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Abstract. In this paper, we aim to introduce a new class of open sets namely nigh-open set. Ac-
cordingly, we define a topological space called a nigh-topological space. This consequently leads us
to outline several new operations in connection with the sets in nigh-topological space coupled with

deriving several their properties and relations.

1. Introduction

A topology on a non-empty set 3 defined as a collection X of subset of 23 called open sets. These
sets commonly satisfy three main axioms; the empty set 3 itself belong to X, any arbitrary (finite or
infinite) union of member of W belongs to X, and finally that the intersection of any finite number of
member of N belongs to N [1].

In regard with the literature about this topic, we point out that all results reported in this work are
not addressed at all. However, we state some other related works for completeness. For instance,
R. A. Hosny et al. provided a definition of r-neighborhood (open set) related to the usual topology
in [2]. In [3], A. S. Salama et al. used a novel type of open sets called rough open set, which was
used to define the so-called rough continuous functions. In [4,5], J. Oudetallah studied other type
of open sets called D-open sets, which were employed to define the D-metacompact spaces. Some

other related works can be found in [6-9].
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In this research paper, we intend to define a new topological space namely a nigh-topological space
such that the member of the collection X, is a nigh-open set. Such a set is defined as a nigh-open
set s if there exist two open sets g and ¥ such that ¥ C ¢ C Ext(p) and pN¢s = ¢. Consequently, we
define the complement of this nigh-open set; the nigh-closed set. Furthermore, based on some basic
topological meanings, we define a nigh-closure of a set nigh-derive sets nigh-interior, night-exterior
and nigh-boundary set. Several results and theorems related to the properties and relations between

these sets are studied and derived in a well-defined topological space.

2. Basic definitions

In this section, we aim to pave the way to our main results by recalling two significant definitions.
These definitions are connected with the concept of the topological space and the concept of regular

open/closed/semi set.

Definition 2.1. [10] A topological space is a pair (3,R) consisting of a set 23 and a family X of

subsets of 3 satisfying the following conditions:

(1) peNandJ eN.
(2) The union of any numbers of members in X is a member in X.

(3) The intersection of any two members in X is a member in X.

Definition 2.2. [11,12] Suppose A C 3 and (3, T) is a topological space. We say that:

(1) Ais a regular open set in J if A= A
(2) Ais regular closed set in 3 if and only if A= A°.
(3) A is a semi open set in 1 if and only if there exists an open set U such that U C AC U.

3. Formulations

This part aims to lay the groundwork for understanding and theorizing the nigh-open set and the

nigh-topology. As a result, some results are reported for further investigation in this study.

Definition 3.1. Let (3,X) be a topological space and s be a subset of 3. Then ¢ is said to be a
nigh-open set if there exist two open sets ¢ and ¥ such that ® C ¢ C Ext(p) and pNs = ¢. The

complement of a nigh-open set is called nigh-closed set.

Remark 3.1. From the above definition, one might assert:

(1) end =¢.
(2) ¥ is called the first open set and g is called the second open set.

Based on what we previously established, we state and prove the next results.

Theorem 3.1. Every open set in any topological space is a nigh-open set.
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Proof. To prove this result, we first let ¢ be an open set in the topological space (3, X). Consequently,
s C s C Ext(¢), sn=¢ =¢. Thus g is a nigh-open set. O

Remark 3.2. The converse of the above theorem need not be true. For example, if we take the set
[1,2] in the usual topology defined on R, we find that this set represents a nigh-open set. This is
because there exist two open sets (0,1) and (4,5) such that (0,1) C (1,2] C Ext(4,5). Butitis

clearly the set (1, 2] is not open set in the usual topology.

Theorem 3.2. If g is a nigh-open set in the topological space (3,R), then (¢) C Ext(s) C Ext(¥),

where ¥ and o are the first and second open sets reported in Remark 3.1, respectively.

Proof. Let ¢ be a nigh-open set in 3, then there exist two open sets ¢ and g such that ¢ C ¢ C Ext(p)
and oNY = ¢. Thus, we have:
SCExt(e= () F
F closed
Ext(e)CF

Consequently, we obtain:

F¢ open set
FeC(Ext(p))°

Now, putting w = F€ leads to assert that w is an open set and accordingly we get:

U w C Ext(s).

w open
wCp

But we have:

U w = Int(s),

w open
wCo

and since ¥ C g, then Ext(s) C Ext(p). This gives Int(o C Ext(s) C Ext(®¥), which finishes the
proof of this result. O

In what follow, based on the main axioms founded for the traditional topology, we establish one of
the most targets of this work; the nigh-topological space. This would help us to derive further results

in the upcoming section.

Definition 3.2. Let 3 be a non-empty set and X C p(3). Then an R is said to be a nigh-topology on

2 if the following statements are hold:

(1) ¢p,J €N,
(2) The intersection of any two nigh-open sets is a nigh-open set.

(3) The union of any family of nigh-open sets is a nigh-open set.
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4. Results

In this section, several novel relations and properties in respect to the nigh-open sets and the

nigh-topological space are stated and derived well.
Theorem 4.1. Every topological space is a nigh-topological space.

Proof. In order to prove this result, we let (3,R) be a topological space. To show that (3J,R) is a

nigh-topological space, we should note the following points:

(1) By Definition 2.1, it should be noticed that 3, ¢ € X.
(2) If one lets ¢, @ be two nigh-open sets, then there exist the open sets 91, 95, 01 and g, such
that:
91 C ¢ C Ext(p1,%2 € B C Ext(p2).

This consequently implies:
91 N% CsNw C Ext(p1) N Ext(oo) = Ext(o1 N 02).

Putting 91 N ¥ = ¥ and p1 N g» = p yields to assert that 9 and p are two open sets. This
means that ¥ C ¢Nw C Ext(p) and so s N w is a nigh-open set.
(3) If one lets ¢ = {s4 : & € A} be a nigh-open set, then to show that Us, is a nigh-open set
for every o € A, gy, we should note that there exist two open sets ¥, and gy such that
Yo C Sq € Ext(pq) for every a € A. Also, we have:
U %« € | sa © | Ext(ea) € Ext(¢).
aeN aen ael

Thus, we deduce that (J,ep Sa is @ nigh-open set.

Definition 4.1. Let (3,8,)) be a nigh-topological space and < be a subset of 1, then:

(1) ¢ € 3 is called a nigh-limit point of a set s if for any nigh-open set o containing n, we have:
oNsn # ¢, ifLés
0NS\fy # &, IfLES
(2) The nigh-derived set of s symbolized by s, is defined by gzn) = {0 € 3
L is nigh-limite point of g}.
(38) The nigh-closure set of ¢ symbolized by CL (<) is defined by CLp)(s) =< U gén).
(4) The nigh-exterior set of s is defined by Int ) (s) = (CL(n)(gc))C.
(5) The nigh-exterior set of s is defined by Ext(y)(s) and Ext(p(s) = (CL(n(s))".
(6) The nigh-boundary set of < is defined by Bd,y(s) and Bdiy = CL(»y(s) N CLp(s).

Theorem 4.2. (Initial nigh-theorem) Let (3, X)) be a nigh-topological space, then:
(1) d),(n) = ¢.
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(2) CLny(¢) =0 and CL,y(2) =3
(3) /nt(,,)((b) = ¢ and /nt(n)(J) =1
(4) EXt(n)(d)) =1, EXt(n)(j) = ¢.
Proof. (1) To prove this result, we suppose not, then there is ¢ € J such that ¢ € d)’(n). Sodis
a limit point of ¢(ny, and then for all nigh-open sets containing 3, we have o N ¢ # ¢, which

is contradiction! Hence, the result holds.
(2) It should be noted that

CLim(®)=dUdy=0Ud=0¢,
and
CL(,,)(:[) ::U:/(n) =21

(3) Herein, we have:

Int(n)(9) = (CLn)(¢9))" = (CL(m(T))" =37 =&,
and
Int(n)(3) = (CL(m(39))" = (CL(m ()" = ¢ =2.
(4) In this part, we note:
Ext(n)(¢) = (CL(m(#)) = ¢ =1,
and
Ext(y(3) = (CL»(39)) =2 = ¢.
|

Theorem 4.3. (Inclusion nigh-Theorem) Let (3,R) be a nigh-topological space. Suppose s and w

are two subsets of 3, then we have:
/ /
(1) Ifs C @, then Stmy € @(y-
(2) Ifs C w, then CL(n)(C) - CL(,,)(’ZU).
(3) Ifs C w, then Int,) C Int(y(w@).
(4) If s C w, then EXt(n) - Ext(,,)(w).

Proof. (1) Lett € gén), so Jdis a nigh-limit point of ¢. Therefore, for all nigh-open set ¢ containing

n, we have:
oNsy £ ¢, ifL s
eNsy\fy # @, IfLES
Now, since ¢ C w. we have:
oNw,#¢, ift¢dw
onN w,,)\{L} £¢, ifLew
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Consequently, 3 is a nigh-limit point of @, and thus ¢ € wén).
(2) Since s C w, then by Theorem 3.1, we have gén) C wzn) and gUgén) - waEn). This means
CL(n(s) € CLpy(m).
(3) Since ¢ C w, then w® C ¢°. Using Theorem 3.2 yields:
CL(ny(S%) € CL(y(S),

and
(CLw($9)) S (CL(my(w@))".
Consequently, we have Int((s) C Int,) ().
(4) Since ¢ C w, then by using theorem 3.2, we have:

CL(n)(C) - CL(n)(’ZU),

and
(CLwy(@))" S (CLn(s))"
This means Ext,)(w) C Exty(s), which completes the proof of this result.
O

Theorem 4.4. (Openness and closeness nigh-theorem) Let (3, R) be a nigh-topological space and let
¢ C 3, then:

(1) CLp(s) is a nigh-closed set.

(2) Intiyy(s) is a nigh-open set.

(3) Extin(s) is a nigh-open set.

(4) Bdny(s) is a nigh-closed set.

Proof. (1) To prove this result, we let ¢ € (CL(n)(g))C. Then v ¢ CL(y(s), and so ¢t ¢ sU gén),
t¢sand ¢ gén). Therefore, there exists a nigh-open set g such that g N g,y = ¢ (say *).

Consequently, we have:
0N Clime) =N (sNsy) =(eNs)U(eNnsiy =¢U(eNs(,)
This means that @ N CL(y) ) = €N (). Now, if ¢ € (eN (). then v € g and e Ny # &,
which contradicts (*). So, (eN gén)) = ¢ and hence
oNCLp(s) = ¢.
Thus, we have:
L€ 0, C (CLim(s))",

which immediately yields:

(CL(H)(C))C = U Ou»

Leo,
o.is nigh-open set
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i.e., we have (CL(n)(g))C is a nigh-open set, and so CL,)(s) is a nigh-closed set.

(2) By Theorem 3.1, we have CL)(s¢) is a nigh-closed set. Therefore, (CL(n)(g))C is a nigh-
open set, i.e., Int,)(s) is a night-open set.

(3) We notice that Ext(y(s) = (CL((s))", which is a nigh-open set

(4) We notice that Bd(,)(s) = CL)(s) N CLp(s¢), which is a nigh-closed set.

Theorem 4.5. CL,\(s) = if and only if s is a nigh-closed set.

Proof. =) Trivial.

<) Let < be a nigh-closed set. Clearly, we have ¢ C CL, (say *). Now, to show that CL(, C s, we
let ¢ € ¢’. To show that ¢ € ¢, we assume not, i.e. ¢ ¢ . This gives ¢ € ¢, which is a nigh-open set.
Now, since ¢ € ¢/, then <€ N ¢ # ¢, which means that ¢ # ¢. So, there is a contradiction here, and
then ¢ € . This implies ¢’ C ¢ and ¢ C ¢, and so ' Us C g, i.e. CL(p(s) Cs. This completes the
proof. O

Theorem 4.6. (Union and intersection nigh theorem) Let (3,R) be a nigh-topological space and
¢ C 3, then:
(1) CLpy(s) = (2¢; 2 is nigh-closed set and s C s}, i.e. CLp)(s) is the smallest nigh-closed
set containing s.
(2) Intipy(s) = U{T : T is nigh-open set and T C c}.
(3) Extiny(s) = U{W : W is nigh-open set and W C ¢}

Proof. (1) To show that ¢ C s, we note by Theorem 4.5 that CL ) (s) € CL()(22) = 2 and
CLp(s) is closed. This implies that CL (<) is one member of 3%, and so

N e CClp).

2 is nigh-closed set
sCa

On the other hand, if we want to show that ¢ C 3¢, we should note:

CLny(s) € CLpy(50),

and
CLn(s) € N {CLy(5)} = N {oc},
 is nigh-closed set 3 is nigh-closed set
sCx sCr
which gives directly the desired result.
(2) It should be noted here that Inty(s) = (CL(n)(gC))C = N such that

¥ is nigh-closed set and ¢<¢ C . This means (CL(n)(g‘C))C = Ux® such that
»€ is nigh-closed set and »¢ C <. By putting %¢ = T, we obtain Int,(s) = U{T :

T is nigh-open set and T C g}, which completes the proof.
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(3) By part 2, we can gain:

Extiny(s) = Int(p)(s°) = U{W : W is nigh-open set and W C ¢}

5. Conclusions

This work has successfully defined a nigh-open set as well as its corresponding topological space;

the nigh-topological space. Several novel results and properties related to these new notions have

been consequently generated and derived well.
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