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Abstract. In the present work, we consider a one-dimensional Von karman beam with infinite memory,
we establish the well-posedness of the system using semigroup theory and prove the exponential stability

under some conditions on the kernel of the infinite memory term.

1. Introduction

Many studies have looked at nonlinear dynamical elasticity systems modeled by Von karman equa-
tions, wich is one of the basic equations in mathematical models of physics (see [14,20-22]). Their
importance stems from the fact that many physical phenomena connected to the theory of oscilla-
tion are described by non-linear dynamic elastic models. This nonlinear elastic systems incorporating
wave equations govern the propagation of waves, oscillations, and vibrations of membranes, plates, and
shells. The entire Von karman's model in contrast to other fundamental models like the Euler-Bernoulli,
Raleigh, or Timoshenko is appropriate for considering both transverse and longitudinal displacements
for vibrating slender bodies with large deflection (for more discussion see [5-7]).

In [18,19] Lagnese et al investigated a one-dimensional Von karman system listed below

{ pAU — [EAu + w2, in (0,L) x Ry, 1)

PAWer — E1 (W) — [EA (ux +3w2) wi] . in (0, L) x Ry.
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Here E is the Young's modulus, A is the cross-sectional area of the beam, L is the beam length,
A represents the weight per unit length and E/ is the beam stiffness or flexural rigidity. A substantial
range of literature use this type of model, where they addressing the problems of existence, uniqueness
and asymptotic behavior in time when some damping effects are considered , (See Refs. [4,17,25]
and the references therein for more information).

In (1998) the system (1.1) was stabilized by Benabdallah and Teniou [14] by fusing the system
using two heat equations: both the longitudinal and transverse components, respectively, they showed
the unique solution decay exponentially by using Lyapunov functions. Many articles have looked into
the stabilization of systems using boundary damping , see Favini et al [10], Puel and Tucsnak [24],
and the references therein (see [3,8, 15, 26]).

In [9] Djebabla and Tatar (2013) by linking the system, take into account the following full Von
karman beam in one dimension. (namely, the longitudinal component) with only one heat equation

according to Green and Naghdi's theory [11-13]

U — dq [(uX—F%(WX)Q)]X—i—'yGtX:O, in (0,L) x Ry,
Wee — dh Kux + % (WX)2> WXL + doWxxxx +0we =0, in (0,L) x Ry,
Ott — Oxx + 110: +yUrx = 0, in (0,L) xRy,

where di, db, 9§, uy and v are positive constants, with the boundary conditions

u=0, w=0, 6,=0, x=0,L, t>0,
(1.2)
wy=0, x=0,L, t>0,
and the initial data
u(0,.)=up, wu(0,.)=u1, w(0,.)=wy w:(0,.)=w (1.3)
6(0,.) =60, 0:(0,.) =01,

they succeeded an exponential decay result by using Lyapunov functions.

A natural weak damping term can be thought of as the integral in the infinite memory term. It
appears as a memory component in the form of a convolution in the fundamental equation between
constraint and deformation. In this context, Khochemane et all In [16] think about infinite memory in

a porous-elastic system and a nonlinear damping term:

pUst — Wlxx — b, =0, x€(0,1),t>0,
Jrr — 0¢x + bux + ap + [57 9(s)xx(t — 5)ds + a(t)f($) = 0, x€(0,1),t>0,

where ¢ and u represent, respectively,the volume fraction and displacement of the solid elastic material,
the parameter p is the mass density, and J equals the product of the equilibrated inertia by the mass
density, and the function g is the relaxation function, the term a(t)f(¢) is the nonlinear damping

term.
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In this paper, we study the following Von kdrman system with infinite memory
Wee — d1 [(Ux + % (Wx)z) WX]X + 2 Wyxxx + BwWe (X, 1) =0,
uee = oy [ (e + 3 ()?)] = J57 9(s)une(t = )ds = 0.

in Q x(0,0), where Q2 = [0, L] and d1, d», d and u are positive constants and the function g is called

(1.4)

the relaxation function. We complement system (1.4) with boundary conditions

(1.5)

w(0,t) =w(l,t) = ux(0,t) = ux(1,t), t>0
wy =0 at x=0, L for any t>0,

and the initial data
u(0,.) = uo, u(0,.) = u1,
w(0,.) =wo, we(0,.) = w, (1.6)
we(x, t) = fo(x, t) ine(0,L),

2. Preliminaries

First, we introduce the following hypothesis that has been considered in many works such that [1,2]

(H1) g: Rt — RT is a C! function satisfying
g(0) >0, 60— /OOO g(s)ds=1>0, /OOO g(s)ds = go.
(H2) There exists a non-increasing differentiable function o, € : Rt — R™ such that
g'(t) < —€(1)g(t), vVt = 0.

Now, to prove that systems (1.4), (1.5), (1.6) are well posed using the semigroup theory we
introduce the following new variable:
( nt(x,s) = u(x, t) + u(x;t —s)
Uxx (X, t = 5) =Mt (x,8) — Uxx(X, t)
nE+Me = Ut

Therefore, the problem (1.4) is equivalent to

Wer — dh :(ux +3 (WX)Z) WX]X + daWaxxx + Wi (X, 1) =0,
ee = o | (e + 3 ()?)] + gotiex = [ 9(s)ntds =0, (2.1)
nt+nt —ur =0.
With .
go = /O g(s)ds.
For any regular solution of (2.1), the energy E (t), defined by

2
E(t) = ;/OL {Wtz + uf + d2WX2X + di <uX + % (WX)2> } dx + %(g o uy)(t). (2.2)
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3. Well-posedness of the problem

In this section, we prove the existence and uniqueness of solutions for (2.1) using the semigroup
theory [23]. First, we introduce the vector function
Let U = (w, w, u, ut,nt)T, then Ur = (we, wee, Uy, utt,ni)T. Introducing the vector function

v = ws, and ¥ = ug, system (2.1) can be written as

Ur=AU+ F(U),
t +F () (3.1)
U (0) = (wp, w1, to, u1, 00, Go, fo) ,
and the linear operator A is defined by:
w v
v — o Wxxxx — UV
Al v | = P : (3.2)
(! luxx + [5° g(s)nids
n* Y — s
and
O WO
dr |:<UX + % (WX)Q) WXi|X w1
F(U) = 0 U= w |- (3.3)
% (Wx)>2< t
0 to
It is clear that F (U) is a continuous and uniformly Lipschitz operator.
And H is the energy space given by
H = {[H*(0, L) N HZ (0, L)] x H§ (0,L) x [H?(0,L) N H3 (0, L)] x H§(0,L) x Lg}.
L 00
Lg= {(p Ry — H3(0, L), / / g(s)p3dsdx < oo} ,
o Jo
We equip the space Ly with the inner product through
L [e's]
(u vy, = / / g(s)ux(s)vx(s)dsdx,
o Jo
and we define on the Hilbert space H the inner product, for U = (W, v, u,z,b,nt)T, U =

(w.v.0.9.7)
<U, U> = /OL dex—l—/OL ¢1~pdx+ db /OL Wiex Wix dX

L ~
+// uxﬁxdx+<'r;t,'r;t>.
0



Int. J. Anal. Appl. (2023), 21:52 5

The domain of A is given by

(w,v,u,9,1t)" € [H*(0,L) N HZ (0, L)] x HE (0, L) }

x [H2(0,L) N H3 (0,L)] x H§(0,L) x Lg o

D(A):{

Clearly, D (A) is dense in H.

The next result is our first main goal in this paper

Theorem 3.1. Let U € H, for any initial datum Uy € H there exists a unique solution U €
C ([0, 00) ,H) for problem. Moreover, if Uy € D (A), then U € C ([0, 00),D (A)) N C*([0,00),H).

Proof. We will show that the operator A generates a Co-semigroup in H. In this step, we prove that
the operator A is dissipative. Let U = (w, v, u, 9, nt)T

firstly we have:

v w

— o Wyxxx — WV v

(AU, U) = < P u >
lux + [o° 9(s)nk.ds P
Y —ni nt
L L L
= / V (—daWyxxx — V) dx — d2/ OWyxxxdX + dq Wy dx (3.5)
0 0 0

L fo'e)
t
+/O Y (luxx+/0 g(S)de5> dx

L L
+ d2/ Wiexe Vaex d X + | P uxdx
0 0

Using integration by parts, we obtain
L L
(AU, U) = —dg/ VWyxxx dX — u,/ v2dx
0 0
L L 0o
+// 'l/)Uxde"i‘/ 'lp g(s)nidedX

L
+ d2/ Viex Wyx dX + | wxuxdx
/ / g(s)n (v — nsx) dsdx,

L
(AU U) = —/L/O v2dx + %(g/ o uy)(t).

thus,

Consequently, the operator A is dissipative. Now, we will prove that the operator A/ —A is surjective.
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For this purpose, let
(fi, o, f5, fa, f5)" € H,

we seek
U= (w,v, u,'(/),nt)T eD(A),
solution of the following system of equations
w—v="fi,
V + daWyxxx + vV = fa,
u—1 =,
Y — I — [o° 9(s)nt,ds = fa,
nt+ns - =",

we obtain
nt=e=% [ e (¥ + f5(s)) ds,
v=w—fi,
Y =u-—1Ts
{ W — fi + doWxx + uw — pfy = £,
u—fs— i — 57 9(s) (€72 [5 € (¥ + f5(s)) ds) , ds = fa,
then

(3.6)

_ /OOO g(s) <e_S/OL e (Y + f5(s)) dc)xx ds = —/OOO 9(s) (e_s /Os et (u—1f+1f(c)) dg>xx ds

o0 S
_ _/ g(s)es/ & (tx + (—Fs + fo).) deds
0 0

o0 S
= —/ g(s)e_s/ e Uy dsds
0 0

o0 S
- / g(s)e / & (—fs + fo),, dsds
0 0

= —lUyx /Ooo g(s) (1 —e®)ds

o0 S
- / g(s)e™ / € (—F + ), dods,
0 0

we obtain

{ (/’L+1)W+d2WXXXX:f2+(ll'+1)f].y

u—[I+J579(s) (1 —e ) ds]uxx =+ fa+ [5° g(s)e™ [5 e (=3 + f5), dsds,

where
hy =fHh+(u+1)f,
hy = fa+ fa+ 5~ g(s)e™ [§ € (=f3+ f5),, dsds.

Now, we consider the following variational formulation

B((w,u);(wi,u1)) =1L (wy, 1),
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where B : [H3 (0,1) x H} (0, 1)}2 — R is the bilinear form defined by
L L L
B((w,u);(wy,u)) = (u—l—l)/ ledx+d2/ Wxxwlxxdx—l—/ uu, dx
0 0 0

+ [/ + /OOO g(s) (1 —e™%) ds] /OL Us U5 dX,

and L : H3(0,1) x H} (0,1) — R s the linear functional given by

L L
L(Wl,ul):/ h1W1dX+/ h2U1dX,
0 0
now for V = H2 (0,1) x H} (0, 1) equipped with the norm
1w, DIy = w3 + [lull3 + w3 + lusl3
we have
L L L o L
B ((w, u);(w, u)):/ Wzdx+/ fodx+/ uPdx + {/+/ g(s) (1 —e™?) ds]/ u2dx
0 0 0 0 0

o0

> W + we 127 162 + [/+ [T asra-e ds} el

2 2 2 2
> Mo (J1wl3 + 1l + lweel3 + 1uxl3)
2
= Mo [[(w, 0)]ly ,
thus B is coercive. On the other hand, by using Cauchy-Schwarz and Poincaré inequalities, we obtain

1B ((w, u); (wr, tn))] < [[wlly [lwally + d [[Wax |2 [[Wasl2 + [l [l

o0
; [/ G ds} aelly lsx
0
< € (Iwlly + lully + lwsoclla + )
< (wally + Nl + Wil + usxlly)
< £00w. )y l(we, )l

Similarly, we can show that
IL(wa, un)| < K [[(we, )l
consequently, by the Lax-Milgram lemma the system has unique solution
(w,u) € H3(0,1) x H} (0, 1),
satisfying
B((w,u); (w1, u1)) =L (w1, 1),V (w1, 1) €V,

the substitution of w and u yields

(v,9) € H5(0,1) x H3(0,1).
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Similarly, now by taking u; =0 € H3(0,1)

L 0 L L
/ uiudx + [/ +/ g(s) (1 —e™®) ds} / UxUixdX = / houydx,
0 0 0 0

hence, we obtain
L L
/ UxUisdX = / (ha — u) nrdx,
0 0

by noting that (h, — u) € L2(0, 1), we obtain u € H?(0,1) N H (0, 1) and consequentely the form

_/ + /OO g(s) (1 —e®)ds
L Jo

L r 00 7
/ [— /+/ g(s) (1 —e™°) ds| tex — ho + u] uidx = 0,Yuy € H3 (0,1),
0 L 0 _
therefore, we obtain
— [/—i—/ g(s) (1 —e™®) ds] Ugx + U = ho,
0

similarly, if we take wy =0 € H2 (0, 1) using twice integration by parts we obtain

L L L
(u+ 1)/ wwidx + d2/ Wix Wixx dX = / hywydx
0 0 0
L L
d2/ Wi WixxdX = / (hy — (u+ 1) w) wydx
0 0

L
/ (d2WXXXX + (,Ll,+ 1) w — hl) widx =0,Vwy € HS (O, 1).
0

Therefore, we obtain
Ao Wixxx + (,U' + 1) w=h; € LQ(O, 1).

Consequentely, we get w € H*(0,1) N H3 (0, 1). Hence, there exists a unique U € D(A) such that
Al — A is satisfied. Therefore, the operator A is dissipative.

From where, we conclude that A is a maximal monotone operator. Now, we prove that the operator
Fis locally Lipschitz in H. In fact, if U = (w, v, u, 9, nt)" , U= (VT/,V, U,J;,ﬁfy belong to H, we

have

|7 @) -7 (0)], = & (102 + 19). (37)

where h = [(ux + 3w2) wy — (Ux + 2w2) VT/X]Xand g=3(w2- VT/X2)X. Adding and subtracting the

term (ux + 2w?) wy inside the norm |h|, we gets

~ 1 ~ ~
|hl < [Iwse = Wacll oo,y |Ux + EWE + Wl Lo 0,y Tux — tix

1 . ~ ~
+ 5 Wl o,y Twse + Wil lIwse = Wadll 0,1 - (3:8)

Using the embedding of H* (0, L) into L* (0, L) one has from (3.8) that

< k(11 0], ) o -], 59
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Using once again the embedding of H (0, L) into L*> (0, L), one also sees that

o<+ (1t 0], -1, a1

Combining (3.7), (3.9) and (3.10), it follows that F(U) is locally Lipschitz continuous in . Finally,
by using the regularity theory to solve linear elliptic equations ensures the presence of unique solution
U € D(A). Consequently, A is a dissipative operator. Hence, the result of Theorem 3.1 follows from
the Lumer-Phillips theorem. [l

4. Stability result

In this section, we use the multiplier technique, to study the stability result for the energy of solution

of the system (2.1). First, we state and prove the following lemma.

Lemma 4.1. Let (w, v, u, ¥, n") be the solution of (2.1). Then the energy functional E (t), defined
by (2.2) satisfies
L
! 1 /
E(0)< - [ whdx+ 59 0 uw)(e). (41)
0

Proof. Multiplying the first equation by w; , the second equation by u;, integrating over (0, 1), and

summing them up we obtain
d L

1 L
>dt w2 dx + dy <ux+2(wx)2) waxtdx+— (WXX) dx—l—u/ wldx =0

2dt

d [t 1
5t ufdx + di <ux + 5 (WX)2> UgrdX — / ut/ g(s)nk,dsdx =0
0 0 0

We estimate the last term as follows:

- /O L Uy /0 " gyt dsdx = — /O L (nt +mz) /O " g(s)nt, dsdx
— [T [ "t () s
= [T o) [ mtntanos— [ o(s) [ ntntanos
= / ey it deds + | e [ it dxds
R
2dt/ / 9(5) [t () — u(t — )] dsdx—f/ / g (s) (nt)? dsdx
=t [ [ 9910 - e~ o) asa

1 / / 9 (5) [ux(t) — ux(t — 5] dsdx

@(g Ux)(t) - 7(9 © Ux)(t)
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Lemma 4.2. Let (w, v, u,¥,n') be the solution of (2.1). Then the functional

L 1 "
ll(t):/ <utu+wtw+w2> dx, t>0.
0 2 4

L 1 2 L
I11(t) = —dl/ (ux +5 (WX)2> dx+/ u?dx
0 0

I f o
- = Wi, dX + go/ u,dx
2 Jo 0

1 L L 00
+/ WthX-i-/ u/ g(s)nt, dsdx
2 Jo o Jo

Proof. Using Young's inequalitie we get

satisfies, the estimate

/OL L,/OOO g(s)nk, dsdx = — /OL Uy /OOO 9(8) (ux(t) — ux(t — s))dsdx

O

(4.2)

(4.3)

<e /OL u2dx + 411 ' </Ooo 9(s)(ux(t) — ux(t — s)))2 dsdx

L
< 61/ WRdx + 49—0(90 ) (8),
0 €1

() < —dy /OL <ux+ 2 (w) > / (W) dx

+(go+£1)/ udx+/ u?dx
0

1 [t 2 90
+§ : Wth.—i‘rgl(gOUX)(t),

Lemma 4.3. Let (W, v, u, vy, nt) be the solution of (2.1). Then the functional

Ix(t) = — /OL Ut /OOO 9(s)(ux(t) — ux(t —s))dsdx t>0,

satisfies, the estimate

/é(t)s—gz"/o W2 dx +/ <ux ;(wf)z

(g + ) (gou(t) + L /uxdx £>0,
0

+ 205 o ue)

(4.4)

(4.5)

(4.6)
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Proof. firste we note that

2 | et e = snds = [ ate = s)(u(e) - u(s)ds
:/t g(t—s)(u(t)—u(s))ds+/t g(t — s)u(t)ds

— goun(?) +/O°O g ($)(u(t) — u(t — 5))ds,

/ utt/ u(t) — u( t—s))dsdx—/ ut:t/ g(s)(u(t) — u(t — s))dsdx
- /O (e[ (w+ 5 000 )] ~ ot [ a(sintas) ([ alo)ute) - ute - 9)os) ax

—go/OL ufdx—/o ut/o g (s)(u(t) — u(t — s))dsdx

_ 4 /OL [(ux+;(wx)2>]x/ooo () (u(t) — u(t — s))dsdx
L 00

+90/O Uxx/o g(s)(u(t) — u(t —s))dsdx

-/ L ([~ atomtaas) ([ ats)ute) - ute - spas ) ax

—go/ utdx—/ ut/ g (s)(u(t) — u(t — s))dsdx

= [ (vt 30 [ al6)en(0) — e - sy

—Jo /0’- Ux /000 9(s)(ux(t) — ux(t — s))dsdx

+ L ( I g(s)nids) ( | o510 - e - s))ds) dx
— 9o /OL u?dx — /OL ut /OOO g’(s)(u(t) — u(t — s))dsdx.

By recalling Young's inequality, we get for any €, > 0,

“ | L (643 062) [ a9 0) - (e - s)yasan
< digo /OL (uX + % (WX)2>2 dx

:{’512 OL (/OOO 9(5) (ux () — (£ — s))d5>2 dx

L
<aie [ (et 30n?) axt 2% (gou(),
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L [e%s) L
g0 /0 U /0 9(5) (1 (£) — ux(t — 5))dsdx < goes /O X+ 12 (g u)(2),

_ /OL uy /000 g (s)(u(t) — u(t —s))dsdx = — /OL V9o Ut /OO <\/Tg/(s)(u(t) —u(t — 5))> dsdx

<% [ ax+ 995 0w

/OL </OOO g(s)ﬂids> </OOO g(s) (ux(t) — ux(t — s))d5> dx
- /OL (/Ooo 9(5) (i (1) — 1 (£ s))ds>2 ix

< d3(g o ux)(1).
Wich complete the proof. O
Now, we define the Lyapunov functional L(t)by
L(t) = NE(t) + NiFi(t) + NaFa(t),
whereN, Niand N> are positive constants.

Lemma 4.4. Let (u, w) be the solution of Then, there exist two positive constants C1 and C, such

that the Lyapunov functional L (t) satisfies
C1E(t) < L(t) < GE(t), Vt>O. (4.7)
In other words, the functions E and L are equivalent.

Proof. Firstly we note that

<
>>§|\>
Q.
><

we get

Ul + —wew + EW

L
L) = NEO) < My [ e+ S + 4

L
2@+%/
0

Ut /Ooo g(s)(u(t) — u(t —s))ds| dx
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By using Young's inequality, Cauchy—Schwarz inequality, and Poincaré’s inequality, we obtain

L
IL(t) — NE(t)| < [Nieq + /\/263]/ u?dx
0
N L
+ 182/ w2 dx
4 Jo

Nie L 1 2
Ly <UX+(W3)) dx
2 /s 2

NiL Ny N /L )
+[16€1+462+ 2 ; Wi, dXx

% (go u)(t).

4e3
So
L 1 2
IL(t) = NE(t)] < c/ WP + U + doawZ, + dh (ux +5 (WX)2> dx + c(g o uy)(t)
0
< cE(t).
then
(N—=Cc)E(t) < L(t) < (N+c)E(t).
Consequently, By choosing N large enough, we obtain the estimate (4.7). [l

Now, we are ready to state and prove the main result of this section.
Theorem 4.1. Let (w, v, u, ¥, n') be the solution of (2.1). Then the energy functional (2.2) satisfies,
E(t) < kpe™kt, vt >0, (4.8)
where kg and ki are two positive constants.

Proof.

N L
L'(t) < — [ 2290 — Nl} /o u?dx

No dy

- I 2
1
— lel_ —2/\/1 (90—1—51)—N290] / (UX+2(W3)> ax
L 0

[Nido  NiL Nogol /L 5
- - - d
e 1 (9o + €1) 5 ] A wg, dx

[ N1go
L 481

'[N Nog(0)

T (Nago + daﬂ (g0 u)(®)
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By setting

€1 =

we obtain

N L
Umg-[f“w@éu%x

N L
— |Nu — 1} / Wt2dX
2 1Jo

[ Nadh L 1, 50\°
— lel_ 5 —2/\/190—1—/\/290 UX+§(WX) dx
L 0

[Nidy  NiL L Nagol de
2 4 7% 8 W dX

2
M0 4 (g + )] (90 00)(0)

N Nag(0)

-5+ (g 0w,

Next, we carefully choose our constants so that the terms inside the brackets are positive.

We choose N; large enough such that

N
alzNu——l>O,

2
then we choose N, large enough such that
N
Qp = 290—N1>0,
2
Nod
O[3:d1/\/1— 2 1—2N190—1—N290>0,
On — N1d2 NlL £ NzgoL >0
4T 4 T4 s '
N2
as = 1490 + (Nago + d3) > 0,
Finally, once N1 and N>, is fixed, we choose N large enough so that
N N2g(0)
== > 0,
Qg 5 + 290

we obtain

, 1 /[t 1 2 a
L (t) < —2/ {oz.lwt2 + apu? + as <ux +5 (Wf)) +a4W3X} - ?5(90 u) (1),
0

By (2.2), we obtain
L' (t) < —ogE (t) , Vt >0,

for some g9 > 0. A combination of (4.7) and (4.9) gives

L'(t) < —kiL(t) , Vt>0,
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A simple integration of (4.10) over (0, t) yields

L(t) < L(0)e ™t vt>o0. (4.11)

Finally, by combining (4.7) and (4.11) we obtain (4.8), which completes the proof. O
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