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Abstract. The main aim of this paper is to present our approach of obtaining sufficient conditions for
convergence of sequences of Henstock-Kurzweil integrable functions. Our approach involves the use of
the concept of multiplier functions, where we define a class ® of multipliers for the Henstock-Kurzweil
integral. We consider a sequence (f,) of Henstock-Kurzweil integrable functions on a non-degenerate
interval [a, b] and we assume that (f,) converges point wise to a function f. Then we show that f is
Henstock-Kurzweil integrable and its integral is equal to the limit of the sequence (fab fn) if there exists
¢ € & such that the defined functionals of the type F(¢, f,) satisfy the imposed conditions. Beside the
fact that the results regarding the convergence under the integral sign are always of great importance,

the method introduced here can be imitated and used to obtain other results on the related areas.

1. Introduction

The Henstock-Kurzweil integral was originally introduced in [5] and [6]. It is a generalization of the
Riemann integral. It is a very powerful technique of integration in a way that the space of all Henstock-
Kurzweil integrable functions strictly contains the spaces of all Lebesgue and Riemann integrable
functions. However, the space of all Henstock- Kurzweil integrable functions, unlike Lebesgue space,
lacks the property of completeness. For further reading about the Henstock-Kurzweil integral reader
may consult [4], [9], and [11]. In this paper, we investigate the sufficient conditions for the convergence
of sequences of Henstock- Kurzweil integrable functions. Let (f,) be a sequence of Henstock-Kurzweil
integrable functions that converges point-wise to f on [a, b]. The properties and integrability of the
function f was studied by many authors. One of the most well-known results for f was obtained by
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Charles Swartz in [8]. He showed that if the sequence (f,) is uniformly Henstock- Kurzweil integrable
then f is as well Henstock- Kurzweil integrable and [”f = lim,_,o [? f,. In the following section,
we obtain a similar result under a different set of conditions. For the convenience of the reader, we

state some main definitions and results those will be needed later.

Definition 1.1. A sequence of functions (Fy,) is said to be equi-Lipschitz on an interval | if there exists
C > 0 such that |Fp(x) — Fa(y)| < Clx — y| for all x,y € | and for all n.

Definition 1.2. A sequence of functions (F,) where Fn(x) = f; fn Is said to be equi-absolutely

continuous on an interval | if for all € > 0 there exists 6 > 0 such that

n Xk
Zy/ fo| <€ (1.1)
k=1 Xk—1

for all n whenever {[xx_1,xx] : k =1, ..., n} is a collection of disjoint subintervals of | satisfying

Dk = xe—a] < 6. (1.2)
k=1

Definition 1.3. A sequence of functions (Fp) is said to be uniformly Cauchy on an interval | if for all

€ > 0 there exists N such that |F,(x) — Fm(x)| < € for all x € | whenever n,m > N, .

A connection between a sequence of Lebesgue integrable functions and the sequence of their prim-

itives (indefinite integrals) is given via the following theorem (see [4] and [7]).

Theorem 1.1. Let f, be a sequence of Lebesgue integrable functions that converges point-wise to a

function f on [a, b]. If the sequence F,(x) = f; fn Is equi-absolutely continuous on |a, b], then f is

b b
i / f,,:/ f (1.3)
n—oo a a

Another result that will be needed in the coming sections is the so-called Hake's theorem (see [2]),

Lebesgue integrable and

which can be stated as follows.

Theorem 1.2. Let f : [a, b] — R be a function, then f is Henstock- Kurzwelil integrable on [a, b] if

and only if f is Henstock- Kurzweil integrable on |[a, c] for all ¢ € [a, b) and

C
lim / fdt exists. (1.4)
a

c—b~

b c
/f: lim / f. (1.5)
a c—=b™ J;

In this case
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2. The Main Results
Definition 2.1. ®([a, b]) =: {¢ € C!([a, b]) such that ¢ is monotonic and ¢(b) = 0 # ¢'(b) } .

In the above definition C1([a, b]) denotes the class of all continuously differentiable functions on
[a, b]. We note that ®([a, b]) C BV/(]a, b]) since ® consists of monotonic functions. Therefore, the
function ¢f is Henstock-Kurzwel integrable for all ¢ € ®([a, b]) and f € HK([a, b]), (see [11]).

Lemma 2.1. Let f,, be a sequence of HK-integrable functions that converges point-wise to a function
f on [a, b]. If there exists ¢ € ® such that [ ¢f, is equi-Lipschitz continuous on [a, b], then

. of € LY([a, b)), and [P o, — [P oF.

i. feLa,r])and [ f,— [.f forallr€[ab).

Proof. It is clear that ¢f, converges point-wise to ¢f and the sequence f; ¢f, is equi-absolutely
continuous on [a, b] since it is equi-Lipschitz on [a, b] where

m Xk m X Xk_1 m

I IS Sl AR AR S|

k=1 <%k-1 k=1 <4 a k=1
Therefore, (i) follows immediately from Theorem 1.1. Now since ¢ is continuous on [a, b] it attains
its extreme values on any closed subinterval of [a, b]. Thus, M, = Min{|p(t)| : t € [a, r]} exists for
all r € [a, b]. Moreover, since ¢ is a monotonic function and ¢(b) = 0, then |¢(x)| is a decreasing
function. Also, since ¢'(b) # 0, then ¢ is a non-constant function in [r, b] for all r € [a, b). Thus,
there is s € [r, b] such that ¢(s) # ¢(b) = 0 and hence, M, > 0 for all r € [a, b) since |¢(t)| >
|p(r)| > |¢(s)| > 0 for all t € [a, r]. Using this result, we get

/r|f|=/r| |</ |pf| for all r € [a, b), and (2.1)
|/ fo—fl= / ¢(f |_/ o(fn — for all r € [a, b). (2.2)
Therefore, we can obtain (ii) dlrectly form (i), (2.1) and (2.2). O

Remark 2.1. /f ¢f is Lebesgue integrable on [a, b] for some f € HK and ¢ € &, then f can only
attain a point of Lebesgue singularity at b (f oscillates very rapidly as approaching b). In fact, we
would concentrate on the local case when f is Lebesgue integrable on any subinterval [c, d] C [a, b]

with d # b (see [4]). For the special case ¢ = b — x, the reader my refer to the results in [1].
In the coming sections we set F(r) = [ f and Fa(r) = [ fo.

Lemma 2.2. Let f,, be a sequence of HK-integrable functions that Converges point-wise to a function
f on[a, b]. If there exists ¢ € ® such that the sequence gy f Fnd(t) is uniformly Cauchy on |a, b),
then there are C > 0 and s € [a, b) such that

b
|<1>(1f)/r Fodp(t)| < C  forall r € (s, b) and for all n. (2.3)
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Proof. Since ﬁ frb F.d¢(t) is uniformly Cauchy on [a, b), then there is Nj such that

b
’(p(lr)/ (Fy - Fm)dcb(t)' <1 forallnm> N (2.4)
Therefore,

/b(Fn - Fm)dqb(t)' <|¢(r)|  forall n,m> Ny. (2.5)

Also, since ¢' and F, are continuous we have that the function far Fnd@(t) is Lipschitz . Thus, for all
n there is K, > 0 such that

b

[ Fado o) < Kt~ 1) (2.6)
.

Choosing K = Max{K1, K2, ..., Kn, }, we get

b
/ F,,d(b(t)’ <K(b—-r) forallne{l,2, ..., Ni}. (2.7)

For the case n > Ny, we have

/ernddxt)‘s /rb(Fn—FNld¢(t)'+ /erNldab(t)‘

<|p(r)|+K(b—r) foralln> N

Combining the above results, we get

b
/ Fnd¢(t)’ <|p(r)|+K(b—r) foralln. (2.8)
Now, using the fact that ¢(b) = 0 # ¢'(b), we get
. b—r 1
lim = (2.9)

r—b- —¢(r)  ¢/(b)

Therefore, there exists s € (a, b) such that

(|l;(—r)r|) < |¢>'?b)| for all r € (s, b). (2.10)
Letting Ms = Min{|¢(t)| : t € [a, s]} be as defined in Lemma 2.2, we obtain
(ﬁp(_r)? < |¢'?b)| + |b,\;sa| for all r € [a, b), (2.11)
and hence,
(b—r) < < N a') 6(r)|  forall r € [a, b) (2.12)
[¢'(D)] M
Choosing C = 1+ K (I¢’%b)| + |b,\;sal) and and using it with (2.8 ) and (2.12), we get the desired
result.
O

Theorem 2.1. Let f,, be a sequence of HK-integrable functions that converges point-wise to a function

f on [a, b]. If there exists ¢ € ® such that:
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e the sequence ﬁ frb Fnd@(t) is uniformly Cauchy on [a, b), and
e the sequence frb ¢fadt is equi-Lipschitz on [a, b],

then f € HK([a, b]) and
b b
lim / fdt —/ fdt. (2.13)
n—oo a a

Proof. Similar to the argument above and since frb ¢f,dt is equi-Lipschitz, there exists My > 0 such

that

1 /b |b—r|
— ol dt‘ <M for all r € (a, b) and all n. 2.14
5 J, P = M) (@) (214
Therefore, choosing s as in Lemma 2.2 and C, = %, we get
1 b
'/ d)fndt‘ < Cy, forallre (s, b) and all n. (2.15)
o(r) Jr
Now integrating by parts and using the fact F,(a) = 0, we get
r r
(1) Fa(r) :/ ¢f,,dt+/ Fadb(t). (2.16)
a a
Also, since ¢(b) = 0, we have
b b
/ qbf,,dt—l—/ Fpdg(t) =0, (2.17)
a a
which implies
b b
BF(r) = = [ ot~ [ Fadp(o) (2.18)
and hence,
1 P 1 P
F,:_/ d)fdt—/qubt. 2.19
=5w ) P ), (219)

Applying Lemma 2.2 and (2.15), we get

|Fa(r) < C (2.20)
for all nand all r € (s, b). Thus, passing the limit as n — oo, we get
r
lim / fndt’ <C. (2.21)
n—oo 3
Applying lemma 2.1, we get
.
/ fdt’ < C forallre (s, b). (2.22)
a
Therefore,
lim [¢(r)F(r)] < lim Cl¢(r)| = 0. (2.23)
r—b— r—b—
using this result with the equation
r r
o(r)F(r) = / d)fdt—i—/ Fdo(t), (2.24)
a a

we get
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0:/b¢fdt+/b Fda(t) (2.25)

Thus, in asimilar way to that for (2.19) we get

1 (b 1 (b
F(r)-—(b(r)/r ¢fdt—¢(r)/ Fdo(t). (2.26)

r

Now, we use (2.19), (2.26) and Lemma 2.2 to get

_ 1 b . 1 /b
ngqub(r)/r Fnd¢(t)_n|me—M/r fadt — Fu(r)

b
- _qb(lr)/ fdt — F(r)

b
- ¢(1r> / Fdé(t)

Combining the above point-wise convergence with the given that (ﬁ frb Fnd¢(t)> is uniformly
Cauchy, we obtain that

N Y 1 b .
lim ¢(r)/, Fpdp(t) = ¢(f)/r Fdo(t)  uniformly (2.27)

n—oo

Now, since ¢’ F, is continuous then by the Fundamental Theorem of Calculus f; Frdg(t) = far ¢ Fodt

is differentiable and

S Fdeien = o',

By L'Hopital rule, we have

1 P - ¢'(r) - Fa(r) :
I ey J, P = =l S = im0 229
Similarly,
1 b
lim-—— [ F = —limF 2.2
gy /. Faon =i F) (229)
On the other hand, passing the limit in (2.20) as r — b and using Theorem 1.2, we get
|Fa(b)| < C. (2.30)
Therefore, by the completeness of R
b
lim / fndt=A  for some A€ R (2.31)
Ny —o0 2

Also, in view of (2.27) we have (see [10] Theorem 7.11)

fim lim 1/rb/—',7kd¢(t): im Iim(lr)/ernkdd)(t). (2.32)

r—b ng—o0 d)(r) ng—o0 r—b d)
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Now, using (2.29), (2.27), (2.32), (2.28), Theorem 1.2 and (2.31) respectively, we get

1 P
i [ 100 - g [ o

T B
= —lim lim ¢(f)/r Fn, do(t)

r—b ng—00

b
=— lim lim 1/ F, d(t)

ne—o0 r—b P(r)

r b
= — lim lim [ £, = lim fo = A.
Ng—o00 r—b 3 ng—oo [,

Thus, by Theorem 1.2 f is Henstock-Kurzwel integrable on [a, b] and

b r
/fdt: lim / fdt=A (2.33)
a a

r—b—=

Reversing the steps above and using the the result that f is Henstock-Kurzwel integrable, we obtain

the convergence for the whole sequences as follows

. b 1 b
Jim / fodt = = lim lim 5y / Fadd(t)

1 P
= —lim lim (b(r)/r Fnd(t)

r—b n—o0

‘ 1 b b
_—r@b(b(r)/r Fddb(t)—/a fdt

This completes the proof. O
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