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Abstract. This article introduces the idea of (fuzzy soft Boolean rings) FSBRs and investigates their
algebraic properties. The concepts of fuzzy soft ideals (FSls) of FSBRs, and idealistic fuzzy soft
Boolean rings (IFSBRs) are then defined and discussed.

1. Introduction

In classical mathematics, exact solutions to mathematical models are required. If the model is so
complex that an exact solution cannot be determined, we can get a rough estimate. In 1999, Russian
researcher Molodtsov [8] pioneered the idea behind soft set (SS) theory and began developing the
foundations of the corresponding theory as a novel approach to modelling uncertainty. The SS is an
approximate representation of an object. There are numerous potential applications for SS theory. SS
theory and its applications are currently advancing at a rapid pace. Maji et al. [7] proposed new SS
definitions. Pei and Miao [9] looked into how SSs and information systems interact. By fusing SS and
fuzzy set (FS) designs, Maji et al. [6] developed the concept of fuzzy soft sets (FSSs) in 2001. To
continue the investigation, Ahmad and Kharal [2] obtainable some more properties of FSSs. There

has been a surge of interest in the algebraic structure of SSs in recent years. Soft groups were defined
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by Aktas and Cagman [3], and some properties were derived from them. Additionally, they contrasted
SSs with rough and FSs, two concepts that are related. The fundamental ideas of soft rings were first
introduced by Acar et al. [1] in 2010, which are a generalized family of subrings. Liu [5] proposed the
fuzzy ring concept in 1982. Following that, Dixit et al. [4] investigated the fuzzy ring and discovered
some theoretical analogues. The algebraic characteristics of FSSs in Boolean ring (BR) theory are

examined in this paper.

2. Preliminaries

To begin, we will present Maji et al. [6] and Ahmad and Kharal [2]'s fundamental definitions and

notations.

Definition 2.1. Let E denote a set of parameters, Z denote an initial universe, and lArepresents the
closed unit interval. Q(Z) represents Z's power set. Then the pair (M, E ) over Z is a soft set, where
M: E — Q(Z) is a set valued function.

Definition 2.2. Let E denote a set of parameters, Z denote an initial universe, and Trepresents the
closed unit interval, i.e., | = [0,1]. Q(Z) represents Z's power set, where M : C — 1% s set-valued

function and |¢ represent the collection of all fuzzy sets on Z.

Definition 2.3. Consider (M, C) and (N, D) to be FSSs. Then (M, C) is a FSS of (N, D) and we can
write (M, C) C (N, D) if (i) C C D (ii) for each o« € C, My < Ny implying that, My is fuzzy subset
of Ny.

Definition 2.4. Let us assume (M, C) and (N, D) be two FSSs, with CND # (). Then the FSS (O, E)
is formed by the intersection of (M, C) and (N, D), where E = CN D and Oy = Mgy A Ny, Vo € E.
We can write (M, C) m (N, D) = (O, E).

Definition 2.5. Let us assume (M, C) and (N, D) are two FSSs. The FSS (O, E) is formed by the
union of (M, C) and (N, D), where E = C U D and
My ifaoeC—-D
(Va € E) | On = { N, ifaeD-C |- (2.1)
My, VNy ifae CND
Then we write (M, C)U (N, D) = (O, E).

Definition 2.6. Let (M, C;)jc, be a family of FSSs. The union of these FSSs is a FSS (O, E), where
E = Uje,C; and O(a) = Vje yMj(ax), VYoo € E. Then we can write Ujc ;(M;, C;) = (O, E).

Definition 2.7. Let (M;, C})jcs be a family of FSSs, with Njc,C; # 0. A FSS is formed by the
intersection of these FSSs (O, E), where E = Njc,C; and O(a) = AjeyMj(a), Yo € E. Then we can
write rmje_j(Mj, CJ') = (0, E).
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Definition 2.8. Let (M, C) and (N, D) be two FSSs, subsequently, (M, C) AND (N, D) are represented
by (M, C)A(N, D) and it's indicated by (O,C x D), where O(a,B) = Oap = My A Ng for every
(a,B) e C xD.

Definition 2.9. Let (M, C) and (N, D) be two FSSs. Then (M,C) OR (N, D) are represented by
(M, C)V(N, D) and it's indicated by (O,C x D), where O(a, ) = Oup = My V Ng for every
(a,B) € C x D.

Definition 2.10. Consider (M, C) to be a FSS. The set Supp(M,C) ={a € C : M(a) = My # 0} is
known support of the FSS (M, C). If the support of a FSS is greater than the empty set, it is said to

be non-null.

3. Fuzzy Soft Boolean Rings

The concept of soft rings was proposed by Acar et al. [1]. In this section contains, we define FSBRs
and discuss some of their fundamental properties. R denotes a BR from now on, and all FSSs are

preferred over R.

Definition 3.1. Let us assume (M, C) is a non-null SS. Then (M, C) is referred to as a soft Boolean
ring (SBR) over R if for each o« € C, M(a) is a sub-BR of R.

Definition 3.2. Let us assume (M, C) is a non-null FSS. Then (M, C) is referred to as a FSBR over
R if for each vy € C, M(y) = M, is a F-sub-BR of R, i.e., My(a — B) > min(M, (o), My(B)) and
My(a-B) = min(My(a), My(6)). Yor, 6 € R.

Example 3.1. Let R = {0,/,t,r} be a nonempty set with two binary operations + and - defined as

follows:

+10 4 t r
0|0 4 t r
J1J 0 r t
t|t r 0 g
rir t Jj O
0O j t r
0|0 0 0 O

J10 J r
t|10 r t jJ
ri0o t 4 r
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Let A= {ell, 621, e31} be the set of parameters and now define a FSS (M, C) on a BR R by
M(ei) = {(0,0.9), (j,0.8), (t,0.6), (r,0.4)},
M(e3) ={(0,0.8),(,0.5), (t,0.3), (r,0.1)},
M(e3) ={(0,0.9), (j,0.6), (t,0.5), (r,0.4)}.

Here (M, C) is a FSS over R, which is also a F-sub-BR of R, for all a« € C. Hence (M, C) is a FSBR

over R.

Example 3.2. Because each SS can be thought of as a FSS, and each characteristic function of a
BR is a F-sub-BR of R, we can think of an SBR as a FSBR.

Theorem 3.1. Let (M, C) and (N, D) are two FSBRs over R. If (M, C)A(N, D) is non-null, then it's
a FSBR over R.

Proof. Let (M,C)A(N, D) = (O,C x D), where O(a,8) = My A Ng,¥(a,8) € C x D. Since
(O, C x D), is non-null, then there exists the pair (o, 8) € C x D such that Oq g = My A Ng # Org.
We already know that My, Va € C and Ng, VB € D are F-sub-BR of R. Since then the intersection
of two F-sub-BRs of R is also a F-sub-BR of R, then O(a,8) = Oq is a F-sub-BR of R. Hence
(O,C x D) = (M,C)A(N, D) is a FSBR over R. O

Theorem 3.2. Let (M, C) and (N, D) are two FSBRs over R. If (M, C)@m (N, D) is non-null, then it's
a FSBR over R.

Proof. Let (M,C)m (N,D) = (O, E), where E=CND and Oy = My A Ny, Va € E. Since (O, E)
is non-null, then there exists a € E such that O4(B) # 0 for some B € R. We know My A Ny is a F-
sub-BR of R, because Oy # O and My, Ny are F-sub-BR of R. Therefore, (O, E) = (M, C)m(N, D)
is a FSBR over R. O

Theorem 3.3. Let (M;, C;);je, be a family of FSBRs over R. There are also the following:
(i) If Njes(M;, C;) is non-null, then it's a FSBR over R.
(i) If Mjes(M;, C;) is non-null, it's a FSBR over R.

Proof. (i) Let Ajes(M;, Cj) = (O, E), where E = @ C; and Oy = AjesM;(g)), Yo = (a;)jes € E.
Suppose that the FSS (O, E) is non-null. If & = (o)jes € Supp(O, E), then Oq = AjesM,(e)) # Org.
Since (M, C;) is a FSBR over R, Vj € J, Mj(c;) is a F-sub-BR of R. As a result O is a F-sub-BR
of R for all & € Supp(O, E). Consequently, Aje (M, C;) = (O, E) is a FSBR over R.

(i) Let mjes(M;, Cj) = (O, E), where E = Nje,C; and Oq = AjesMj(aj), Ya € E. Suppose that
the FSS (O, E) is non-null. If o € Supp(O, E), then Oy = Aje M,(aj) # Og. Since (M}, C;) is a
FSBR over R, then M;(a;) is a F-sub-BR of R for all j € J. As a result Oy is a F-sub-BR of R for
all a € Supp(O, E). Therefore Mjc(M;,C;) = (O, E) is a FSBR over R. 0
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Definition 3.3. Let (M, C) and (N, D) be two FSBRs over R. Then (N, D) is referred to as a FSSBR
of (M, C) if the circumstances listed below are true:

() DCC,

(il) Ny is a F-sub-BR of My, Ya € Supp(N, E).

Theorem 3.4. Let (M, C) and (N, D) be two FSBRs over R. If (M, C)m (N, D) is non-null, then it's
a FSSBR of (M, C) and (N, D).

Proof. (M, C)A(N, D) = (O, E), where E = CND and Ogq = Mg ANy, Va € E. Since E = CND C C
and Oy = My A Ny, is a F-sub-BR of M, then (O, E) is a FSSBR of (M, C). Similarly, we obtain
that (O, E) is a FSSBR of (N, D). O

4. Fuzzy Soft ldeals of Fuzzy Soft Boolean Rings

Definition 4.1. Assume (M, C) is a FSBR over R. A FSS (N, D) is a FSI of (M, C), as indicated by
(N, D)A(M, C). If it meets the following criteria:
() D CC,
(if) Ny is a fuzzy ideal (FI) of a fuzzy BR M, for all v € Supp(N, D), i.e., Ny is a Fl, for each
v € Supp(N, D),

(3) Nyl = B) = Ny(a) A Ny (B),

(b) Ny (@) = Ny(a) A Ny (B),

(c) Ny(a) < My(ar), Vo, B € R.

Example 4.1. Take a look at the BR (R, +, -) established in Example 3.1.

M(et) = {(0,0.9), (,0.8), (t,0.6), (r,0.4)},
M(ed) = {(0,0.8), (j,0.5), (t,0.3),(r,0.1)},
M(e}) = {(0,0.9), (,0.6), (t,0.5), (r,0.4)}.

Here (M, C) is a FSS over R, which is also a F-sub-BR of R, Ya € C. Hence (M, C) is a FSBR over
R. Let D ={el} and N : D — Q(R) be a function with a set of values defined by

N(ed) = {(0,0.4),(1,0.3),(2,0.2),(3,0.2)}.

Obviously (N, D) is a FSS of R. We also see that D C C and N(vy) is a Fl of M(y),Vy € |I. As a
result, (N, D) is a FSI of (M, C).

Theorem 4.1. Let (N1, D1) and (No, D2) be FSis of a FSBR (M, C). Then (N1, D1) @ (N2, Dy) is a
FSI of (M, C) if it is non-null.

Proof. Let (Ny, D1)d(M, C), (N>, D2)<d(M, C). By the Definition 2.4, we write (N1, D1)m((Na, Do) =
(N, D), where D = D1 N Dy and N(y) = N1(v) ANa(y),Vy € D. Since D; C C and D, C C, we have
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DiNDy; = D C C. Suppose that (N, D) is non-null. If v € Supp(N, D), then N(7y) = Ny (v)AN2(y) #
Og. Since (N1, D1)<(M, C) and (No, D2)<(M, C), N1(«y) and Nx(vy) are both Fls of M(+y), we conclude
M(«y). As a result, N(vy) is a Fl of M(y),Vy € Supp(N, D). Therefore, (N1, D1) m (N>, D) = (N, D)
is a FSI of (M, C). O

Theorem 4.2. et (N1, D1) and (No, Dy) be FSIs of a FSBR (M, C). If D1 and D, are disjoint, then
(N1, D1) W (Na, Do) is a FSI of (M, C).

Proof. Let (N1, D1)d(M, C), (N2, D2)<(M, C). By the Definition 2.5, we write (N1, D1) W (No, Do) =
(N, D), where D = D; U D, and Vv € D,
Ni () if « € D; — D5
(Va € E) | Ny =< No(y) ifacDy—D; |- (4.1)
Ni(v) vV Na(y) ifae DiND>

Obviously, we have D C C. Since Dy and D5, are disjoint, v € D1 — Dy or v € Dy — Dy,Vy €
Supp(N, D). Lety € Dy — D5. Since (N1, D1)<is a Fl of M(«y). Thus, Vv € Supp(N, D), (N1, D1) C
(M, C). Consequently, (N, D) is a FSI of (M, C). O

5. ldealistic Fuzzy Soft Boolean Rings

Definition 5.1. Let (M, C) be a non-null FSS. Then (M, C) is referred to as an IFSBR over R, if M,
is a Fl of R, ¥y € Supp(M, C). In other words, for each v € Supp(M, C), My is a Fl of R defined
in [4], i.e., My(oe — B) > My(a) A My(B) and My(cc- B) > My(a) V My(B),Va, B € R.

Example 5.1. Let R=1{0,/, t,r} be a set with two binary operations + and - as shown:

+10 45 t r
0|10 4 t r
JlJ 0 r t
t|t r 0 J
rir t Jj O
0O 5 t r
0|0 0 0 O
J10 Jor
t|0 r t J
ri0 t 4 r

Then (R,+,-) is a BR. Let A= {e}, e}} represent the set of parameters.
M(el) = {(0,0.9), (j,0.7), (t,0.6), (r,0.4)},
M(e3) = {(0,0.8), (,0.5), (,0.3), (r, 0.1)}.
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Here (M, C) is a FSS over R. Also, we can also see that M(vy) is a Fl of R, ¥y € C. As a result,
(M, C) is an IFSBR over R.

Theorem 5.1. Assume (M, C) and (N, D) are two IFSBRs over R. Then (M, C)m (N, D) is an IFSBR

over R if it is non-null.

Proof. Let (M,C)m (N, D) = (O, E), where O = CN D and Oy = My A Ny, Vv € E. Suppose that
(O, E) is non-null. If v € Supp(O, E), then Oy = My A N # Og. As a result, My and N., are both
Fls of R. As a result, O is a Fl of R, ¥y € Supp(O, E). Hence, (O,E) = (M,C)m (N, D) is an
IFSBR over R. U

Theorem 5.2. Assume (M, C) and (N, D) are two IFSBRs over R. If C and D are disjoint, then
(M, C)U (N, D) is an IFSBR over R.

Proof. Let (M,C)W (N, D) = (O, E), where E = CU D and

M, ifyeC—-D
(VY € E) | Oy = q Ny if cD-C |- (5.1)
MyV N, ifyeCnD

Let us suppose that CN D = (). Then either y € C — D or Ny € D — C, ¥y € Supp(O, E).

Ifye C—-D,0,= MyisaFlof R. Because (M, C) is an IFSBR over R.

If ye D—C,0y=NyisaFlof R. Because (N, D) is an IFSBR over R.
Thus, for all v € Supp(O, D), O is a Fl of R. Consequently, (O, E) = (M,C) W (N, D) is an IFSBR
over R. ]

Theorem 5.2 is false generally if and only if C and D are not disjoint. Consequently, the theorem

is not generally true. Because a ring’'s FI may not be the union of two different Fls of a ring R.

Theorem 5.3. Assume (M, C) and (N, D) are two IFSBRs over R. Then (M, C)A(N, D) is an IFSBR

over R if it is non-null.

Proof. Let (M, C)A(N, D) = (O, C x D), where O(a,8) = Oap = May A Ng,¥(a,B) € (C x D).
Assume (O, C x D) is non-null. If (o, 8) € Supp(O, C x D), then Oy g = My A Ng # 0. Since (M, C)
and (N, D) are IFSBRs over R, we can conclude that M, and Ng are both Fls of R. As a result, Oq g
is a Fl of R, ¥(a,B8) € Supp(O, C x D). Thus, (O, C x D) = (M, C)A(N, D) is an IFSBR over R. O

6. Conclusion

The concept of FSBRs is introduced and its individual properties are studied in this paper. The
concepts of FSls of a FSBR and an IFSBR are also introduced. This research could be expanded to

investigate the properties of FSSs in other algebraic structures.
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