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Abstract. An essential space curve in the study of differential geometry is the rectifying curve. In

this paper, we studied the adequate requirement for a rectifying curve under the isometry of the

surfaces. The normal components of the rectifying curves are also studied, and it is investigated that

for rectifying curves, the Christoffel symbols and the normal components along the surface normal are

invariant under the isometric transformation. Moreover, we also studied some properties for the first

fundamental form of the surfaces.

1. Introduction

Differential geometry is the area of geometry that employs calculus to study the characteristics of

curves and surfaces of all kinds. It primarily focuses on the features of a small subset of geometric

configurations of curves and surfaces. Different types of curves are explored in differential geometry,

but the regular curves are the most significant ones. The number of continuous derivatives is a

characteristic that indicates how smooth a curve is. If a curve is differentiable and thus continuous

everywhere, it is considered to be smooth. Similar to this, if a curve can be differentiated and has no

zero derivative, it is said to be regular. In differential geometry, the study of regular maps is a key

area of research. For more information on the regular curve, we can refer the reader to see [3].

There are many ways to categorise motions, but we’ll concentrate on the ones that preserve particu-

lar geometrical characteristics. We categorise transformations generally into the following equivalence

classes: conformal, isometric, homothetic, and non-conformal or general motion, depending on the
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varying nature of the mean curvature (M) and the Gaussian curvature (G). In isometry, lengths and

angles between curves on surfaces are both preserved. In terms of geometry, isometry preserves the

Gaussian curvature’s invariance while altering the mean curvature. The isometry between a helicoid

and a catenoid, which suggests that they have the same G but different M, is one of the best known

examples.

The most significant transformation is a conformal transformation, which preserves angles in terms

of magnitude and direction but not always in terms of length. Conformal maps play a significant role

in cartography. The stereographic projection, which maps a sphere onto a plane, is the most typical

example of conformal transformation. In the year 1569, Gerardus Mercator initially used this conformal

map characteristic to produce the legendary Mercator’s globe map, the first conformal world map. We

suggest that the reader watch an animated movie on conformal maps that was released by Bobenko

and Gunn in 2018 along with Springer VideoMATH for additional details regarding the application of

conformal maps [7]. Angles and distances between any pair of intersecting curves are not preserved in

the context of general motion. The use of motion, transformation, and maps is for same throughout

the paper.

The normal, rectifying, and osculating curves are the most often covered topics in differential

geometry, therefore they are typically covered in every basic book on differential geometry of curves

and surfaces. For more information on these topics, we can refer the reader to see [1, 3, 6]. In

the Euclidean 3-Dimensional space R3, Chen et al. [4, 10] studied the motion of rectifying curves

and investigated some of the basic properties of such curves. Shaikh et al. [1, 2, 6, 13] investigated

the sufficient conditions for the invariance of the conformal image of osculating and normal curves

on smooth immersed surfaces and found that there are various other properties of such curves that

remain invariant under the isometry of surfaces. In the year 2003, Chen [4] came across the following

query regarding rectifying curves: What occurs when a space curve’s position vector is always within

the range of its rectifying plane. It was found that, under the assumption that surfaces are isometric,

the component of the position vector of a space curve along the surface normal remains constant.

This paper’s primary objective is to expand on the work of Lone et al. [5, 12, 13], they studied

the geometric invariants of normal curves under conformal transformation in the Euclidean space

E3. In [5],the author explored the behaviour of the normal and tangential components of the normal

curves under the same motion as well as the invariant characteristics of normal curves under conformal

transformation. By motivating from the work of Shaikh and Ghosh in the recent papers [2, 6], where

they studied regarding the geometric invariants properties of rectifying curves on smooth surface under

isometry of the surfaces.

Further in [1], they investigated the invariant properties of osculating curves under the isometry

of surfaces. But a natural question arises: What happens with the geometric properties of rectifying

curves with respect to conformal transformation in Euclidean space R3.
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In the present paper, we attempt to investigate the conformal image for rectifying curve on regular

surfaces under the different transformation. Moreover, we also study some geometric properties for

the first fundamental form of the surfaces, as well as the derivation for the normal components of a

rectifying curve under the conformal transformation. This article demonstrated that the Christoffel

symbols and normal component for the rectifying curves are also invariant under the isometry of the

surfaces.

The format of this paper is as follows: Section 2 covers some fundamental definitions and infor-

mation about dilation function, geodesic curvature, normal curvature, rectifying curves, and normal

curves. Section 3 deals with the understanding of rectifying curves on regular surfaces and their

conformal image under various transformations. We also examine the major results in this section.

2. Preliminaries

This section includes some essential information on rectifying curves, including their first funda-

mental form, geodesic and normal curvature, and some basic definitions. Let P and P̃ be two smooth

and regular immersed surfaces in the Euclidean space R3, and G : P → P̃ be a smooth map. A

necessary and sufficient condition for G to be conformal is the first fundamental form quantities be-

ing proportional. In other words, the area element of P and P̃ are proportional to a differentiable

function (factor), which is denoted by ζ(x, y) and is commonly known as dilation function. For more

information on the dilation function, we can refer the reader to see [3, 8, 10]. A generalised class of

certain motions is the conformal transformation, which is defined in the following way [8]:

• When the dilation factor ζ(x, y) = c , where c is a constant with c 6= {0, 1}, then G is a

homothetic transformation.

• When the function ζ(x, y) = 1, then G becomes isometry.

Let δ : I ⊂ R → R3 be unit speed smooth parametrized curve with at least fourth order continuous

derivative, by an arc length parameter (r). Let the tangent, normal, and binormal of the curve δ is

denoted by ~t, ~n and ~b respectively. At each point on the curve δ(r), the vectors ~t, ~n, and ~b are

mutually perpandicular to each other and the triplet {~t, ~n,~b} so forms an orthonormal frame.

Consider ~t ′(r) 6= 0, the unit normal vector ~n along the tangents at a point on the curve δ, then

we can write ~t ′(r) = κ(r)~n(r), where ~t ′(r) is the derivative of ~t with respect to arc length parameter

‘r’ and κ(r) is the curvature of δ(r). Also the binormal vector field is denoted by ~b and is defined by
~b = ~t × ~n, and we can write ~b′(r) = τ(r)~n(r), where τ(r) is another curvature function known as

torsion of the curve δ(r).
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In [3, 11,15], Serret-Frenet equations are given as follows:

~t ′(r) = κ(r)~n(r),

~n′(r) = −κ(r)~t(r) + τ(r)~b(r),

~b′(r) = −τ(r)~n(r),

where the functions κ and τ are respectively called the curvature and torsion of the curve δ, satisfying

the following conditions:

~t(r) = δ′(r), ~n(r) =
~t ′(r)

κ(r)
and ~b(r) = ~t(r)× ~n(r).

From the arbitrary point δ(r) on the curve δ, we see that the plane spanned by {~t, ~n} is called the

osculating plane, and the plane spanned by {~t,~b} is called the rectifying plane. In the same way the

plane spanned by {~n,~b} is called the normal plane. Whenever we talk about the position vector of the

curve, which defines the different kinds of curves [12, 16,17] :

• It is possible to define a curve as being a normal curve if its position vector is in the normal

plane.

• A curve is said to be a rectifying curve if its position vector is in the rectifying plane.

• If a curve’s position vector is in the osculating plane, then the curve is said to be an osculating

curve.

Firstly, try to investigate the properties of a rectifying curve on regular surfaces are invariant under

conformal transformation.

If the position vector of a curve is located in the rectifying plane, then the curve is said to be a

rectifying curve [8, 12,15], i.e.,

δ(r) = µ1(r)~t(r) + µ2(r)~b(r), (2.1)

where µ1 and µ2 are two smooth functions. Let σ : U → P be the coordinate chart map on the regular

surface P and the smooth parametrized unit speed curve δ(r) : I → P , where I = (a , b) ⊂ R and

U⊂ R2.
As a result, the curve δ(r) is given by

δ(r) = σ(x(r), y(r)). (2.2)

By using chain rule to differentiate (2.2), with respect to r , we get

δ′(r) = σxx
′ + σyy

′. (2.3)

Now, ~t(r) = δ′(r). Then, from equation (2.3), we find that

~t(r) = σxx
′ + σyy

′. (2.4)
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When we differentiate equation (2.4) again in terms of r , we obtained

~t ′(r) = x ′′σx + y ′′σy + x ′2σxx + 2x ′y ′σxy + y ′2σyy .

If N is the normal to the surface P and κ(r) is the curvature of the curve δ(r), then the normal vector

~n(r) can be written as

~n(r) =
1

κ(r)
(x ′′σx + y ′′σy + x ′2σxx + 2x ′y ′σxy + y ′2σyy ). (2.5)

Now the binormal vector ~b(r) can be written as

~b(r) = ~t(r)× ~n(r).

By substituting the value of ~t(r) and ~n(r) from equation (2.4) and (2.5) we obtained

~b(r) =
1

κ(r)
[(σxx

′ + σyy
′)× (x ′′σx + y ′′σy + x ′2σxx + 2x ′y ′σxy + y ′2σyy )],

=
1

κ(r)
[(y ′′x ′ − y ′x ′′)N + x ′3σx × σxx + 2x ′2y ′σx × σxy + x ′y ′2σx × σyy

+x ′2y ′σy × σxx + 2x ′y ′2σy × σxy + y ′3σy × σyy ]. (2.6)

2.1. First Fundamental Form. Let σ = σ(x, y) represents the equation of a surface. Let us define

E = (σx · σx), F = (σx · σy ), G = (σy · σy ). Then the expression Edx2 + 2Fdxdy + Gdy2 is

called the first fundamental form, and E, F , and G are called the first fundamental form coefficient

or the first fundamental form magnitude. Note that in the above expression, dx and dy cannot

vanish together. We denote notion of
√
EG − F 2 by H. A necessary and sufficient condition for the

surfaces P and P̃ to be isometric is that the first fundamental form magnitude are invariant, i.e.,

Ẽ = E, F̃ = F, G̃ = G. For more detail one can refer [5]. Some of the main results concerning

the first fundamental form are given as follows:

Theorem 2.1. Let P and P̃ be two regular surfaces in the Euclidean space R3 and E, F , G are the

coefficients of the first fundamental form of the surfaces. Then

(i) The first fundamental form is the square of the metric.

(ii) The first fundamental form is positive definite form.

(iii) H = |σx × σy |.

Proof. Let x = x(r), y = y(r) be the curve on the surface σ = σ(x, y). Let Q(σ) and R(σ+dσ)

be two neighbouring points on the curve corresponding to the parameter (x, y) and (x + dx, y + dy)

respectively, such that arc (QR) = ds. Then

dσ =
∂σ

∂x
dx +

∂σ

∂y
dy

= σxdx + σydy.
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Since Q and R are neighbouring points, therefore arc(QR) = chord (QR), i.e.,

ds2 = |dσ|2,

= (dσ) · (dσ),

= (σxdx + σydy) · (σxdx + σydy),

= σx · σxdx2 + 2σx · σydxdy + σy · σydy2,

= Edx2 + 2Fdxdy + Gdy2.

This proves that the first fundamental form is the square of the metric.

Proof (ii): To prove the positive definiteness of the first fundamental form, it is sufficient to show

that, for all real values of dx and dy , the expression for the first fundamental form is greater than 0.

Now,

Edx2 + 2Fdxdy + Gdy2 =
1

E
[E2dx2 + 2EFdxdy + EGdy2],

=
1

E
[(Edx + Fdy)2 + (EG − F 2)dy2],

=
1

E
[(Edx + Fdy)2 +H2dy2],

≥ 0

for all real values of dx and dy . If 1E [(Edx + Fdy)2 +H2dy2] = 0

⇒ Edx + Fdy = 0 and Hdy = 0

⇒ Edx + Fdy = 0 and dy = 0, as H 6= 0

⇒ Edx = 0, and dy = 0

⇒ dx = 0, dy = 0, which are not possible because dx and dy cannot vanish together.

Thus, Edx2 + 2Fdxdy + Gdy2 > 0, for all real values of dx and dy . It means that the first

fundamental form for the surface is positive definite.

Proof (iii): We denote
√
EG − F 2 by H. Therefore, we can write

H2 = EG − F 2,

= (σx · σx)(σy · σy )− (σx · σy )2,

= σ2xσ
2
y − σ2xσ2ycos2(θ),

= σ2xσ
2
y (1− cos2(θ)),

= σ2xσ
2
y sin

2(θ),

= (σ2x × σ2y ) · (σ2x × σ2y ),

= |σx × σy |2.

This proves (iii). �
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Definition 2.1. Let P and P̃ be two regular surfaces in R3. Then a diffeomorphism G : P→P̃ is an

isometry if G maps the curve of same length from P to P̃ .

Definition 2.2. [4] Let P and P̃ be two regular surfaces in the Euclidean space R3 and δ(r) be a

curve having arc length parametrization lies on the surface P. Then δ′(r) is perpandicular to the unit

surface normal N, and also δ′(r) and δ′′(r) are perpandicular. Thus, δ′′ can be represented as the

linear combination of N and N×δ′, i.e.,

δ′′ = κnN+ κgN×δ′,

where the parameters κn and κg, which are commonly known as the normal and geodesic curvatures

of the curve δ, and are given by

κn = δ′′·N,

κg = δ′′·(N× δ′).

Now from Serret-Frenet equations we have ~t ′(r) = δ′′(r) = κ(r)~n(r).

Now,

κn = δ′′·N,

= κ(r)~n(r)·N,

= (x ′′σx + y ′′σy + x ′2σxx + 2x ′y ′σxy + y ′2σyy )·N,

= (x ′′σx + y ′′σy + x ′2σxx + 2x ′y ′σxy + y ′2σyy )·(σx×σy ).

By solving the above expression and using the properties of vectors, we find that

κn = x ′2X + 2x ′y ′Y + y ′2Z,

where X, Y, and Z are the magnitudes of second fundamental form [3,11,14].

This leads us to the conclusion that the curve δ(r) on the surface P , is asymptotic if and only if the

normal curvature κn = 0 [9, 13].

3. Conformal image of a rectifying curve

Consider two regular surfaces P and P̃ in the Euclidean space R3 and δ(r) is a rectifying curve that

is located on the surface P . Then δ(r) can be written as:

δ(r) = µ1(r)~t(r) + µ2(r)~b(r).

Now using equation (2.4) and (2.6) we get,

δ(r) = µ1(r)(σxx
′ + σyy

′) + µ2(r)
1

κ(r)
{(x ′y ′′ − x ′′y ′)N+ x ′3σx × σxx + 2x ′2y ′σx × σxy

+x ′y ′2σx × σyy + x ′2y ′σy × σxx + 2x ′y ′2σy × σxy + y ′3σy × σyy}. (3.1)
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Theorem 3.1. Let G : P → P̃ be an isometry between two regular and smooth surfaces P and P̃ in

the Euclidean space R3 and δ(r) be a rectifying curve on the surface P . Then the Christoffel symbols

for δ(r) are invariant under G.

Proof. Since G : P → P̃ is an isometry and E = (σx · σx), F = (σx · σy ), G = (σy · σy ).

As E, F and G are the function of both x and y , then on differentiate with regard to x and y we find

that

Ex = (σx · σx)x = 2σxx · σx ⇒ σxx · σx =
Ex
2

(3.2)

Similarly, we can find

σxx · σy = Fx −
Ey
2
, σxy · σx =

Ey
2
, σxy · σy =

Gx
2
,

σyy · σx = Fy −
Gx
2
, σyy · σy =

Gy
2
.

 (3.3)

Let Γnlm, where{l , m, n = 1, 2}, be the Christoffel symbols of second kind. Then we have,

Γ111 =
1

2H2
{GEx + F [Ey − 2Fx ]},

Γ211 =
1

2H2
{E[2Fx − Ey ]− FEy},

Γ212 =
1

2H2
{EGx − FEy} = Γ221,

Γ222 =
1

2H2
{EGy + F [Gy − 2Fy ]},

Γ122 =
1

2H2
{G[2Fy − Gx ]− FGy},

Γ121 =
1

2H2
{GEy − FGx} = Γ112,



(3.4)

where H =
√
EG − F 2.

Now, for the conformal transformation these Christoffel symbols taking the form

Γ̃111 = Γ111 + Θ111, Γ̃211 = Γ211 + Θ211, Γ̃112 = Γ112 + Θ112,

Γ̃212 = Γ212 + Θ212, Γ̃122 = Γ122 + Θ122, Γ̃222 = Γ222 + Θ222,

 (3.5)

where

Θ111 =
EGζx − 2F 2ζx + FEζy

ζH2

Θ211 =
EFζx − E2ζy

ζH2
,

Θ112 =
EGζy − FGζx

ζH2
,

Θ212 =
EGζx − FEζy

ζH2
,

Θ122 =
GFζy − G2ζx

ζH2
,

Θ222 =
EGζy − 2F 2ζv + FGζu

ζH2
.



(3.6)
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Now for the isometry between the surface we have ζ = 1, then on putting ζ = 1 in equation

(3.6), we find that all Θnlm = 0, for l , m, n = {1, 2}. On putting Θnl,m = 0 for l , m, n = {1, 2},
in equation (3.5) we get

Γ̃nlm = Γnlm.

This proves that for an isometry, the Christoffel symbols are invariant. �

Theorem 3.2. Let G : P → P̃ be a conformal map between two regular and smooth surfaces P

and P̃ in the Euclidean space R3 and δ(r) be a rectifying curve on the surface P . Then the normal

component of the curve δ(r) along the surface normal N, satisfying the following conditions:

δ̃(r) · Ñ− ζ4δ(r) · N =
µ2(r)

κ(r)
ζ4H2(x ′3Θ211 − y ′3Θ122 + 2x ′2y ′Θ212 + x ′y ′2Θ222 + x ′2y ′Θ112 + 2x ′y ′2Θ112).

Proof. Given that P̃ is the conformal image of P under the map G, and δ(r) is a rectifying curve on

P . Let σ(x, y) and σ̃(x, y) be the surface patches of P and P̃ respectively, and σ̃(x, y) = G ◦σ(x, y).

We know that E = (σx · σx), F = (σx · σy ), G = (σy · σy ). Now for dilation function ζ we have

Ẽ = ζ2E, F̃ = ζ2F, G̃ = ζ2G. (3.7)

On differentiating the above terms with respect to both x and y, we get

Ẽx = 2ζζxE + ζ2Ex , Ẽy = 2ζζyE + ζ2Ey ,

F̃x = 2ζζxF + ζ2Fx , F̃y = 2ζζyF + ζ2Fy ,

G̃x = 2ζζxG + ζ2Gx , G̃y = 2ζζyG + ζ2Gy .

 (3.8)

Now for finding the normal component of the curve δ(r) along the surface normal N, we have

δ(r) · N = [µ1(r)(σxx
′ + σyy

′) + µ2(r)
1

κ(r)
{(x ′y ′′ − x ′′y ′)N+ x ′3σx × σxx + 2x ′2y ′σx × σxy

+x ′y ′2σx × σyy + x ′2y ′σy × σxx + 2x ′y ′2σy × σxy + y ′3σy × σyy}] · N,

= µ1(r)(σxx
′ + σyy

′) · N+ [µ2(r)
1

κ(r)
{(x ′y ′′ − x ′′y ′)N+ x ′3σx × σxx + 2x ′2y ′σx × σxy

+x ′y ′2σx × σyy + x ′2y ′σy × σxx + 2x ′y ′2σy × σxy + y ′3σy × σyy}] · N,

= µ1(r)(σxx
′ + σyy

′) · (σx × σy ) +
µ2(r)

κ(r)
{(x ′y ′′ − x ′′y ′)(EG − F 2) + x ′3(σx × σxx) · (σx × σy )

+2x ′2y ′(σx × σxy )(σx × σy ) + x ′y ′2(σx × σyy ) · (σx × σy ) + x ′2y ′(σy × σxx) · (σx × σy )

+y ′3(σy × σyy ) · (σx × σy ),

=
µ2(r)

κ(r)
{(x ′y ′′ − x ′′y ′)(EG − F 2) + x ′3{E(Fx −

Ey
2

)−
FEx

2
}+ 2x ′2y ′{

EGx
2
−
FEy

2
}

+x ′y ′2{
EGy

2
− F (Fy −

Gx
2

)}+ x ′2y ′{
FGx

2
−
GEx

2
}+ 2x ′y ′2{

FGx
2
−
GEy

2
}

+y ′3{
FGy

2
− G(Fy −

Gx
2

)}}. (3.9)
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Now on using equation (3.4) in equation (3.9), we obtained

δ(r) · N =
µ2(r)

κ(r)
(EG − F 2){(x ′y ′′ − x ′′y ′) + x ′3Γ211 + 2x ′2y ′Γ212 + x ′y ′2Γ222 + x ′2y ′Γ112

+2x ′y ′2Γ112 − y ′3Γ122}. (3.10)

Thus in view of (3.5), (3.7), and (3.10), the above equation can be written as

δ̃(r) · Ñ− ζ4δ(r) · N =
µ2(r)

κ(r)
ζ4H2(x ′3Θ211 + 2x ′2y ′Θ212 + x ′y ′2Θ222 + x ′2y ′Θ112 + 2x ′y ′2Θ112 − y ′3Θ122).

�

Corollary 3.1. Let G : P → P̃ be an isometry between two regular and smooth surfaces P and P̃ in

the Euclidean space R3 and δ(r) be a rectifying curve on the surface P . Then the normal component

of the curve δ(r) along the surface normal N is invariant under the isometry G, i.e. δ̃(r) · Ñ = δ(r) ·N.

Proof. Since for an isometry the dilation function ζ = 1, if we put ζ = 1 in the theorem (3.2), we

obtained δ̃(r) · Ñ = δ(r) · N. �

4. Conclusion

In this article, we investigate some geometric properties for the first fundamental form of the

surfaces. We also introduce the invariant properties for a class of curves, namely rectifying curves,

and their geometric invariance under isometric transformations. We came up with a derivation for

the rectifying curves’ normal components and discovered that both the Christoffel symbols and the

normal components are isometrically invariant.

In future, one can study some other properties of the first and second fundamental forms of the

surface. One can also make some new and intresting results about the conformal image of other classes

of curves, namely osculating and normal curves under conformal transformation. Moreover, One can

also check for these curves, the normal and tangential components, normal and geodesic curvature,

and the Christoffel symbols of the first and second kinds are invariant under these transformations.
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