, [Ib x all* = {[lall[|b]l* — (a, b)*}

Example 7: Using eqns ( 2.2) and (2.3) we have
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2 2
lei xP ej||> = cos (BF)7, ||e; xP e||> = cos(&F)
For3=0, |le; x¢|>=1, |le x°g?>=1

ForB=1, |le;x¢>=0, |lex¢gl®>=0

Theorem 3.7. The B - fractional vector cross product satisfies

a o G
(a xB b, c) =sin (%r) ap a as|+cos (%’r)(bl + by + b3)(a, ¢)
by by bs (3.16)
—cos (%)(alblq + asbacor + asbzcz)
Proof. Using eqn (3.4) we can prove the theorem. O

Particular case:
Case 1: The O-fractional vector cross product satisfies following property:
(ax9b,c)=(by+ bo+ b3){a c) — (arbici + asbaco + azbzcs)
Case 2: The 1-fractional vector cross product satisfies following property:
a & 3

(axb,c)=l|a a a3
by by bs

Example 8: Using eqn (2.2) and (2.3) we have
(e xP ¢}, &) = sin (BF)
For 3=0, (e x%ej, e) =0
ForB=1, (e xe,e) =1

Theorem 3.8. The B - fractional vector cross product satisfies
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(a xP b) xP ¢ =sin (%)2(@, c)b— (b, c)a)

+ cos (%){sin (%(bl + by + b3)(a x ©)

1 1 1
Bm

—sin (%)(alblel + asboey + asbzes) x ¢ +sin (7

b1 by bz
161 e (363

T . B
+ cos (%) ((ba + b3)ay + (b1 + bz)as + (b1 + by)as)c — sin (%) aa  a a3
b1 b bs

BT
— CoS ( )((b2 + bs)aicier + (b1 + b3)arcoes + (b1 + bo)ascses) }

)al a» asz|cC

(3.17)

Proof. For vectors ¢ = cie; + coes + cze3 and d = die; + doer + dzez in R3 in view of eqn (2.6), we

have
. Bm
d ><ﬁ C = sIn (7){(6/2C3 — d3C2)€1 + (d3C1 — d1C3)62 + (d1C2 - d2C1)6‘3}

+ cos (ﬁ ){(c2+ c3)cher + (3 + c1)dboer + (c1 + o) dzes3 )
. ™
= Ssin (%){(dQCg — d3C2)€1 + (d3C1 — d1C3)€2 + (dlCQ — d2C1)€3}

T 7r
+ cos ('%)(Cl + ¢ + b3)d — cos (%)(dlclel + drcper + dzczes)

Using d = a xP b, then from eqn (2.1) we have,
di = {(axbs — azbo)sin (67”) + (bo + b3)ay cos (%)}el
dr = {(asby — a1b3)sin (%) + (b3 + by)ap cos (%)}eg
ds = {(a1bo — axby) sin (%) + (by + by)az cos (%)}6‘3

Using above details with eqn (3.18), we can prove theorem 3.8.

Particular case:

Case 1: The O-fractional vector cross product satisfies following property:

(ax%b) x%c=((ba+ bs)ar + (b1 + b3)ax + (b1 + bo)as)c
— ((b2 + bz)arcrer + (b1 + bz)arcoex + (b1 + by)ascses) }

(3.18)



Int. J. Anal. Appl. (2023), 21:44 11

Case 2: The 1-fractional vector cross product satisfies following property:
(axb)xc={(ac)b— (b c)a
Example 9: Using (2.2) we have
(e xP ej) xP e = cos (BF) (e cos (BF) — sin (ZF) ex)
For 8 =0, (e x%¢j) x° e = (ejcos (%)
ForB=1, (e xe)xe=0

4. Divergence and Curl of Fractional Vector Cross Product

4.1. Curl of a Curl of Fractional Vector Cross Product. Using eqn (2.5) we have,

€1 € €3 0 a1 a by
. T T
axPb=sin (%) a1 a» az|+cos (%) a 0 a||b (4.1)
bl b2 b3 d3 as 0 b3
Alternatively
5 €1 € €3
. T
axPb=sin (7) ay a a3
b1 by b3
(4.2)
(b2 + b3) 0 0 a
Bm
+ cos (7) 0 (b3 + b1) 0 as
0 0 (b1 + b2) /) \a3
From egn (4.1) and [2] for a vector field F = Fie; + Foex + Fses the fractional curl is:
e1 e €3 0 % gl; F
Br_cn(P™y|oe & & By | o o
V xP F =sin (7) x5 & + cos ( 5 ) 5 0 5 ||F (4.3)
Fi Fo Fs 2 ¥ 9 F3

Alternatively, from eqn (4.2) we have
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€1 € €3 (F2 + F3) 0 0 %
BT B
axPb=sin(") |5 & %|+cos(5) 0 (F3+ F1) 0 el @9
o
F F F 0 0 (FR+FR)) \Z
By theorem (3.8) we have,
axP (bxPc)=sin (6 ) (b(a, c) — c(a, b)) + cos (%T){ sin (%(q + o+ c3)(axb)
1 1 1
—sin (%T)(blclel + bycoer + baczes) x ¢+ sin (ﬁ;) bi by bszlc
i C 3
(4.5)
di€1 dp€r aszes
B . BT
+COS(7)3((C2+C3)D1+(C1+C3)b2+(C1+C2)b3) —sm(7) bi by b3
C1 (@) C3
o
— COS (7) ((C2 + c3)aibier + (c1 + c3)ashoer + (1 + C2)a3b3€3)}
From (4.3) and (4.5) we have
V xP (V xP F) =sin (%)%vw, F)— F(V,V))
+cos( ){sm( ) (Vx V)(F1+ F2+ F3)
1 1 1
_ pBm, P o N R
—sin (7)(§F161+@F2€2+§F363) X F +sin (7) 5 5 9=|c
Fi Fo Fs| (4.6)
%61 gi;ez %63
pr,_ &° o8 8° BTN e
+ cos ( 5 )V(a(/:z-i-F3)+@(F1+F3)+§(F1+F2))_5'” (7) ox oy oz
Fr F  F

— Cos (—W) ((gi)2(F2 + F3)ep + (f

Oy

V2(FL + F3)es + (f

0z

2(Fi+ Fo)es)}
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Particular case:
Case 1: The O-fractional vector cross product satisfies following property:
00 0° o°
Vx(VxPF) = {V(a(/‘_z + F3) + 67“:1 + F3) + &(Fl + F))
o° a° ’ a° (4.7)
2 2 2
—((==)(F+ F — ) (FL+ F — ) (R + F
((ax) (F2 + 3)61+(ay) (FL+Fa)ea+ (52 )"(F+ 2)es) }
Case 2: The 1-fractional vector cross product satisfies following property:
Vx(VxF)=V(V,F)—F(V,V) (4.8)

4.2. Divergence of a Curl of Fractional Vector Cross Product. Using eqn (2.5) and (4.3) we have,

V(@R =G+ Sy ()

{(gﬁa—gﬁa)eﬁ(aﬁj giF3)e2+(giF2—ngl)e3}

+ cos (ﬁ ){26(5 + F3)e; + ay(F3 + F1)es + gﬁ(Fl + F)es}

V.5 ) = cos OV iR+ By + (DR + R
o

+(§)2(F1 + Fo)es}

Particular case:

Case 1: The O-fractional vector cross product satisfies following property:

0 o0, a° a0,
V.(VXTF) = {(a) (F2+ F3)er + (@) (Fs+ F)e+(52) (A + F2)es}

Case 2: The 1-fractional vector cross product satisfies following property:

V(VxF)=0

4.3. Curl of a Divergence of Fractional Vector Cross Product.

s P P
VFE =t gt e
o8 P o)
B
VAE(VF) = SRt Pt oo Fs

Using eqn (4.3) we have,

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)
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1 € €3 0 gi % gl;/:l
v <8 (v.F) = sin (T & B | s & O FR| @
SR TR 2R 2 of||ZR
Particular case:
Case 1: The O-fractional vector cross product satisfies following property:
V x (V.F) = 5 0 &||55 =0 (4.16)
Case 2: The 1-fractional vector cross product satisfies following property:
Vx(V.F)=0 (4.17)

5. Conclusion

Fractional vector cross product is one of the important property in the study of fractional calculus. In
this research we have defined a new fractional vector cross product named as 3 fractional vector cross
product and further discussed properties of Euclidean norm, fractional triple vector cross product,
curl and divergence of fractional vector cross product. This definition is useful for applications in
electrodynamics, polarisation, impedance studies etc. where we can see real application of fractional
solution.
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