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Abstract. In this paper, we consider homogeneous and non-homogeneous second order linear fuzzy
systems under granular differentiability. The concept of continuous n-dimensional fuzzy functions on
the space of n-dimensional fuzzy numbers are introduced. Developed an algorithm for the solution of
a non-homogeneous second order linear fuzzy system under granular differentiability. The proposed

algorithm is applied to solve some well-known mechanical problems with fuzzy uncertainty.

1. Introduction

Mathematical models can be explained through fuzzy differential equations (FDE). The innovative
work on system of fuzzy differential equations (SFDEs) extended from population models, bio infor-
matics, quantum optics, and soft computing models. Second-order linear fuzzy systems (SLFS) are
modeled by behaviors of many dynamical systems with uncertainty. SLFSs specifically appear in many
spring-mass mechanical systems with uncertainty. Fard and Ghal-EH [3] proposed a numerical method
to solve SFDEs under H-differentiability. Gasilov et al. [4] presented a solution method for SFDEs with
fuzzy initial conditions. Mondal et al. [7] analyzed adaptive schemes to study the SFDEs. Barazandeh
and Ghazanfari [1] obtained the solutions for SFDEs applying variation iteration technique. Keshavarz

et al. [5] enhanced to obtain an analytical solution for SFDEs using gH-differentiability. Boukezzoula
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et al. [2] enhanced a method to solve the SFDEs with variables as fuzzy intervals. The limitations
of previous methods for dealing with SFDEs are derivatives do not always exist, monotonicity of
the uncertainty, doubling properties, unnatural behavior in modeling phenomenon, and multiplicity of
solutions.

Piegat and Landowski [11] introduced horizontal membership function (HMF), and their applica-
tions. Piegat and Plucinski [12] was stated the difference between relative distance measure interval
arithmetic (RDM-IA) yields a multidimensional answer while the results produced with SIA. Mazan-
darani et al. [6] elaborated the concept of HMF, granular differentiability (gr-differentiability) and
granular integrability (gr-integrability). Najariyan and Zhao [9] offered a solution to the fuzzy dynam-
ical system under gr-differentiability. Nagalakshmi et al. [8] generalized the concept of fuzzy numbers
to n-dimensional fuzzy numbers and developed an algorithm to solve system of first-order FBVPs
under the concept of gr-differentability.

In this manuscript, consider two types of SLFSs under gr-differentiability. The upcoming sections
of this manuscript are along these lines. Section 2, presents basic definitions and propositions related
to gr-differentiability of n-dimensional fuzzy valued function. Section 3, an algorithm is presented
as a working method to solve SLFSs under gr-differentiability. In Section 4, we describe mechanical
applications such as automobile two-axles, railway cars system, and spring-mass systems to highlight

the proposed algorithm. Section 5, Conclusions and future works are analyzed.

2. Preliminaries

For a later discussion, this section provides some essential notations, definitions, and findings.
Suppose that the membership function, g : R — [0, 1] of a fuzzy subset of the real number set R,

satisfies the following conditions:

(i) g(to) =1 for at least one tp € R.

(i) gy + (1 =X)z) = min{a(y), q(2)}, VA€ [0,1], y,z € R.

(i) g is upper semi continuous on R.

(iv) cl{t € R; q(t) > 0} is compact.
Then it is called a fuzzy number (FN). Here g(t) is the membership degree of t, Vt € R. The
M-level sets of g are defined by [q]* = {t € R : q(t) > A} = [¢} q}], for 0 < X < 1 and
[q]° = cl{t € R: q(t) > 0}. Let Rr denotes the space of FNs in R.
Refer to [6] for definitions, notations, and essential findings regarding HMFs, first-order granular

derivative (gr-derivative), and granular integration (gr-integrations) of FNs in R.

Definition 2.1. Suppose that p,q € Rp, whose HMFs are pgr(X, ap) and qgr(\, aq) respectively.
Then r = p*q € Rg, such that H(r) £ pgr(\, ap)o qgr(X, ag), where “0” and “x” denotes any
one of the operations addition, multiplication, subtraction and division in R and Rg, respectively and

0 ¢ ggr(X, aq) If “*" denotes the division. That is
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(1) H(p® q) £ pgr(X, ap) + qgr(X, ag),
(2) H(p® q) = pgr(X, ap)dgr(X, ag),
(3) H(p© q) = pgr(X, ap) — dgr(X, ag),
(4) H(p @ q) £ pgr(X, ap) + qgr(X, 0g),
(5) H(k®a) = k qgr(X, aq),

where k € R and p,q,r € Rr.

2
Definition 2.2. [9] Let f : [a, b] — Rr, be the FF. If there exists %10 ¢ Re, such that
o+ h) o f'(t)  dgf(to)
o h =g = for(to).

then f is said to be second order gr-differentiable at a point tog € [a, b].

Theorem 2.1. [9] Let f : [a, b] — Rg. Then f is twice gr-differentiable if and only if its HMF is twice

differentiable with respect to t € [a, b]. Moreover,

p (déj(t)) _ a2fgr(t,x,af)_

dt? ot?

Proposition 2.1. Let f : [a,b] — Rr be a FF, with [f(t)]* = [f¢), A (t)]. The FF f is gr-
differentiable twice on [a, b] if and only if (f*)'(t) and (f)'(t) are differentiable on [a, b).

Proof. Since [f(t)]* = [fA(¢), FA(1)], then fgr(t, X, ag) = FA(t)+ (FA(t) — {A(t))or, where X, o €
[0, 1]. From Definition 2.2 and Theorem 2.1, we have

Suppose that f(t) is a gr-differentiable twice on [a, b]

2
e THABXA) o100y 4 (Y1)~ (Y (e

< (f)/(t) and (£})/(t) are differentiable on [a, b].
t

Definition 2.3. [8] Let RE = Rr X RrF X Rp X -+ X Rg, be the space of n-dimensional fuzzy vectors

ntimes
whose components are fuzzy numbers. Then the addition and scalar multiplication defined component

wise as follows:
Ifu=(u1, uz,-+ up)v="_(v1,v2,++,vp) € RE, then
Hudv=(®vi, @V, -, Uy D V),
(i) kOu=(kOu, kO uz, -+, k©® up),
where u;, vi € RE, i=1,2,--- ,nand k € R.
Definition 2.4. I[fu = (u1, up, -+ ,us) € RE, asu; € Rr, i =1,2,---,n. Then the HMF for u € R

is defined by ugr(X, o) = (U1gr(X, 1), togr(X, a2), - -+,
Ungr(X, ap)), where X\, ay, --+ ,a, € [0, 1].
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Proposition 2.2. Let u and v be two n-dimensional fuzzy vectors. Then u and v are said to be equal
if and only if H(u) = H(v), for all &y, = o, € [0, 1].

Proof. Since u,v € RZ, then u = (u1, up,--- , Up),v = (vi,vo,--- V), foru;, vi € Rp, 1 =
1,2,---.,n.
Consider, u=v <= (uy, Uz, -+, Up) = (v1,Vva, -+, Vp)
Pt u; = v, [:]_,QY ,n.

<= H(uj) = H(v), forall ay, =0, € [0,1],i =1,2,--- ,n.
> (H(w), H(w2), -+, H(un)) = (H(v1), H(v2), - -+ H(va))

<= H(u) = H(v), forall oy, = a, € [0, 1],
where o, £ (Quy, 0y, -+ ) and ay 4 (Qyy, 0y, oo ). O
Definition 2.5. [8] Let u,v € RE. The function Dy, : RE x RE — R* U {0}, defined by
D5, (0, v) = sup max [lugr(n o) = vy (A )|

which is called a n-dimensional granular distance between two n-dimensional fuzzy vectors u and v,

where ||.|| represents Euclidean norm in R".
Proposition 2.3. The function Dg, is a metric on the space of Rg.

Proof. Suppose that Rz is a non-empty set and Dg, : Rg X Rg — R* U {0} is real-valued function.
(i) Consider,

Dg,(u, v) = sup max [lugr(X, o) — vgr(X, ay)| > 0.

A Qu.Cy
(i) Consider,
Dgr(U’ v)=0 < Sl;I\p Qz’aaé ”Ugr(}‘: ay) — Vgr(>‘: ay)||=0
= |lugr — vgrl| =0
> Ugr — Vgr =10
< Ugr - Vgr
= uU=v.
(iii) Consider,

Dy (u,v) = Slip max lugr(X, atu) = vgr(X, o)

— sup max [lver (0, @) — ttgr (0, )|
A Qu.Cy

= Dg, (v, u).
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(iv) Consider,
'D_Zr(u, w) = Sl;'\p Jnax [ugr(X, aty) — wgr(X, aw )|

= SLipa rr(lax lugr(X, o) = vgr(X, av) + vgr(X, av) — wgr(X, o) ||

< sup max [[ugr(X, oty)gr — Vgr(A, o) + sup max |lvgr(A, av) — wgr(X, aw)|l
A Cw.oty A Qv.Ow
=Dy, (u,v) +Dg.(v, w).
From (i)-(iv), (RR. Dj,) is a metric space. O
Theorem 2.2. (R{,Dj,) is a complete metric space (CMS).

Proof. If any Cauchy sequence of n-dimensional fuzzy vectors in (R,’_l,Dgr) is convergent then the
proof concluded.

Suppose that uy, € RE, m > 1is a Cauchy sequence. Then for all €; > 0, there exists N > 1 such
that Dg,(Um, Um+p) < €1, forall m=>1, g > 1.

D" gr(Um, Umtp) < €1

= sup_ max  |[Um, (N, ) = Umtpy, (N, Qupi,)ll < €1
A Cum Qumyp

= Umg, — Um+p,, || < €1.

Now {um,,} is a Cauchy sequence in the space of R". Clearly {umg,} is convergent in R" and
Umig, (N, Oy, ) = Uit + (U — U e, where X, o, € [0, 1].

Since Umj, (X, ay,,) is convergent, so that um,, and v, are convergent.

mir

Suppose that im uf;m = u;} and im uﬁw = ujp. Since u);, < u), . so that u}, < u} for all
I=1,2,--- ,n. If [u, / u" | = 1,2, -, n are A-level sets of u;, then proof will be complete. It is
shown in the same manner in the proof of Theorem 4 [6], and therefore is left off. O

Lemma 2.1. Suppose that u,v,w,s € RE and u € R, then the below results hold:
(i) Dg,(udv,w®s) <Dg,(u,w)+Dg(v,s).

(i) DL (1 ® u, 1 © v) = DY, (u, V).
(i) Dg(ud v,wdv) <Dy (u,w).

Proof. (i) From Definition 2.5, we have

Dg (udv,wds)

= SUP max ||(Ugr(>\: ay) + Vgr(>\r ay)) — (Wgr(>\- aw) + Sgro\v as))l

oy, oy

= SUP max ||(Ugr(>\vau) - Wgr(AvaW))+(Vgr(>\xav) _Sgro\vas))H

oy, oy
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<sup max |lugr(X, ay) — wgr(X, )| + sup max [(vgr(X, o) — sgr(A, as))||
A Qu.Ow A Qv.Os
= Dg,(u, w) + Dg,(v,s).
(i) From Definition 2.5, we have
,D_gr(lu' Ou, kO v)=sup max |[[uugr(A o) — puvgr(A, av)l
A O, Q0
= |u| sup max [lugr(X, aty) — vgr(X, o)
A Qu Oy
— |6l D2 (. v).
(i) From (i), we have
Dg,(u Dv,wadv)
=Dy, (u,w) + Dg,(v,v)

= Dg,(u, w).
]

Proposition 2.4. If f : [a, b] = R} is a fuzzy function, then it is called an n-dimensional fuzzy valued

function on |a, b].

Proof. Since f : [a, b] = RE is a fuzzy function, then f(t) € RZ, for all t € [a, b].
Therefore f(t) = (fi(t), f2(2), ..., fa(t)), forall t € [a, b] and fi(t) € R, i=1,2,..., n.
Thus f(t) is a n-dimensional fuzzy vector for each t € [a, b] and hence f : [a, b] = RZ, is a n-

dimensional fuzzy valued function on [a, b]. O

Proposition 2.5. /ff : [a, b] — RZ is a n-dimensional fuzzy valued function, include mn € N distinct
FNs, then the HMF of f is denoted by H(f(t)) £ fy.(t, X, ar), and interpreted as fy, : [a, b] x [0, 1] x

[0,1] x [0,1] x --- x [0,1] = R", in which ar = (aj, oy o), where o, ajy, ..., o, are the
mn;i,mes

mn RDM variables for uj,, u,, ..., uj, fori=1,2,--- n.

Proof. Since f : [a,b] — Rg is a n-dimensional fuzzy valued function, so that f(t) =

(f(t), Ka(t), ..., fa(t)), for all t € [a, b] and fi(t) e RE, i=1,2,..., n.

Therefore

H(f(t)) = (H(f (1)), H(f()). - - .. (fa(2)))
fgr(t,k,af) = (flgr(t,A,all,alz ..... alm),fgg,(t,k,azl,ab ..... Oégm),

g (BN, Qg Oy, %n))

where af = (aj, oy, .- -, a;)€l[0,1], i=1,2,---,n. O
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Definition 2.6. Let f : [a, b] — R be a n-dimensional fuzzy valued function. The limit of f(t) as
t — pis g€ RE, which is subject to following conditions:
(i) If pe (a, b), foralle; > 0, there exits ; > 0 such that |t —p| < 61 = D"g-(f(t), q) < €1,
and write it as tlin f(t) =aq.
P
(i) If p=b, for all 1 > 0, there exits 61 > 0 such that 0 < t —b < 41 = D"4.(f(t),q) < €1,
and write it as lim f(t) =gq.
t—b+
(iii) If p=c, foralle; > 0, there exits 61 > 0 such that 0 < c —t < 01 = D"4(f(t),q) < €1,

and write it as lim f(t) =q.
t—c—

Definition 2.7. Let f : [a, b] — R} be a n-dimensional fuzzy valued function. The function f(t) is
said to be continuous at t = p if f(p) € RE, which is subject to following conditions:
(i) If pe (a, b), for all e; > 0, there exits 61 > 0 such that |t — p| < 61 = D"g-(f(t),f(p)) <
€1, and write it as tlin f(t)="f(p).
P
(i) Ifp=b, foralle; > 0, there exitsd; > 0 suchthat0 < t—b < 61 = D"4-(f(t), f(b)) < €1,
and write it as lim f(t) = f(b).
t—b+
(i) Ifp=c, foralle; > 0, there exits 91 > 0 suchthat0 < c—t < 1 = D"4.(f(t), f(c)) < €1,

and write it as lim f(t) = f(c).
t—c—

Note 2.1. [8]Iff, h: [a, b] = RE are n-dimensional fuzzy valued functions, then the granular distance

is
Dgr(f(t), h(t)) = sup max ||fg (t, A, af) — hgr(t, X, ap)ll,
A OOy
where t € [a,b] C R and A\, ar, ap € [0, 1].

Refer to [8] first-order gr-derivative, and gr-integration for n-dimensional fuzzy valued function.

Now, we define second order gr-differentiability for n-dimensional fuzzy valued function.

Definition 2.8. Let f : [a,b] — RE, be the n-dimensional fuzzy valued function. If there exists

a2 f
T ) ¢ Ro, such that

fl(to+h) & f'(to)  dgf(to)

Ab h =g ot

this limit is taken in the metric space (RE, Dg,). Then f is said to be second order gr- differentiable

at a point ty € [a, b].

Theorem 2.3. Let f : [a, b] — RZ be a n-dimensional fuzzy valued function, then f is gr-differentiable
if and only if its HMF s differentiable with respect to t € [a, b]. Moreover,

y dz,f(t) _ Oyt N ar)
dt? ot2 '
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Proof. Assuming that f is second order gr-differentiable then f is first order gr-differentiable and

o (Gorf () _ Ofar(t 2, etp)
dt or

for t € (a, b). Based on the Definition 2.6 and Definition 2.8, for all €; > 0, there exits §; > 0 such

! ! 2
that |h| < 6; = Dngr(f(t-&-hf),@f(t)v dg&igt)) <e

L+ hNar) — B (t A\ ar)  d2 (N ar)

= stip FT&&:_XH = h dt2 | <e
fI(t+h X af)—fL(t, X\ ar) d2f(t, X\ ar)
_ || gr h gr _ gr grdtz || < €1
i for(t+h X o) — f, (t N ar) _ dg, for(t, X, ar)
h—0 h dt?
O2fgr(t, X, cr) dz, f(t)
A R _
- at2 dt?

O

Proposition 2.6. Let f : [a,b] — Rg be a n-dimensional fuzzy valued function defined by
F(t) = (i(t), fo(t), -+, Fa(t)) for all x € [a, b] and fi(t) € Re, with [f()] = [f,}(t), f,}(t)] i=
1,2,---,n. The n-dimensional fuzzy valued function f is gr-differentiable twice on [a, b] if and only if
(f2)(t) and (f})(t) are differentiable on [a, b], for all i =1,2,--- , n.

Proof. Since fg (t, X, ar) = (fi,, (t, X, a1), o, (£, A, @2), -+, fn,, (£, X, ), then
for(t h ap) = (M) + (A1) — (0)an), (B(0) + (B (8) — B(8))awa), -+
(Fa(8) + (F(8) = ) (D))exn))
where X, ar = (a1, az, -+, a,) € [0,1]. From Definition 2.8 and Theorem 2.3, we have

Suppose that f(t) is a gr-differentiable twice on [a, b]

W = (((B)"(0) + (R)"(1) = (R (D)),

((B)"(1) + ((B)"(1) = (B)" (1)), -+ (F)"(8) + ((F)" (1) = (£2)"(£))exn))
— (f,-/)‘)’(t) and (£))(t), are differentiable on [a, b] for i=1,2,--- , n.

O

Definition 2.9. /f a matrix A = [ajjlnxm, for all ajj € Re, i=1,2,--- ,nandj=1,2,---,m. Then

that matrix A is called fuzzy matrix.

Definition 2.10. /f A = [ajj]oxm IS a fuzzy matrix, then the HMF of A is defined by H(A) =
[H(ai)]lnxm = (@) gr (N i) nxm, where X\, a; € [0,1], i=1,2,--- ,nand j=1,2,---,m.
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3. An algorithm for the solution of system of second order linear fuzzy initial value problems under
(SSLFDE) gr-differentiability

Consider a SSLFDEs,
Zg (t) = A® Z(t) @ F(t), withZ(to) = Zo. (3.1)

The matrix form of (3.1) is,

[yg,’r(w] _ [a b ®[y<t> @[f(t)]' (3.2)

2,0 e d] " [z0] o)

subject to, [y(tO)] = yO] and y/(tO)] = [yél : (3.3)
z(to) | Z0 | Z'(to) z

The following algorithm describes the procedure to compute A-cut solution of SSLFDEs (3.1) if it

exists.

Step 1 : Applying HMF on both sides of (3.2) and (3.3), we get

2

2
% cgr(N ac)  dgr(X ad)| | zgr(t A az)

+ [fgr(t,X,af)] , (3_4)
ggr(t, X, ag)
with [ygrao)] _ [yog,u,ayo)] o [y;r(m] _ [yag,u,ayé)] | (3.5)
zgr(to) 205, (N, Qzy) 7 (to) Zégr(k,azé)

where A, az,ar, 0tg, Qa, 0p,Qc, Qg Qyy, Oz 0y, 0 € [0, 1] Here, (3.4) and (3.5) taken

as a ordinary second order system of differential equations.

Step 2 : Solving (3.4) and (3.5), we get
Yar(t, A, o) and zg(t, X, az). (3.6)

Step 3 : Applying inverse HMF on both sides of (3.6), we get

A . .
(@ = [ inf minyer(t, o), él;réln&zjxygr(ta,ay)], (3.7)
>\ _ . .
[z(DO]" = [gr&fﬁl min zgr(t, o, z), A;l;};l nggngr(t, a,az)], (3.8)

which is the required A-cut solution of SSLFDEs (3.1).
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4. Mechanical applications

In this section, we describe mechanical applications [13] of which the uncertain information taken

as fuzzy sets.

Example 4.1. (Automobile with two axles) Now we have an automobile with two axles and distinct
front and back suspension systems, we can examine a more realistic model. The suspension system
of such a vehicle is seen in Figure 1 . We suppose that the car’s body behaves similarly to a solid bar
with the dimensions of mass M and length | = I + k. Its centre of mass c, which is located at a
distance I from the front of the vehicle, has a moment of inertia | around it. The vehicle features
suspension springs with Hooke's constants s; and s, for the front and back, respectively. Let y(t)
represent the car’s vertical displacement from equilibrium while it is moving, and let z(t) represent
its angular displacement (in radians) from the horizontal. The equations may then be derived using

Newton's laws of motion for linear and angular acceleration as follows:

M® yg.(t) = =(s1+ 52) © y(t) ® (s1h — 522) © 2(t),
| ©2).(t) = (s1h — 2b) © ¥(t) © (51§ + 2205) © z(t),
with fuzzy initial values, y(0) = yo, 2(0) = Z0, ¥4,(0) = yp. Zg,(0) = zp.
Suppose that M = 75/b.s?/ft, I} = 7ft, [ = 3ft,s; = s, = 2000/b/ft, | = 1000ft./b.s> and the

A-level sets of fuzzy initial values are [yo]* = [20]* = [3+ X\, 5 =X, [} =[5+ X7 =X, [ =
6+ 78—\l

Equilibrium
position

Figure 1. two axles car.

Then the matrix equation is,

[y_(’]’r(t)] B [—53.33 106.67] , [y(t)] | (4.1)
Z_é,’r(t) 8 —116 z(t)

subject to, [y(O)] = [yO] and [y_c’]r(O)] = [yél : (4.2)
0] o) " 2] |2
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Taking HMF on both sides of (4.1) and (4.2), we have

82y, (t.A,
W _ | +5333 106.67| |yor(t. X ay) (4.3)
Fzgrlthoz) 8 —116 | |zg(t, A )
0 ! ' (0 O
Zgr(O) ZOgr(Ar al) Zgr(o) Zog,(>‘v OL3)

where yo,, (X, a1) = 2o, (X, 1) = [3"“)“"2(1_}‘)0‘1113’69,()\: ap) = [5+)\+2(1—>\)a2],269r(>\, az) =
[6+ X+ 2(1—X)as], where \, a1, ap, as € [0, 1].

The solution for second order system of equations (4.3) and (4.4) are
Yor(t, X, a1, o, a3) and zg, (t, X, a1, ao, a3). (4.5)
Applying inverse HMF on (4.5), we get
()] = [>\<'nf<1aln;|2na3J/gr(t a, a, o, as), ASchqualnggx%ygr(t a, a, a, as)],

z(O] = |nf< min  zg-(t, o, a1, 02, 3), sup  max  Zg(t, o, ag, o, a3)].
loag,00,a3 A<a<] @1,Q2,a3

The A-level sets solution is enumerated using MATLAB and is illustrated in Figure 2

—o—z}(that A=0

=z (Iab\ 0

)

)

—o—z](that A=0.2

——z (l)ab\ 0.2
)

z(t) at A=0.4

X Ao—zr(l)all\fo.tl
b

L —e—z‘*(t) at A=0.6
& —p—2z)()at =06

—&—z](that A=0.8

—p—2z)()at =08

0 0.5 1 1.5 2
t t

(a) A-level sets of y(t). (b) A-level sets of z(t).

Figure 2. The black curve gives the solution at A = 1 for the system (4.1) and (4.2).

Example 4.2. (One springs-two railway cars system) Figure 3 represents one spring supporting two
railway cars of masses My and M, respectively system to one other. If all two of the two cars

rightward displacements from their respective equilibrium positions are positive, then the spring is
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extended byy(t). The motion equations for the two cars are generated as follows:

M1 ® yg,(t) = =s O y(t) s © z(t),
Mz ® zg,(t) = s @ y(t) ©5© z(t),

with fuzzy initial values, y(0) = yo, z(0) = Zo, ¥4,(0) = yp. Zg,(0) = zp.

| y(t) | Z(t)
| a8 S |

AN

v

Figure 3. One springs-two cars systems.

Suppose that My = 1lb.52/ft, M, = 1lb.52/ft, and the \-level sets of spring constant and fuzzy initial
values are [s)* = [1+ X\, 3= A, ol* =[2* =N 2= AL WA =1+ X3 =AL[Z* =[\2- AL

Then the matrix equation is,

[1 0] . [ygr(t)] _ [—s s] . [y(t)', (46)

0 3 zg (1) s -=s z(t)]

subject to, [y(o)] = lyO] and [yg’,r(O)] = y{)] : (4.7)
z(0) 2 75,(0)] |2z

Taking HMF on both sides of (4.6) and (4.7), we have

82y (tA
[—(H] [ o] e ws)
0 Zgrzgi)\,az) Sgr(>\va1) —sgr(k,al) Zgr(tv >\,O£Z)

~—~~

YQr(O)] _ [yogr(k,az)] nd [ygr(o)] _ [yégr(k,al)] 4.9)

subject to [ , )
Zgr(0) Zogr(A, a2) z4,(0) 29,r(A, a2)

here sgr(X, 01) = yp, (A a1) = [14+ XA+ 2(1 = Nou], yo, (A a2) = 20, (A, a2) = 75 (X a2) =
A+ 2(1 — N)ay], where \, a1 ap € [0, 1].
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82zgr(t,>\,a1,a2)

82Ygr(tv>\-o‘1:a2)
2
— ot =
ot?

S A+2(1=Na1)  T+A+2(1 - N
1+>\+2(14>\)O(1 —(1+>\+2(1—>\)a1)

£, ag,
YQr( o, a) ' (4.10)
Zgr(t, A, O, OLQ)
0 A+2(1—-A ' (0 I+24+2(1—-X
subject to, Yar0)] _ ( Jou and Yor(0)) _ ( Joz . (4.11)
Z4r(0) A+2(1—Nag z,,(0) A+2(1 - Na
The solution for second order system of equations (4.10) and (4.11) is
Ygr(t, A, a1, o) and zgr(t, X, oug, a2). (4.12)

Applying inverse HMF on (4.12), we get

(O = [ inf_ min yor(t, o 1, 2), sup max or(t, e 1, )]
lai, A<a<l @102

>\ . .
z(t =[] inf min z5 (t, o, 1, @ su max Zg (t, o, o1,
[ ( )] [A§a§1a1,a2 gr( 1 2) >\<a21°‘1 o gr( 1, 2)]

The X\-level sets solution is enumerated using MATLAB and is illustrated in Figure 4

z\(tat A=0

=y, (D at =0
& ] | vimataso b Petre0
—e—y(hatr=02 —e—z)(atr=02
_b|—s—v matr=02 —b—z)(hat A=02
—P|—e—y(hat »=04 ezt atr=04
——y](hat =04
—e—y(hatr=06 —o—z)(hatr=06
—&—v,(bat =06 ——2){)at 1=08

| |[—e—yi(hata=08

)a
)
)
)
— = 2)(at A=04
)
)a
—o—z)Wat =08
Py

)

——v,(hat 1=08

—s—2z(hat =08

0 05 1 15 2

(a) A-level sets of y(t). (b) A-level sets of z(t).

Figure 4. The black curve gives the solution at A = 1 for the system (4.6) and (4.7).

Example 4.3. (Two springs-two mass systems with external fuzzy force) Figure 5 represents two
springs supporting two masses to one other. If all the two masses rightward displacements from their

respective equilibrium positions are positive, then

(i) The first spring is extended by y(t).
(ii) The second spring is extended by z(t) © y(t).
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The motion equations for the two masses are generated as follows:

M1 © yg(t) = —s1 O y(t) & 52 © (2(t) © (1)),
My ® zg,(t) = =52 © (2(t) © y(t)) + f(1),

with fuzzy initial values, y(0) = yo, z(0) = Zo, ¥4,(0) = yg. 24, (0) = 2.

.
>

S,

AN fo

Figure 5. Two springs-two masses systems.

The matrix form of system of equations is

Yt S1 S t 0
[y_:,/r( )] _ [ ) 2] . ly( )] . [ ] | (4.13)
Zg, (1) S3 Sa z(t) pcos(10t)
0 ' (0 “
subject to, [y( )] = [yO] and [y_j,,( )] = [y?] , (4.14)
Z(O) 20 Zgr(o) )
where \-cut set of coefficients and initial values are sy = =3, s =1, s3 =1, 54 = —1,[yo]* = [20]* =
DX =N 2= Al [Z2)> = [p]* = [1+ X, 3= A]. Taking HMF on both sides of (4.13) and (4.14), we
have
ygr(t N ay) T T
% _ 73 | el ey 0 (4.15)
% 1 =1 [z (t X az) ] pgr(X, 1) cos(10t)
0)] [y (¢ /
subject to, [ygr( )| = [yOgr] and y‘j’r( 0)] = [y?g,] : (4.16)
Zgr(o)_ 204 _Zgr(to) ZOg,

where pgr(X, 1) = [1+A+2(1 = Naal, yo, (A a2) = Zo,, (X, a2) = ¥ (A, a2) = [A+2(1 = N)az],
7y, (A oo) =[1+ XA+ 2(1 = Nou], where X, o a2 € [0, 1].
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. 82ygr(t6?2a1,a2) -3 1 Ygr(tv A ag,00) 4
M 1 _1 Zgr(t,)\,al,aQ)
0
: (4.17)
[14+ X+ 2(1 —X)az]cos(10t)
0 A+2(1— X ' (0 A+2(1—X
it [ @] _ [ r20-nas] 0] N .,
Zgr(O) >\+2(1 - )\)O{g Zér(O) 1 +)\+2(1 —)\)Otl

The solution for system of equations (4.17) and (4.18) is

Var(t, A\, a1, o) and zg,r(t, X\, o1, a2). (4.19)

Applying inverse HMF on (4.19), we get

y(H] = [ |nf< min ygr(t, a, o, ), sup max ygr(t, o, a, as)],
lonao A<a<1 A2

O = inf t, s a t,
(O] = [ inf | min z,(t, o o, az), \Sup max Zgr(t, 0, a1, 02)].

The X\-level sets solution is enumerated using MATLAB and is illustrated in Figure 6

—e—y/(hat 2=0
— YAt A=0
—a— y‘*(() at A=0.2
—&— ) (tat A=0.2
—5—y](t) at A=0.4
— ) (hat x=0.4

—o—y(mat =06

——y)(0at =06

DRSS - S —&—y)t)at =08

——y)(hat =08

P Ahfz(lal/\ 0

—e—2zwat r=02

S—d 7]t 1=0.4

—o—z)()at 1=06

—o—z}(tat A=0

»

z(hatA=0.2

—b—z]()at =06

——3 (I at A=0.8

)
)
)
)
z'(t) at A=0.4
)
)
)
)
)

—&—z]()at =08

0 0.5 1 1.5 2 70 0.5 1 1.5

(a) A-level sets of y(t). (b) A-level sets of z(t).

2

Figure 6. The black curve gives the solution at A = 1 for the system (4.13) and (4.14).

Example 4.4. (Three springs-two mass systems with external fuzzy force) Three springs supporting

two masses on both sides and one another is depicts in Figure 7. Assume that there is no friction as

the masses move and that each spring abides by Hooke'’s law. Let f(t) be the fuzzy force applying on

mass My at time t > 0. If all the two masses rightward displacements (from their individual equilibrium

positions) are positive, then
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(i) The first spring is extended by y(t).
(i) The second spring is extended by z(t) & y(t).
(i) The third spring is compressed by z(t).

The motion equations for the two masses are generated as follows:
M1 © yg (t) = —s1 0 y(t) ® 52 © (2(t) © (1)) + f(2),
Mo ® zg,(t) = =52 © (2(t) © ¥(t)) — 53 © 2(t),

with fuzzy initial values, y(0) = yo, z(0) = Zo, ¥4,(0) = yg. Zg,(0) = 2.

L | Z(t)

o

f(t)
AW "f ) .m" "('{'i’.l

Figure 7. Three springs-two masses systems.

—
v

S1

AN

The matrix form of system of equations is

" (t s1 S t cos(10t
yir() _ |7 2| g YD g [peos(10D)| (4.20)
Zgr(f) S3 S Z(t) 0
0 ' (0 4
subject to, y(0) — [ and Yor(0) — 0], (4.21)
z(0) 20 zér(O) z
where \-cut set of coefficients and initial values ares; = =3, s =1,s3=1,5=-3, wo=1, 20 =1,

DX =N 2=l [Z]* = [p]* = [L+ X, 3= A]. Taking HMF on both sides of (4.20) and (4.21), we

have

82y o (t, 1 1
[W] _ [—3 1 [yg,(t,k,ay) N pgr(A,aZ)cos(lot)]' (4.22)
% 1 =3] |zgr(t. X 0z) 0
0)] [y (¢ /
subject to, [ygr( )| = [yOgr] and y‘j’r( O)] = [y?g,] , (4.23)
Zgr(o)_ 204 _Zgr(to) ZOgr

where pgr(A o) = [1 + X+ 2(1 = Now], y5, (A a1) = [A+2(1 = Nai], 2, (A ao) =
[1+X+2(1—X)ai], where A\, a1 ap € [0, 1].
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-3 1 Ygr(tvkyalya2) 4
1 =3] |zgr(t, A o1, 2)

8%zgr(t N a1,02)

82ygr(t Aar,az)
— ot?
ot?

1+A+2(1 - N)ap]cos(10t
| (1~ Nag] cos(108)] (02
0
0 1 ' (0 A+2(1 - N
with |7 O Z | 5pg |7 O] Z (1=Xaq | (4.25)
zgr(0) 1 74.(0) I1+2+2(1 =Moo
The solution for system of equations (4.24) and (4.25) is
Vgr(t, X, a1, o) and zgr(t, A, a1, a2). (4.26)
Applying inverse HMF on (4.26), we get
[J/(t)]x _[ 'nf mln .VQr(t a, a1, a2), sup  max ygr(t, o, a1, )],
a<loag, A<a<l a1,00
[z(D)]* = [Agigfglam Zgr(t, @, a1, a2), \SuP max Zgr(t, o, a1, a2)].
The X\-level sets solution is enumerated using MATLAB and is illustrated in Figure 8
2 25
—e— (B at A=0 BB —e—z(at A=0

—&—y)(vat x=0 ——2z)(hat A=0

L —e—y(hatr=02 15 —o—zl(hatr=02

—b—y)(bat =0.2 —b—z](tat A=0.2

— 5 yhat A=0.4 < z)(t) at A=04

A L
4‘*\,:(()3( A=0.4 — bz (at A=0.4

oy atr=06 0 —o— 2z at =06

W ——y)(0at =06
N

H o i
05 J—e—vwatr=0s —e—7z(hatr=08

)
—p—2}(at =06

)

)

| ——z](vat =08

— ¥ (hat =08

70 0.5 1 15 2 0 05 1 1.5 2
t t

(a) A-level sets of y(t). (b) A-level sets of z(t).

Figure 8. The black curve gives the solution at A = 1 for the system (4.20) and (4.21).

5. Conclusions

This paper mainly deals with determining solutions of SSLFDEs and applications to some me-
chanical problems. The granular differentiability is extended to n-dimensional fuzzy valued functions.
The SSLFDEs with fuzzy initial conditions are investigated under gr-differentiability. An algorithm

is developed to determine the solutions of SSLFDEs with fuzzy initial conditions. Some mechanical
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problems as automobiles with two axles, railway cars systems, and mass-spring systems with fuzzy

initial conditions are demonstrated for the effective implementation of the algorithm. In the future,

this work will be extended for higher-order SFDEs with fuzzy initial and boundary conditions.
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