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Abstract. This paper presents a generalization of the Homotopy analysis method (HAM) for finding the solutions
of non-linear g-fractional differential equations (4-FDEs). This method shows that the series solution in the case of
generalized HAM is more likely to converge than that on HAM. In order that it is applicable to solve immensely
non-linear problems and also address a few issues, such as the impact of varying the auxiliary parameter, auxiliary
function, and auxiliary linear operator on the order of convergence of the method. The generalized HAM method is

more accurate than the HAM.

1. INTRODUCTION

Fractional calculus is concerned with generalizing integer order of integration and differentiation
to any order. For several decades, fractional differential equations have sparked much interest
because of their various applications in physics and engineering [11,18,20,22]. In Particular,
fractional derivatives are a powerful tool for describing memory and inherited properties in a
wide variety of materials and processes and also proved half-order derivatives and integrals
to be more beneficial than classical models in formulating different types of problems. The g-
calculus [4,8-10,23] has a long history and can be traced back to Euler and Jacobi’s. The g-calculus
has many potential applications in various numerical methods, like orthogonal polynomials and
number theory. Moreover, connections between mathematics and physics appear in quantum

theory and general relativity theory.
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The fractional g-calculus or g-fractional calculus is an g-extension case of ordinary fractional
calculus. New interests are emerging on this subject. Agarwal [1]Jand Al-Salam [26] invented
the hypothesis and built various kinds of operators, like g—fractional integral derivatives. For
basics, refer to [2]. Due to the extensive study of this subject, an incredible interest showed up
from many authors in the study of (3-FDEs) and some applications [11,16,28]. During the past
decade, mathematicians and physicists have made immense efforts to determine the numerical and
analytical methods for solving FDEs and g-difference equations. As oflate, semi-analytical methods
have been widely applied to determine fractional and g-differential models for non-linear and linear
cases. A few are the differential transformation method [32], successive approximation method
[25], variational iteration method, homotopic perturbation method [6, 13], operational matrix
method [24] and HAM for solving various FDEs and g-differential equations when calculating
in h-calculus and in g-calculus. Coming to semi-analytical methods for g-FDEs, in 2013, authors
Wu and Baleanu [30] invented the variational iteration method from the differential equation to
g-FDEs. In 2019, Pin Lyu and Seakweng Von [21] found an efficient finite difference numerical
method for g-FDEs. In 2021, B. Madhavi and G. Suresh Kumar [17] developed an operational
matrix method to find the solution of q-FDEs using the Laguerre polynomial. In the same year,
Ying Sheng and Zhang [31] provided some Results on the g-Calculus and g-FDEs.

Homotopy analysis method [3,19,27,33] is one of the most used semi-analytical techniques. Liao
tirst discussed this method in 1992 in his Ph.D. monograph [12-15]. In this technique, the solution
is entirely in series formation. It offers an easy way to ensure the solution’s convergence is in series
form, which is different from all other methods. It can be used to solve problems that are highly
nonlinear problems. The perturbation results are applicable only for small physical parameters.
However, homotopy has always been independent of any small or large parameters. This method
also makes changing and controlling the solution series converges simple. Furthermore, the HAM
provides excellent flexibility in terms of equation type and solution expressions of high-order
equations, making it simple to obtain approximations at rather than high order. Because of these
benefits, HAM attracts the attention of many researchers. It is used to solve various nonlinear
problems, including nonlinear Riccati fractional differential equations, the vakhnenko equation,
the glauert-jet problems, the KdV-burgers-kuramoto fractional equation, and the nonlinear heat
transfer, and so on. M. A. El-Tawil and S.N. Huseen [29] present a method called the g-homotopy
analysis method (q-HAM), a more popular HAM approach. The fundamental thought behind
this technique is to incorporate a homotopy parameter, say 7, which changes from 0 to 1, and a
nonzero auxiliary parameter /. As n approaches 1, the system undergoes a series of deformations,
with each stage’s solution similar to the previous stage.

The construction of the paper is as follows. In section 2, the fundamentals of g-fractional
derivatives and integrals are provided. The HAM is presented. In section 3, for the solution of
g-FDEs. In section 4, we produce a numerical result to illustrate the efficiency of the method.

Finally, conclusions are presented in section 5.
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2. PRELIMINARIES

Definition 2.1. [1] Let & > 0, The R-Liouville type definition of q-fractional integral of a function f(x) is
defined as

Y
1 F () =$ f (- g f () dt, @)
RFG) = F().

Some properties of |3 [1] are as follows
il f) =13 (W),
ISTf ) = T3 F(9),

Doy = Dy,
Iyt = LBl e
[(p+1+a)

Definition 2.2. [1] Let a > 0, The Caputo type definition of q-fractional integral of a function f() is
defined as
o 1 Y ——
D) = fmay J, 00 g 0) it @2)
(m—1) <a <m, > 0. The basic properties of the Caputo q-fractional derivatives are as follows:
Let feCl, u<-1,n—1<a<mnmneN,then

77_1 K
BDf) = 1) Y 900 & 23
k=0 ’
Definition 2.3. [1] The g-Leibniz rule for a g-derivative of a product of two functions
Dy lrws)] = Y- 1) Dy st viDyse) 24
k=0 q
and
DY F (@ 9)ly=0 = awm-(q)Dg ™" f(¢)ly=o, (2.5)
where B
Temic(@) = Y Y iyt (K) (’" fK) g T (2.6)
i=0 j= LA

Theorem 2.1. [19] Suppose the homotopy series is (U, w) = E vi(V) @', then
i=0
(i) Dg [é(gb,a))] = V()™ = mT!W|w:0-
(i) Dy (¥,0)] = vur (9).

(iii) IfIL is a linear operator independent of w, then

Dy|L(e(y,@))] = L[Dy (e w))]
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(iv) Ifvo (1) is the initial solution, then
D[(1 = @)L(Y (¢, ) = v0))] = L{vin () = Yovmo1 ()]
(v) If the zeroth order deformation equation is given by
(1= @)L(E($,@) ~vo) = HH(, @)NIE(Y, )],
then the corresponding m’th order deformation equation for m > 1 is given by
]L[vm(gb, @) = YmVm-1(, a))] = hH(¢)Dg1‘1N[Y(1/J, a))], where Y, is given by

0, m<1,
Ym -
1, m>1.
(vi) D' [vz(lp, a))] = Yoo Mem—rc(G) Vin—icVk, Where ay i (q) is specified by (2.6) and m > 0 is positive

integer.

3. GENERALIZATION OF HOMOTOPY ANALYSIS METHOD FOR 4-FDEs

Consider the g-fractional nonlinear differential equation as

N[v(p)] =0, (3.1)

where N is a nonlinear g-fractional differential operator, v() is treated as an unknown function
and y indicates independent variable. Now, we establish the zero-order deformation equation as

follows:
(1-na)L[£(, @) =vo(¢)| = hH(Y)N[£(, )] (32)

Here w € (0,1) and n > 10 < w < 1 denotes the embedding parameter, 1 # 0 indicate as a control
parameter, H(¢) considered as a non zero auxiliary function, &(¢, @) is unknown function and
also vy is consider as initial guess of £(1).

Whenow =0and w = %, it is obvious that

E(,0) =w(y), &(¥,1) =v(y). (3.3)

Which is similar to the given nonlinear g-fractional differential equation. So (¢, w) is the solution
of the given problem. When w varies from initial zero to end one, then the solution &(y, w) also
varies from vo(¢) to v(y).

Now expanding &(1, ) in g-Taylor series [4] with respected to the embedding parameter w = 1,
then

EW,0) = vo(@) + Y vm(@)a™, (3.4)
m=1
where
1 ¢, w)
vin () = m_qlwl‘”:o' (3.5)

By assuming the initial guess vo(¢), auxiliary linear operator IL, the embedded parameter w, and

the auxiliary function H(1), accordingly taken then the series is convergent at w = 1, as from (3.3),
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we get
1) = () = o) + Y @) ()", 36)
m=1

where v, (1) can be determined by the higher-order deformation as follows. Define the vector

form of v, (V) as
—

o8 = o), 1 (9), o vm ()] 67)
from(3.2), then
L) - Ymvm_lmm] _ hHw)[Am(vm_l(w], 68)

where Y, is given by Theorem 2.1 and hence, the HAM series solution is

v(Y) =vo(¥) +vi(¥) +v2(¥) +va(¥) +va(y) +.... (3.9)

4. NUMERICAL RESULTS

Example 4.1. Let us take the q-fractional linear initial value problem

Div(p) +v(y) =0, 0<a<2, (4.1)

and
v(0) =1, v'(0) =0. (4.2)

The second initial condition is applicable for & > 1. For g — 1, (4.1) becomes normal fractional problem.
Now, apply the homotopy technique to the above problem, take into consideration the auxiliary linear

operator I = D¢, and establish the zeroth-order deformation as

(1= o)L et 0) = vo(9)| = ()| Do, 0) + (9, 0) | 3)
By using the initial conditions choose the initial guess,

vo(y) = 1. (4.4)

And let us also take H(y) = 1. Therefore, the mth-order deformation can be considered as

D2 () - Ymvm_1<¢>] _ h[Dg (rma (9) + vm_1<¢>]. @5)

Applying the J§ operator, which is the contrary operator of D on two sides of the mth-order deformation

equation, we get

V() = Youts (9) + hfz;[Amwm_l(w))]. @6)
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The initial terms of v,, are as follows;

_ M
m@%—ﬂajﬂv
(et Dyt g
v(y) = Lola+1)  T,2a+1)
~ h(h41)29% 2R (R + 1) B33
V3(lab) - Fq(a+1) rq(Za—l—l) Fq(3a+1)'
_h(h 1%t 3KA(h 4 1M B3k Lyt kg
V4(l;b) = Fq(a—l-l) rq(2a+1) ]"q(30(+1) Fq(4zx+1)'
_ h(h4+ 1) 4R (h+1)%9% 6l (h+1)%* Akt (h+ 1))
vs(P) = T, (a+ 1) T,2a+1) T,3a+1) T,(4a+1)
h5¢5a
'+m@a+n’
and so on. Hence the series solution of (4.1) and (4.2) is
o) = wofy) + L) 2] valy)
k[ (nth\ | (nthY y
_1+;|:1+( " )+( " ) +...]rq(a+1)

)

n+h\> P2
n )+“]QQa+U

+(Z)3[1+3(”:h)+6(”:h)2+...]‘1”—w+

(4.7)

I;(3a+1)

First, analyze the effect of the additional parameter h on series convergence by plotting the assumed h-curves
for 5th-order approximation (4.7) at p = 0.5, when a = 2. We actually have the option of selecting the
additional parameter h. To analyze the effect of h on the solution series, first study the convergence of some
connected series, such as Dg‘v(tp) forq = 0.25,0.5,0.75,1and a« = 1.25,1.5,1.75, 2. These curves are made
up of a horizontal line segment, which represents the correct region of h that ensured the connected series’
convergence. It is noticed that the correct region for his =3 < h < 1 as shown in Fig. 4.1. As a result, the

interval’s midpoint. Hence, h = —n is a proper choice for h where the numerical solution converges.
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Ficure 1. The h-curves of Dfv() at i = 0.5 for 5th-order approximations.
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Figure 2. The 5th-order approximate solution v() in [0, 2].

Forq =1, (4.1) and (4.2) becomes fractional initial value problem as in problem 1 [5] and the results are
the same. If g =1, a« = 2, h = —n, and n = 1 then the solution of (4.1) and (4.2) is v(y) = cos(y). The

bth-order approximations when h = —n, the solution v is depicted in Fig. 4.1 for various values of q and a.

Example 4.2. Let us take the g-fractional nonlinear initial value problem

Div=v*+1, p-1<a<ppeN, 0<y <1, (4.8)

with the initial condition
vE(0) =0, where k=0,1,...,p—1. (4.9)

The exact solution, when « =1, — 1is v = tan(y).
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Now, apply the HAM technique to the given problem, consider I = Dy is the auxiliary linear operator

and establish the zeroth-order deformation as

(1= nw)L[&(P, @) —vo(p)| = whH(W)[N(£(¥, @))]. (4.10)
N[&(p,w)] = Div(p, @) + V3 (p,w) - 1. (4.11)
choose the initial guess,
__ ¥
Vo = rq(a n 1) . (412)

And also choose H() = 1. Hence the mth-order deformation can be given by

L () = YmVim-1(¥)] = h[An(Vi-1(¥))], (4.13)
where
1 ING(pw)
Anlrma(8)) = oy (4.14)
From Theorem 2.1, we have
m—1
A (Vi1 (V) Dmvm 1= ) Vivm1—j— (1= Yu). (4.15)
j=0

Applying the J§ operator, which is the contrary operator of Dy on two side of the mth-order deformation

equation, we get
Vin(Y) = Yyvm-1(¢) + hlé? [Am (vin-1())]- (4.16)

The first 5 terms of the series solution of v,, are given below;

vo(P) = Oy,
vi(y) = —h©19™*,
v (Y) = —h(h +1)010% + POy,
v3(Y) = —h(h +1)?019°* + 21* (1 + h) @™ — PO3y7%,
va(P) = —h(h +1)201¢% + 31* (1 + h)?@20°% — 3h3(1 + h) @307 + WO,
and so on, where
1 T,2a+1) T,(4a+1)
@: _/®:—®’ :—2@@,
T T(a+1) ' T,Ba+1) 072 rq(5a+1)< 0 61)
T, (6a+1 T, (8a+1
@; = o )(290 @, + 0,%), O4 = M@@O @3 + 20, 0).

T,(7a+1) T,(9a +1)
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When q = 1, the same result will be appear in [5] the series solution of the q-FDE is given by
V(i) = vo(¥) + () + -

h
=®o¢“‘;[l+<n+h)+(n+h)2+---]@1x3“

% 5 5 (4.17)
+{ 14+2(n+h)+3(n+h)"+--- |G
n\3
—(;) [1+3(n—|—h) +3(n+h)2—|---~]®3a)7“+--- .
We get the exact solution if we take h = —n. First, analyze the effect of the additional parameter h on series

convergence by plotting the assumed h-curves for 5th-order approximation (4.17) at ¢ = 0.5, when o = 1.
We actually have the option of selecting the additional parameter h. To analyze the effect of h on the solution
series, we first study the convergence of some connected series, such as Dgv(y) for g = 0.25,0.5,0.75,1
and a« = 1.25,1.5,1.75,2. These curves are made up of a plane segment that represents the correct region
of h that ensured the connected series’ convergence. It is noticed that the correct region for his =2 < h <0
as shown in Fig. 4.2. As a result, the interval’s midpoint. Hence, h = —n is a proper choice for h where the
numerical solution converges.

30

—6&—q=0.25,a = 1.25

a0t S—q=050=15
q=0.75, 0 = 1.75
10 F —o—qg=1,a=2

+(0.5)

D"

Ficure 3. The h-curves of Dgv() at i = 0.5 for 5th-order approximations.
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—&—qg=1,a=05 /O:'I
100 | —&—g=1,a=1 /

501

0 02 0.4 0.6 0.8 1 12 14 16 18 2

Ficure 4. The 5th-order approximate solution v(¢) in [0, 2].

For q =1, (4.8) and (4.9) becomes fractional initial value problem as in problem 1 [5] and the results
are the same. If g =1, a = 1, h = —n, and n = 1 then the solution of (4.8) and (4.9) is v(y) = tan(y).
For 5th-order approximations and h = —n, the approximate solution of v is depicted in Fig. 4.2 for various

values of q and a.

5. CoNCLUSIONS

The HAM was successfully applied to obtain both the exact and analytical solutions to non-linear
g-FDEs. The g-Taylor series expanded non-linear terms involving radical powers. The convergence
of the series solution was obtained from the h-curves of Dgv(x) for a fixed value of x and various
values of @ and g. The dependability of HAM, as well as the reduction in computations, allow it
can be used for a wider range of applications.
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