Int. J. Anal. Appl. (2023), 21:88

International Journal of Analysis and Applications

Some Properties of Generalized (A, a)-Closed Sets

Chawalit Boonpok, Montri Thongmoon*

Mathematics and Applied Mathematics Research Unit, Department of Mathematics, Faculty of
Science, Mahasarakham University, Maha Sarakham, 44150, Thailand

*Corresponding author: montri.t@msu.ac.th

Abstract. The aim of this paper is to introduce the concept of generalized (A, a)-closed sets. More-
over, we investigate some characterizations of /\a—T%—spaces, (A, a)-normal spaces and (A, a)-regular

spaces by utilizing generalized (A, a)-closed sets.

1. Introduction

The concept of generalized closed sets was first introduced by Levine [7]. Moreover, Levine defined
a separation axiom called T% between Ty and 7. Dontchev and Ganster [3] introduced the notion of
T%—spaces which are situated between T7; and T% and showed that the digital line or the Khalimsky
line [5] (Z, k) lies between T; and T%. As a modification of generalized closed sets, Palaniappan
and Rao [10] introduced and studied the notion of regular generalized closed sets. As the further
modification of regular generalized closed sets, Noiri and Popa [9] introduced and investigated the
concept of regular generalized a-closed sets. Park et al. [11] obtained some characterizations of T%
spaces. Dungthaisong et al. [4] characterized u(m,n)—T% spaces by utilizing the concept of L n)-
closed sets. Torton et al. [12] introduced and studied the notions of pp, ,)-regular spaces and gy, -
normal spaces. Buadong et al. [1] introduced and investigated the notions of T;-GTMS spaces
and T>-GTMS spaces. Caldas et al. [2] by considering the concepts of a-open sets and a-closed
sets, introduced and investigated A4-sets, (A, a)-closed sets, (A, a)-open sets and the (A, a)-closure
operator. Khampakdee and Boonpok [6] studied some properties of (A, a)-open sets. In the present

paper, we introduce the concept of generalized (A, a)-closed sets. Furthermore, some properties of
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generalized (A, a)-closed sets are discussed. In particular, several characterizations of Aq-T1-spaces,
2

(A, a)-normal spaces and (A, a)-regular spaces are established.

2. Preliminaries

Let A be a subset of a topological space (X, 7). The closure of A and the interior of A are denoted
by CI(A) and Int(A), respectively. A subset A of a topological space (X, T) is said to be a-open [8] if
A C Int(CI(Int(A))). The complement of an a-open set is called a-closed. The family of all a-open
sets in a topological space (X, T) is denoted by a(X, 7). A subset Ay(A) [2] is defined as follows:

Aa(A) = N{O € a(X, T)|AC O},

Lemma 2.1. [2] Forsubsets A, B and A;(i € 1) of a topological space (X, T), the following properties
hold:

(1) AC Ag(A).

(2) If AC B, then Aa(A) C Aa(B).

(3) Na(Na(A)) = Aa(A).

(4) Na(N{Ajli € 1}) Cn{As(A)]i € 1}.

(5) Aa(U{Aili € 1}) = U{Aa(A)]i € 1}.

Recall that a subset A of a topological space (X, T) is said to be a Ay-set [2] if A= Ay(A).

Lemma 2.2. [2] For subsets A and A;(i € I) of a topological space (X, T), the following properties
hold:

(1) Ao(A) is a Ny-set.

(2) If A is a-open, then A is a Ny-set.

(3) If Aj is a Ny-set for each i € I, then Njc A; is a Ny-set.

(4) If Aj is a Ny-set for each i € I, then Ujc/A; is a \y-set.

A subset A of a topological space (X, T) is called (A, a)-closed [2] if A= TNC, where T is a Ag-set
and C is an a-closed set. The complement of a (A, a)-closed set is called (A, a)-open. The collection
of all (A, a)-open (resp. (A, a)-closed) sets in a topological space (X, T) is denoted by AqO(X, T)
(resp. NAqC(X,T)). Let A be a subset of a topological space (X, 7). A point x € X is called a
(N, a)-cluster point of A [2] if for every (A, a)-open set U of X containing x we have ANU # (). The
set of all (A, a)-cluster points of A is called the (A, a)-closure of A and is denoted by AN,

Lemma 2.3. [2] Let A and B be subsets of a topological space (X, T). For the (A, a)-closure, the
following properties hold:

(1) AC AN apd [AND](A) — A(Ne),

(2) AN =n{FIAC F and F is (A, a)-closed}.

(3) If AC B, then AN C B(Aa),
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(4) A is (N, a)-closed if and only if A= AN
(5) AN s (A, a)-closed.

Definition 2.1. [6] Let A be a subset of a topological space (X, T). The union of all (A, a)-open
sets of X contained in A is called the (N, a)-interior of A and is denoted by A(p «)-

Lemma 2.4. [6] Let A and B be subsets of a topological space (X, T). For the (A, a)-interior, the
following properties hold:

1) Aina) € A and [Analine = Ara)-

2) If AC B, then Ainay € Bina):

3) Ais (A, a)-open if and only if Aip o) = A.
4) Ana) Is (A, a)-open.

(5) [X — AN = X — Ap o

(6) [X — Al(ra) = X — At

(
(
(
(

3. Generalized (A, a)-closed sets

In this section, we introduce the notion of generalized (A, a)-closed sets. Moreover, some properties

of generalized (A, a)-closed sets are discussed.

Definition 3.1. A subset A of a topological space (X, T) is said to be generalized (A, a)-closed (briefly
g-(N\, a)-closed) if AN C U and U is (A, a)-open in (X, T). The complement of a generalized (A, a)-
closed set is said to be generalized (N, a)-open (briefly g-(A\, a)-open).

Definition 3.2. A topological space (X, T) is said to be Ao-symmetric if for x and y in X, x € {y}(\e)
implies y € {x}(\2).

Theorem 3.1. A topological space (X, T) is No-symmetric if and only if {x} is g-(\, a)-closed for
each x € X.

Proof. Assume that x € {y}N® but y ¢ {x}(M®)  This implies that the complement of {x}(\®)
contains y. Therefore, the set {y} is a subset of the complement of {x}(*®)  This implies that

(Ao, (A contains x

{y}A) is a subset of the complement of {x} Now the complement of {x}
which is a contradiction.

Conversely, suppose that {x} C V € A,O(X,T), but {x}(*®) is not a subset of V. This means
that {x}(/\'a) and the complement of V are not disjoint. Let y belongs to their intersection. Now, we

have x € {y}N®) which is a subset of the complement of VV and x ¢ V. This is a contradiction. [J

Theorem 3.2. A subset A of a topological space (X, T) is g-(A\, a)-closed if and only if AN — A

contains no nonempty (A, a)-closed set.
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Proof. Let F be a (A, a)-closed subset of AN — A Now, A C X — F and since A is g-(A, a)-closed,
we have AN C X — For FC X — AN Thus, F € AN 0 [X — AN®] = and hence F is

empty.
Conversely, suppose that A C U and U is (A, a)-open. If AN ¢ U, then AN N (X —U) is a
nonempty (A, a)-closed subset of AN — A, O

Definition 3.3. Let A be a subset of a topological space (X, T). The (A, a)-frontier of A, N Fr(A),
is defined as follows: N Fr(A) = AN N [X — A|(Ae),

Theorem 3.3. Let A be a subset of a topological space (X, T). If A is g-(\, a)-closed and
ACV e NO(X, T),
then N Fr(V) C [X = Al(na)-
Proof. Let A be g-(A, a)-closed and A C V € A,O(X,T). Then, AN C V. Suppose that x €

AoFr(V). Since V € NgO(X, T), NoFr(V) = VA — v/ Therefore, x ¢ V and x ¢ AN Thus,
x € [X = Al(ra) and hence Ao Fr(V) C [X — Al(p.q)- O

Theorem 3.4. Let (X, T) be a topological space. For each x € X, either {x} is (A, a)-closed or

g-(\, a)-open.

Proof. Suppose that {x} is not (A, a)-closed. Then, X — {x} is not (A, a)-open and the only (A, &)-
open set containing X —{x} is X itself. Thus, [X —{x}]®) C X and hence X —{x} is g-(A, o)-closed.
Therefore, {x} is g-(A, a)-open. O

Theorem 3.5. Let A be a subset of a topological space (X, T). Then, A is g-(\, a)-open if and only
if F C Ana) whenever F C A and F is (N, a)-closed.

Proof. Suppose that A is g-(A, a)-open. Let F C A and F be (A, a)-closed. Then, we have
X—-—ACX—-FeNO(X,T)
and X — Ais g-(A, a)-closed. Thus, X — Apq) = [X — AN C X — F and hence F C Aha)-
Conversely, let X — A C U and U € A,O(X,T). Then, X —U C Aand X — U is (A, a)-closed. By

the hypothesis, X — U C A(p o) and hence [X — A][M®) = X — A(s o) C U. This shows that X — A is
g-(A, a)-closed. Thus, A is g-(A\, a)-open. O

Theorem 3.6. A subset A of a topological space (X, T) is g-(A\, o)-closed if and only if AN{x}"®) £ ()

for every x € AN,

Proof. Let Abe a g-(A, a)-closed set and suppose that there exists x € AN such that AN{x}(N®) =
0. Therefore, A C X — {x}(*® and so AN C X — {x}(AY  Hence x ¢ AN which is a

contradiction.
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Conversely, suppose that the condition of the theorem holds and let U be any (A, a)-open set
containing A. Let x € AN Then, by the hypothesis AN AN®) =£ () so there exists y € AN{x}Ne)
andsoy € AC U. Thus, {x}NU # 0. Hence x € U, which implies that AAN® C U. This shows
that A is g-(A, a)-closed. O

Definition 3.4. A subset A of a topological space (X, T) is said to be locally (A, a)-closed if A= UNF,
where U € N\qO(X, T) and F is a (A, a)-closed set.

Theorem 3.7. For a subset A of a topological space (X, T), the following properties are equivalent:

(1) A s locally (A, a)-closed;

(2) A=UNANY for some U € NyO(X, T);
(3) AN — Ajs (A, a)-closed;

(4) AUX — AN € ALO(X, T),

(5) AC[AUX — AN p 4.

Proof. (1) = (2): Suppose that A = UN F, where U € N\,O(X,T) and F is a (A, a)-closed set.
Since A C F, we have AN C F(M®) = £ Since AC U, ACUNANY CUNF = A Thus,
A= Un AN for some U € Ay O(X, 7).

(2) = (3): Suppose that A= U N AN for some U € A, O(X, T). Then, we have

AN _ A — (X —Un AN A AN — (X — ) 0 AN,

Since (X — U) N AN is (A, a)-closed, AN — A'is (A, a)-closed.
(3) = (4): Since X — [AND) — Al = [X — AND]U A and by (3), AU[X — AND] € ALO(X, T).
(4) = (5): By (4), we obtain AC AU[X — AN = [AU [X — AN o).
(5) = (1): We put U =[AU[X — AND]r o). Then, U € AyO(X, ) and

A=AnUCUNAN C[AU[X — AN ) N AN = A0 AN = A

Thus, A= UNAND where U € AyO(X, T) and AN is a (A, a)-closed set. This shows that A is
locally (A, a)-closed. O

Theorem 3.8. A subset A of a topological space (X, T) is (N, a)-closed if and only if A is locally
(A, a)-closed and g-(\, a)-closed.

Proof. Let A be (A, a)-closed. Then, A is g-(A, a)-closed. Since X € A,O(X,7) and A= XNA, A
is locally (A, a)-closed.

Conversely, suppose that A is locally (A, a)-closed and g-(A, a)-closed. Since A is locally (A, a)-
closed, by Theorem 3.7, AC [AU[X — A(’\'O‘)]](,\,a). Since [AU [X — A(/\'O‘)]](/\'a) € N O(X, T) and
Alis g-(A, a)-closed, AN C [AUX — AN o) € AUX — AM®)] and hence AN = A, Thus,
by Lemma 2.3, Ais (A, a)-closed. O
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4. Applications of generalized (A, a)-closed sets

We begin this section by introducing the concept of Ay-T1-spaces.
2

Definition 4.1. A topological space (X, T) is called a /\a—T% -space if every g-(A\, a)-closed set of X

is (N, a)-closed.

Lemma 4.1. Let (X, T) be a topological space. For each x € X, the singleton {x} is (A, a)-closed or
X —{x} is g-(\, a)-closed.

Proof. Let x € X and the singleton {x} be not (A, a)-closed. Then, X — {x} is not (A, &)-open and
X is the only (A, a)-open set which contains X — {x} and X — {x} is g-(A, a)-closed. O

Let A be a subset of a topological space (X, T). A subset A(p«)(A) [6] is defined as follows:
Aray(A) =N{U [ AC U, U € NyO(X, T)}.

Lemma 4.2. [6] For subsets A, B of a topological space (X, T), the following properties hold:
(1) AS A (A).
(2) If AC B, then /\(/\,a)(A) - /\(/\,a)(B)-

(3) Aaa)Nna) (A = Aaay(A).
(4) IfAis (A a)-open, Np oy (A) = A.

A subset A of a topological space (X, 7) is called a A(p o)-set if A= A(pq)(A). The family of all
A(ny-sets of (X, ) is denoted by A(p o) (X, T) (or simply A(p 4))-

Definition 4.2. A subset A of a topological space (X, T) is called a generalized N o)-set (briefly
G-Nna)-Set) if Ap oy (A) © F whenever AC F and F is (A, a)-closed.

Lemma 4.3. Let (X, T) be a topological space. For each x € X, the singleton {x} is (A, a)-open or
X —{x}is g—/\(/\,a)—set.

Proof. Let x € X and the singleton {x} be not (A, &)-open. Then, X — {x} is not (A, a)-closed and
X is the only (A, a)-closed set which contains X — {x} and X — {x} is g-A(p o)-S€t. O

Theorem 4.1. For a topological space (X, T), the following properties are equivalent:
(1) (X, T) is a No-T1-space.
(2) For each x € X,che singleton {x} is (N, a)-open or (A, at)-closed.
(3) Every g-Nna)-Set is a A(p q)-S€t.

Proof. (1) = (2): By Lemma 4.1, for each x € X, the singleton {x} is (A, a)-closed or X — {x} is
g-(A, a)-closed. Since (X, T) is a Aq-T1-space, we have X — {x} is (A, a)-closed and hence {x} is
2

(A, a)-open in the latter case. Thus, the singleton {x} is (A, a)-open or (A, a)-closed.
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(2) = (3): Suppose that there exists a g-A(p o)-set A which is not a A(p o)-set. Then, there exists
X € N(p.q)(A) such that x ¢ A. In case the singleton {x} is (A, a)-open, A C X — {x} and X — {x}
is (A, a)-closed. Since A'is a g-A\(p o)-set, A(pa)(A) € X — {x}. Thisis a contradiction. In case the
singleton {x} is (A, a)-closed, A C X — {x} and X — {x} is (A, a)-open. By Lemma 4.2,

Anay (A) € Aoy (X = {x}) = X = {x}.

This is a contradiction. Therefore, every g-A(p o)-Set is a A(p )-Set.

(3) = (1): Suppose that (X, T) is not a Aq-T1-space. There exists a g-(/A\, a)-closed set A which
is not (A, a)-closed. Since A is not (/\,a)—closeél, there exists a point x € AN®) such that x ¢ A.
By Lemma 4.3, the singleton {x} is (A, a)-open or X — {x} is a g-A(po)-set. (a) In case {x} is
(A, a)-open, since x € AN {x}NA# @ and x € A. This is a contradiction. (b) In case X — {x} is
a \(aa)-set, if {x} is not (A, a)-closed, X — {x} is not (A, a)-open and A(p o) (X — {x}) = X. Thus,
X —{x} is not a A(p o)-set. This contradicts (3). If {x} is (A, a)-closed, A C X — {x} € A\ O(X, T)
and Ais g-(A, a)-closed. Thus, AN C X — {x}. This contradicts that x € AN Therefore,
(X,T)is a /\a—T%—space. O

Definition 4.3. A topological space (X, T) is said to be (N, a)-normal if for any pair of disjoint (A, a)-
closed sets F and H, there exist disjoint (N, a)-open sets U and V' such that F C U and H C V.

Lemma 4.4. Let (X, T) be a topological space. IfU is a (A, a)-open set, then UNINA C [UNA]N)
for every subset A of X.

Theorem 4.2. For a topological space (X, T), the following properties are equivalent:

(1) (X, 7) is (N, &)-normal.

(2) For every pair of (N, o)-open sets U and VV whose union is X, there exist (A, o)-closed sets F
and H such that FC U, HCV and FUH = X.

(3) For every (N, a)-closed set F and every (N, a)-open set G containing F, there exists a (A, a)-
open set U such that F C U C UM C G.

(4) For every pair of disjoint (A, a)-closed sets F and H, there exist disjoint (N, a)-open sets U
and V such that F C U and H C V and UM 0 vhe) = g,

Proof. (1) = (2): Let U and V be a pair of (A, a)-open sets such that X = UUV. Then, X — U and
X —V are disjoint (A, a)-closed sets. Since (X, T) is (A, a)-normal, there exist disjoint (A, a)-open
sets G and W suchthat X —UC Gand X -V CW. Put F=X—-Gand H=X—-W. Then, F
and H are (A, a)-closed sets such that F C U, HCV and FUH = X.

(2) = (3): Let F be a (A, a)-closed set and G be a (A, a)-open set containing F. Then, X — F
and G are (A, a)-open sets whose union is X. Then by (2), there exist (A, a)-closed sets M and
N suchthat M C X —F, NC Gand MUN = X. Then, FC X -M, X—-—G C X — N and
(X=MNX=N)=0. PutU=X—-MandV =X —N. Then U and V are disjoint (A, a)-open
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sets such that FCUC X —V C G. As X —V is a (A, a)-closed set, we have UM C X — V and
hence F C U C UMY C G,

(3) = (4): Let F and H be two disjoint (A, a)-closed sets of X. Then, F C X — H and X — H
is (A, a)-open and hence there exists a (A, a)-open set U of X such that F C U C UM C X — H.
Put V =X — UM Then, U and V are disjoint (A, a)-open sets of X such that F C U, H C V and
UAhe) Ay Ae) — ¢

(4) = (1): The proof is obvious. O

Theorem 4.3. For a topological space (X, T), the following properties are equivalent:

(1) (X, 1) is (A, a)-normal.

(2) For every pair of disjoint (N, a)-closed sets F and H of X, there exist disjoint g-(\, a)-open
sets U and V of X such that F C U and HC V.

(3) Foreach (N, a)-closed set F and each (N, a)-open set G containing F, there exists a g-(\, a)-
open set U such that F C U C UM C G.

(4) Foreach (N, a)-closed set F and each g-(\, a)-open set G containing F, there exists a (A, a)-
open set U such that F C U C yhe) C G(,\’a).

(5) For each (N, a)-closed set F and each g-(\, a)-open set G containing F, there exists a g-
(A, a)-open set U such that F C U C Uhe) G(Aa)-

(6) For each g-(A\, a)-closed set F and each (N, a)-open set G containing F, there exists a (A, a)-
open set U such that Fhe) c y c yhe) C G.

(7) For each g-(\, a)-closed set F and each (N, a)-open set G containing F, there exists a g-
(A, a)-open set U such that FN) C Uy € UM C G.

Proof. (1) = (2): The proof is obvious.

(2) = (3): Let F be a (A, a)-closed set and G be a (A, a)-open set containing F. Then, we have F
and X — G are two disjoint (A, a)-closed sets. Hence by (2), there exist disjoint g-(A, a)-open sets U
and V of X such that F C U and X —G C V. Since V is g-(A, a)-open and X — G is (A, a)-closed, by
Theorem 3.5, X =G € V(p o). Thus, [X = V]M®) =X —V(, oy € G and hence F C U C UM C G.

(3) = (1): Let F and H be two disjoint (A, a)-closed sets of X. Then, F is a (A, a)-closed set
and X — H is a (A, &)-open set containing F. Thus by (3), there exists a g-(A, a)-open set U such
that F C U C UMY C X — H. By Theorem 3.5, F C Upa), H € X — UM, where Uy o) and
X — UM are two disjoint (A, a)-open sets.

(4) = (5) and (5) = (2): The proofs are obvious.

(6) = (7) and (7) = (3): The proofs are obvious.

(3) = (5): Let F be a (A, a)-closed set and G be a g-(A, a)-open set containing F. Since G
is g-(A, a)-open and F is (A, a)-closed, by Theorem 3.5, F C Gpq) and by (3), there exists a
g-(A, a)-open set U such that F C U C Uhe) C G(Aa)-
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(5) = (6): Let F be a g-(A, a)-closed set and G be a (A, a)-open set containing F. Then,
F(Ae) C G. Since G is g-(A, a)-open, by (6), there exists a g-(A, a)-open set U such that F(A) C
U C UM C G. Since U is g-(A, a)-open and FIN®) C U, by Theorem 3.5, FN®) C Uy o). Put
V = Uippq). Then, Vis (A, a)-open and FA) C v C VA = [y, o] M) € UMD C G.

(6) = (4): Let F be a (A, a)-closed set and G be a g-(A, a)-open set containing F. Then by
Theorem 3.5, FN®) = F C G(p 4. Since F is g-(A, a)-closed and G(p q) is (A, ar)-open, by (6),
there exists a (A, a)-open set U such that Fhe) = F Cc y c yhe) C G(Aa)- O

Definition 4.4. A topological space (X, T) is said to be (N, a)-regular if for each (A, a)-closed set F
of X not containing x, there exist disjoint (\, a)-open sets U and V' such that x € U and F C V.

Theorem 4.4. For a topological space (X, T), the following properties are equivalent:

(1) (X, 1) is (A, a)-regular.

(2) For each x € X and each U € N, O(X, T) with x € U, there exists V. € NyO(X, T) such that
xeVcviha cy.

(3) For each (A, a)-closed set F of X, n{VN) | F CV € A,O(X, T)} = F.

(4) For each subset A of X and each U € N, O(X, T) with ANU # 0, there exists V € N O(X, T)
such that ANV # 0 and VM) C U.

(5) For each nonempty subset A of X and each (A, a)-closed set F of X with AN F = (), there
exist V,\W € NqO(X, T) such that ANV # 0, FCW and VW = .

(6) For each (N, a)-closed set F of X and x ¢ F, there exist U € NqO(X, T) and a g-(\, a)-open
setV such that x € U, FCV and UNV = {.

(7) For each subset A of X and each (A, a)-closed set F with ANF = (0, there exist U € N, O(X, T)
and a g-(\, a)-open set V' such that ANU # 0, FCV and UNV = .

Proof. (1) = (2): Let G € AqO(X,T) and x € X — G. Then, there exist disjoint U,V € N\, O(X, T)
such that X — G CUand x € V. Thus, V C X —Uandso x e VC VM) C X —UCG.

(2) = (3): Let X — F € A\qO(X, T) with x € X — F. Then by (2), there exists U € A\qO(X, T)
such that x € U C UM C X — F. Thus, F € X — UM =V € A,O(X, T) and hence UNV = (.
Then, we have x ¢ V') This shows that F 2 N{V) | F CV € A,O(X, T)}.

(3) = (4): Let Abe asubset of X and U € A,O(X, T) such that ANU # ). Let x € ANU. Then,
x & X — U. Hence by (3), there exists W € A, O(X, T) such that X — U C W and x ¢ WA Pyt
V = X — WWb) which is a (A, a)-open set containing x and ANV # . Now, V C X — W and so
vihe) C X —w CU.

(4) = (5): Let A be a nonempty subset of X and F be a (A, a)-closed set such that AN F = ).
Then, X — F € AqO(X, T) with AN (X — F) # 0 and hence by (4), there exists V € AqO(X, T) such
that ANV # 0 and VA C X — F. Ifwe put W =X — VA then FCW and WNV = 0.
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(5) = (1): Let F be a (A, a)-closed set not containing x. Then, F N {x} = 0. Thus by (5), there
exist V,\W € NgO(X,T) such that xe V,F CW and VNW = 0.

(1) = (6): The proof is obvious.

(6) = (7): Let A be a subset of X and F be a (A, a)-closed set such that AN F = (). Then, for
x € A x & F and by (6), there exist U € N,O(X, T) and a g-(A, a)-open set V such that x € U,
FCVandUNV =0. Thus, ANU#D, FCVand UNV = 0.

(7) = (1): Let F be a (A, a)-closed set such that x & F. Since {x} N F =0, by (7), there exist
U € NO(X, T) and a g-(A\, a)-open set W such that x € U, F C W and UNW = (). Since W is
g-(A, a)-open, by Theorem 3.5, we have F C W o) =V € AqO(X, T) and hence UNV = ). This
shows that (X, T) is (A, a)-regular. O
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