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Abstract. In this paper, we define the concepts of fuzzy initial and final segments in an Almost
Distributive Lattice (ADL) and certain properties of these are discussed. It is proved that the set of
fuzzy initial segments forms a complete lattice and that the set of fuzzy final segments of an ADL A

forms a complete lattice if and only if A is a bounded distributive lattice.

1. Introduction

A fuzzy subset A of a non empty set X is a mapping of X into [0, 1]. The notion of fuzzy subsets
originally introduced by Zadeh in his pioneering work [17]. Since Rosenfield [7] applied this concept
to the theory of groups, many researchers are turned and engaged in fuzzyfying various concepts of
abstract algebra. Kuroki [2], Malik and Mordeson [4] studied fuzzy ideals and bi-ideals in semi groups.
Wang-jin Liu [3] studied fuzzy ideals of a ring followed by Mukherjee and Sen [5]. Swamy and Swamy
[15] have introduced the concept of a fuzzy prime ideal of a ring and developed theory of fuzzy ideals.
Further, Swamy and DV Raju [13] have introduced the concepts of fuzzy ideals and congruences of
lattices. Further Swamy, Sundar Raj and Natnael [8, 9, 10] have applied some concepts from theory of
ADLs and introduced the notion of fuzzy ideals (filters) and prime (maximal) ideals (filters). Natnael,
Srikanya and Sundar Raj [6] constructed an L-fuzzy prime spectrum of ADLs.

George Boole's attempt to formalize propositional logic led to the concept of Boolean algebra
which is a complemented distributive lattice. M.H. Stone [10] has proved that any Boolean algebra
can be made into a Boolean ring (a ring with unity, in which every element is idempotent) and vice-
versa and established a strong duality between Boolean algebras (rings) and Boolean spaces (compact
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Hausdorff totally disconnected spaces). Swamy and Rao [14] have introduced a common abstraction
of these ring theoretic and lattice theoretic generalizations of Boolean rings and Boolean algebras in
the form of an Almost Distributive lattice (abbreviated as ADL) as an algebra (A, A, V,0) of type
(2,2,0) satisfying the following identities:

(1)ona=0

(2)av0o=a

(3)an(bvc)=(anb)Vv(anc)

(4) (avb)Ahnc=(anc)V(bAc)

(5) av(bAnc)=(avb)A(aVc)

(6) (avb)Ab=b.

We first recall certain elementary definitions and results concerning Almost Distributive Lattices.

These are collected from [14].

Example 1.1. Let R be a commutative regular ring with identity (i.e. R is a commutative ring with
identity in which, for each a € R, there exists an (unique) idempotent ag in R such that aR = agR ).
For any a, b € R, define

aNnb=agbandaVv b=a+b— agb.

Then (R, A, V,0) is an ADL.

Example 1.2. Let X be a nonempty set and fix an arbitrarily chosen element 0 € X. For any a and
b € X, define

0 ifa=2=0 b ifa=0
anb= and avVvb=
b ifa#0 a ifa#0.

Then (X, A, V,0) is an ADL and is called a discrete ADL.

Definition 1.1. Let A = (A, A,V,0) be an ADL. For any a and b € A, define a < b if and only if
a=aAb(&avb=0b).

It is known that < is a partial order in A.

Theorem 1.1. The following hold for any elements a,b and c in an ADL A.
(1) an0=0=0AMAaandav0=a=0Va
(2) ana=a=aVa
(3) anb<b<bVa
(4) anb=a<savb=bandaNb=b< aVvb=a
(5) (anb)Ac=aNn(bAc) (ie, N is associative)
(6) av(bva)=aVvb
(7 a<b=aAb=a=bANaandavVb=b=bVa
(8 anbAc=bAaANc
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(9) (avb)Ac=(bVva)Ac

(10) avb=bvaandanb=bAawheneveraNb=0

(11) avb=bVvaandaNb=bAa (and hence A is a distributive lattice), whenever a < x and
b < x for some x € A.

(12) anb=bANasaVvb=bVa

(13) anb=inf{a, b} & aV b=sup{a, b}.

(14) The set {y € A:y < a} is a bounded distributive lattice under the induced operations N\ and
V with 0 is the least element and a is the largest element.

(15) mis maximal in (A, <)< mAa=a (< mVa=m) forallacA.

In this paper, we introduce the concepts of fuzzy initial and final segments in an ADL A and
discuss certain properties of these. Throughout this paper L stands for a non-trivial complete lattice
(L, A, V,0,1) satisfying the infinite meet distributive law:

a/\(\/s) = \/ (ans)
s€S seS
forall a € L and S C L such a lattice is called a frame. Infact, the interval [0, 1] is a frame under
usual ordering. Also A stands for an ADL (A, A, V, 0) with a maximal element unless otherwise stated.

As usual by L-fuzzy subset (simply, fuzzy subset) of an ADL A, we mean a mapping A : A — L.

2. Fuzzy Initial Segments

First we recall from [16] that a non empty subset / of an ADL A is called an (crisp) initial segment

of Aifanx el forall x €l and a € A (equivalently, a €A and a < x € | implies a € /)

Definition 2.1. A fuzzy subset \ of A is said to be a fuzzy initial segment of A If,
A(xp) = 1 for some xg € A
and x <y = Ay) < Xx) forall x,y € A.

Note that if A is a fuzzy initial segment of an ADL (A, A, V,0) then A(0) = 1. It can be easily
verified that a fuzzy subset X of A is a fuzzy initial segment if and only if, for any a € L, Ay is an

initial segment of A, where Ao = {x € A: a < A\(x)}, called the a—cut of A.

An initial segment / of an ADL A need not satisfy the condition that,

xANae€lforany x €/ and a € A (%)

For example, let D be a 3-element discrete ADL, say {0, x, y}. Then | = {0, x} is an initial segment
of D; but x Ay =y ¢ |. However for any non empty subset / of an ADL A satisfying * and, for any
x €l and a € I, we have

aAx=aAxAx=(xANa)Ax (by 1.4(8))

and, since x Aa €/, we get (x Aa)Ax e l. (by %)

So that / is an initial segment of A. This can be extended to fuzzy sets in the following.
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Theorem 2.1. Let )\ be a fuzzy subset of A satisfying A(xp) =1 forsome xp € A and A(xVy) <
AX)AXy) forall x,y € A. Then X\ is a fuzzy initial segment of A.

Proof. Let x,y € A with x <y. Then,
AY) = A(xVy) <AX) AXY) < A(x)

Therefore X is a fuzzy initial segment of A. O
The converse of above theorem is not true. For, consider the example given in the following.

Example 2.1. Let A= {0, x,y} be a dicrete ADL and L = {0,s,1} be a chain with0 < s < 1.
Define A : D — L by X(0) =1, X(x) =1 and X\(y) = s. Then X is a fuzzy initial segment of D;
but, \(x Vy)=Ax)=1£s=1As=Xx)AXY).

For any fuzzy subset \ and u of A, we write A < u to mean \(x) < w(x) in the ordering of
L, for all x € A. It can be easily verified that < is a partial order on the set of all fuzzy subsets of
A and is called the point wise ordering. In [16], it is proved that the set intersection of any class of
initial segments of an ADL A is again an initial segment, so that the set of all initial segments of A is

a complete lattice under the usual set inclusion ordering.

Theorem 2.2. The set of all fuzzy initial segments of A is a complete lattice with respect to the
point wise ordering in which, for any set {\;}ca of fuzzy initial segments of A,

g..b {\itiea = A\ i, the point wise infimum

BeA
lub {Xitiea =V Xi= N{X: Xis a fuzzy initial segment of A and X\; < X for all i € A}.
€A
In fact, if x= A\ X\jand o € L, then Ao = [ \j,-
ieA ieA

Proof. Let {\;}iea be a class of fuzzy initial segments of A and let A = A X;, the point wise infimum
of {\i}iea; that is, el

Ax)= A Xi(x)=g.l.b{ Ni(x) : i€A}in L, for any x € A.

Since >\,-B(€OA) =1 forall i € A, it follows that A\(0) = 1. Let x,y € A such that x < y. Then X\;(y) <
Ai(x), since each A; is fuzzy initial segment. So that A Ai(y) < A Ai(x) and hence A(y) < A(x).
Therefore X is a fuzzy initial segment of A. Also, A is tlheeA g.l.b {A,'f,QA under the point wise ordering.
Thus the set of all fuzzy initial segments of A is a complete lattice under point wise ordering.

O
In the following, we describe the smallest fuzzy initial segment containing a given fuzzy subset.

Definition 2.2. For any fuzzy subset A of A, define X : A — L by
A(x) = N{u(x) : uis a fuzzy initial segment of A and X\ < u}.
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By theorem 2.4, X is a fuzzy initial segment of A and, with respect to the point wise ordering A
is the smallest fuzzy initial segment of A such that A < X ; in the sense that for any fuzzy initial
segment p of A, A < u < X < . Xis called the fuzzy initial segment of A generated by .

In the following, we give a point wise description of A for any given fuzzy subset X of A.

Theorem 2.3. Let )\ be a fuzzy subset of A. Then the fuzzy initial segment generated by X is given
by A(0) =1 and X(x) = \{\(a): x < a for some a € A} for any 0 # x € A.

Proof. Clearly A < X. If x < y in A.Then for any a € A,

y<a=x<a= Aa) < Ax).

which implies that A(y) < X(x). Therefore X is a fuzzy initial segment of A. Finally, if u is a fuzzy
initial segment of A such that A < w, then for any x € Awith x < a, a € A, we have

A(a) < u(a) < u(x). Therefore A(x) < wu(x) for all x € A so that A < u. O

3. Fuzzy Final Segments

Recall that a non empty subset F of an ADL A is called a (crisp) final segment of Aif a € A, x €
F and x<a= a€F (equivalently, x€ Fandac A= xVacF).

Definition 3.1. A fuzzy subset \ of A is said to be a fuzzy final segment of A if
A(x0) = 1 for some xo € A and
x <y=Xx)<Xy) forall x,y € A.

It can be easily verified that a fuzzy subset A\ of A is a fuzzy final segment of A if and only if, for
any a € L, Ay is a (crisp) final segment of A. A final segment F of an ADL A need not satisfies
that properly that, x € F and a€ A = aV x € F. For example, in any discrete ADL D, for any
x,y € D,{x} is a final segment; but y V x =y ¢ {x}. However, a non empty subset F of an ADL A
satisfying the property that, x € F and a€ A = aV x € F is a final segment of A (refer theorem
3.2:in [16]). This result can be seen by fuzzyfying in the following.

Theorem 3.1. Let X\ be a fuzzy subset of A satisfying A(xg) =1 for some xo € A and A(xAy) <
AX)AX(y) forall x,y € A. Then X is a fuzzy final segment of A.

Proof. Let x,y € Asuch that x <y. Then A(x) = A(xAy) < AX)AXY) < X(y). Therefore X is a
fuzzy final segment of A.
]

The converse of above theorem is not true. For, consider the following example.

Example 3.1. Let A= {0, x,y} be a discrete ADL and L = {0,s,1} be a chain with0 < s < 1. If
we define \(x) =s, A(y) = 1 and X\(0) = O, then X is a fuzzy final segment of A; but A(x A\ y) =

Ay)=1%£s=Xxx)AXY).
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It can be easily verified that, for any non empty subset F of A,
F is a final(initial)segment of A if and only if x£ is a fuzzy final(initial) segment of A,

1 ifxeF
where xr(x) =

0 ifxé¢F.

Note that for any 0 # a € L, the a-cut of xF;
(XFla={x€A:a<xr(x)}=F

In contrast to the case of fuzzy initial segments, the point wise infimum of any class of fuzzy final
segments may not be a fuzzy final segment. However, in the following we establish a set of equivalent
conditions for the point wise infimum of any family of fuzzy final segments to be fuzzy final segment

and inturn it is equivalent to saying that the set of all fuzzy final segments form a complete lattice.

Theorem 3.2. /et A be an ADL. Then the following statements are equivalent to each other.

(1) For any non empty family {X\; : i € A} of fuzzy final segments of A, \ X; (the point wise
infimum of \;’s) is a fuzzy final segment of A. h

(2) A has a largest element.

(3) A has a unique maximal element.

(4) There exists smallest fuzzy final segment.

(5) A is a bounded distributive lattice.

(6) The set of all final segments of A is a complete lattice under C.

(

7) The set of all fuzzy final segments of A is a complete lattice under point wise ordering <.

Proof. (1) = (2) : Forany a€ A, let [a) ={x € A:a<x}. Then [a) is a final segment containing
a and hence X, is a fuzzy final segment of A. Then, by (1),
A= A X[a): the point wise infimum of x[,'s
is aa%\zzy final segment of A. Let 0 £ a € L.
Then, for any a € A, the a-cut of x[5) = (X[2)), = [a)- Now

Ao = (N X))o = [1(X12) o = [ [2)

acA acA acA

Since Ay is non empty, there exist m € A such that a < m for all a € A. Then m is the largest
element of A.
(2) = (3) : It is trivial, since the largest element will be the unique maximal element.
(3) = (4) : If mis the unique maximal element in A, then x V m is maximal, and hence x V. m = m,
so that x < m for all x € A. Now [m) is a final segment of A and hence x| is a fuzzy final segment
of A. Let X\ be any fuzzy final segment of A such that A\(xg) = 1 for some xg € A. Since xg < m, we
get 1 = A(x0) < A(m), so that A(m) = 1. This implies that X[, < A, for all fuzzy final segments A
of A. Thus X[n) is the smallest fuzzy final segment of A.
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(4) = (5) : Suppose w is the smallest fuzzy final segment of A such that u(m) =1 for some m € A.
Now for each x € A, [x) is a final segment of A and hence x|y is a fuzzy final segment of A. Since
p < Xpx), we get 1 = u(m) < Xpo(m) and hence xp,y(m) = 1, so that m € [x) and hence x < m
for all x € A. Therefore m is the largest element in A. Thus A is a bounded distributive lattice ( by
theorem 1.4 (11) ) .

(5) = (6) : Let {F4 : a € A} be a class of final segments of A. Put F = [ F4. Since the largest
acl
element of A is necessarily an element in every final segment of A, it implies that F is non empty and

hence F is a final segment of A. Also, F isthe g.l.b {F4 : o € A}. Thus the set of all final segments
form a complete lattice under C.
(6) = (7) : It is obvious.

O

The point wise infimum of any two fuzzy final segments of an ADL need not be a fuzzy final

segment. However, we prove the following.

Theorem 3.3. Let A be an ADL. Then the following are equivalent to each other.
(1) The point wise meet of any two fuzzy final segments of A is again a fuzzy final segment.
(2) (A, <) is directed above.
(3) A is a distributive lattice.
(4) The set of all fuzzy final segments of A is a lattice.
(5) The set of all final segments of A is a lattice.

(6) The set of all final segments of A is closed under finite intersections.

Proof. (1) = (2) : Let a and b € A. Then X[, and x|, are fuzzy final segment of A, and by
(1), X[a) /\ X[p) IS also a fuzzy final segment of A, in perticular, there exists xo € A such that
(X[2) A X)) (X0) = X[a)(x0) AX[p)(x0) = 1. Then xo € [a)N[b), so that a < xp and b < xo. Therefore
(A, <) is directed above.

(2) = (3) : It is consequence of theorem 1.4 (11)

(3) = (1) : Let X and u be fuzzy final segments of A. Choose x and y € A such that A(x) =1 and
AMy)=1. By (3), x<xVyandy<xVy and hence

A(X) S AxVy)and p(y) < p(xVy).

“AxVy)=1land u(xVy)=1

For any a, b € A with a < b, we have

A(a) A p(a) < A(b) A u(b)

and hence (AA w)(a) = (A A w)(b). Therefore X A w is a fuzzy final segment of A.

(1) = (4) : Let X and u be fuzzy final segments of A. Then, by (1), A A u is a fuzzy final segment
of A and is the g./.b {\, u} with respect to the point wise ordering <. Also, by (1), clearly AV u ;
the point wise supremum of A and w is a fuzzy final segment of A and which is the /.u.b {X\, u} with
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respect to <. Thus the set of all fuzzy final segments of A is lattice under <.
(4) = (1) : Itis clear. (3) = (5) = (6) = (3) is well known result ( by theorem 3.4 in [16] ). O
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(1]

2]

(3]

4]

(5]

(6]

[7]

(8]

[9]

(10]

(11]

(12]

(13]

(14]

[15]

(16]
(17]

References

J.A. Goguen, L-Fuzzy Sets, J. Math. Anal. Appl. 18 (1967), 145-174. https://doi.org/10.1016/0022-247x(67)
90189-8.

N. Kuroki, On Fuzzy ldeals and Fuzzy Bi-ldeals in Semigroups, Fuzzy Sets Syst. 5 (1981), 203-215. https:
//doi.org/10.1016/0165-0114(81)90018-x.

W. Liu, Fuzzy Invariant Subgroups and Fuzzy Ideals, Fuzzy Sets Syst. 8 (1982), 133-139. https://doi.org/10.
1016/0165-0114(82)90003-3.

D.S. Malik, J.N. Mordeson, Extensions of Fuzzy Subrings and Fuzzy Ideals, Fuzzy Sets Syst. 45 (1992), 245-251.
https://doi.org/10.1016/0165-0114(92)90125-n.

T.K. Mukherjee, M.K. Sen, On Fuzzy Ideals of a Ring |, Fuzzy Sets Syst. 21 (1987), 99-104. https://doi.org/
10.1016/0165-0114(87)90155-2.

N. Teshale Amare, S. Gonnabhaktula, Ch. Santhi Sundar Raj, L-Fuzzy Prime Spectrums of ADLs, Adv. Fuzzy Syst.
2021 (2021), 5520736. https://doi.org/10.1155/2021/5520736.

A. Rosenfeld, Fuzzy Groups, J. Math. Anal. Appl. 35 (1971), 512-517. https://doi.org/10.1016/0022-247x(71)
90199-5.

Ch.S.S. Raj, N.T. Amare, U.M. Swamy, Fuzzy Prime Ideals of ADL's, Int. J. Comput. Sci. Appl. Math. 4 (2018),
32-36. https://doi.org/10.12962/j24775401.v412.3187.

Ch.S.S. Raj, N.T. Amare, U.M. Swamy, Prime and Maximal Fuzzy Filters of ADLs, Palestine J. Math. 9 (2020),
730-739.

M.H. Stone, The Theory of Representation for Boolean Algebras, Trans. Amer. Math. Soc. 40 (1936), 37-111.
https://doi.org/10.2307/1989664.

U.M. Swamy, Ch.S.S. Raj, A.N. Teshale, Fuzzy ldeals of Almost Distributive Lattices, Ann. Fuzzy Math. Inf. 14
(2017), 371-379.

U.M. Swamy, D.V. Raju, Algebraic Fuzzy Systems, Fuzzy Sets Syst. 41 (1991), 187-194. https://doi.org/10.
1016/0165-0114(91)90222-c.

U.M. Swamy, D.V. Raju, Fuzzy Ideals and Congruences of Lattices, Fuzzy Sets Syst. 95 (1998), 249-253. https:
//doi.org/10.1016/s0165-0114(96)00310-7.

U.M. Swamy, G.C. Rao, Almost Distributive Lattices, J. Aust. Math. Soc. A. 31 (1981), 77-91. https://doi.
org/10.1017/s1446788700018498.

U.M. Swamy, K.L.N. Swamy, Fuzzy Prime Ideals of Rings, J. Math. Anal. Appl. 134 (1988), 94-103. https:
//doi.org/10.1016/0022-247x(88)90009-1.

R.V. Babu, B. Venkateswarlu, Initial and Final Segments in ADL's, Southeast Asian Bull. Math. 41 (2017), 127-131.
L.A. Zadeh, Fuzzy Sets, Inf. Control. 8 (1965), 338-353. https://doi.org/10.1016/s0019-9958(65)90241-x.


https://doi.org/10.1016/0022-247x(67)90189-8
https://doi.org/10.1016/0022-247x(67)90189-8
https://doi.org/10.1016/0165-0114(81)90018-x
https://doi.org/10.1016/0165-0114(81)90018-x
https://doi.org/10.1016/0165-0114(82)90003-3
https://doi.org/10.1016/0165-0114(82)90003-3
https://doi.org/10.1016/0165-0114(92)90125-n
https://doi.org/10.1016/0165-0114(87)90155-2
https://doi.org/10.1016/0165-0114(87)90155-2
https://doi.org/10.1155/2021/5520736
https://doi.org/10.1016/0022-247x(71)90199-5
https://doi.org/10.1016/0022-247x(71)90199-5
https://doi.org/10.12962/j24775401.v4i2.3187
https://doi.org/10.2307/1989664
https://doi.org/10.1016/0165-0114(91)90222-c
https://doi.org/10.1016/0165-0114(91)90222-c
https://doi.org/10.1016/s0165-0114(96)00310-7
https://doi.org/10.1016/s0165-0114(96)00310-7
https://doi.org/10.1017/s1446788700018498
https://doi.org/10.1017/s1446788700018498
https://doi.org/10.1016/0022-247x(88)90009-1
https://doi.org/10.1016/0022-247x(88)90009-1
https://doi.org/10.1016/s0019-9958(65)90241-x

	1. Introduction
	2. Fuzzy Initial Segments
	3. Fuzzy Final Segments
	References

