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Abstract. The main aim of this paper is to introduce and study the new notions namely M*-irresolute
topological rings and M*-irresolute topological R-modules by virtue of M*-open sets. Examples of an
M*-irresolute topological ring and module have been put forth. Further, we provide several fundamental
properties and characterizations of M*-irresolute topological rings and M*-irresolute topological R-
modules. In addition, we shall define boundedness in these two structures and present several results

on them.

1. Introduction

Although topological rings are useful in many branches of mathematics, they are also fascinating
on their own. Since the 1940s, the theory of topological rings has been extensively developed, but
primarily within the broader concept of a topological module. L.S. Pontryagin obtained one of the
first fundamental results in the theory of topological rings in the classification of locally compact skew
fields, which was included in his famous book [14] on topological groups. Some topological ring and
module properties have also been noted in books [2, 11]. In-depth study has also been done in the
last 50 years in the area of normed and Banach algebras, which constitute one of the most significant
classes of topological rings (see, for example [5-8,13]).

Besides, the theory of topological rings have been thoroughly investigated in a number of review
papers and monographs (see, for example [1,9,10,15-18]). In 2016, A. Devika and A. Thilagavathi [4]
introduced a new class of sets in topological spaces called M*-open sets and studied some of its

properties. By continuing the study of M*-open sets and topological rings, in this paper we introduce
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a new class of topological rings and modules called M*-irresolute topological rings and M*-irresolute

topological R-modules.

2. Preliminaries

This section covers some fundamental definitions that will be utilized in the next sections. Through-
out this section, A and A’ will represent two topological spaces with topologies T and 7’ respectively,
on which no separation axioms are imposed. The notations /nt(U) and C/(U) stand for the interior

and closure of a subset U of topological space A, respectively.

Definition 2.1. [3] Let (A, T) be a topological space and U C A. A point x € A is said to be a
O-interior point of U if there exists an open set O containing x such that O C C/(O) C U. The set of
all 6-interior points of U is said to be the 8-interior of U and is denoted by Inty(U).

Lemma 2.1. [3] For a subset U of a topological space (A, T), the following statements are true:

(1) Intg(U) is the union of all open sets of A whose closures are contained in U.
(2) U is 6-open if and only if U = Inty(U).

Definition 2.2. [4] Let (A, T) be a topological space. Then a subset U of a space (A, T) is said to
be,

(1) an M*-open set if U C Int(Cl(Inte(U))).
(2) an M*-closed set if U 2 Cl(Int(Clp(U))).

The complement of an M*-open set is called an M*-closed. We denote the family of all M*-open
subsets (closed subsets) of A is denoted by Ty« = M*-O(A) (M*-C(A)).

Lemma 2.2. [4] Let (A, T) be a topological space. Then the following assertions are true:

(1) The arbitrary union of M*-open sets is M*-open.

(2) The arbitrary intersection of M*-closed sets is M*-closed.

Lemma 2.3. [4] For a topological space (A, T) the family of all M*-open sets of A forms a topology
for A.

Definition 2.3. [4] Let U be a subset of a space (A, T). Then,
(1) the intersection of all M*-closed sets containing U is called the M*-closure of U and is denoted
by Cly+(U) (sometimes by (U) 4).
(2) the union of all M*-open sets contained in U is called the M*-interior of U and is denoted by
Inty(U).

Theorem 2.1. [4] Let U be a subset of a topological space (A, T). Then the following statements
hold:
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(1) U is an M*-open set if and only if U = Inty«(U).
(2) U is an M*-closed set if and only if U = Cly«(U).

Theorem 2.2. [4] Let U and V' be subsets of a topological space (A, T). Then the following
statements are true:

(1) Cly=(A—=U) =A— Inty-(U).

(2) Intpy«(A—U) =A—Cly-(U).

(3) IfU CV then Cly(U) C Cla (V) and Intp(U) C Intpp (V).

(4) Cly(Cly=(U)) = Cliy=(U) and Inty(Intpy=(U)) = Intp=(U).

Definition 2.4. [4] A subset U of a topological space (A, T) is said to be a M*-neighborhood (Briefly
M*-nbd) of a point x € A if there exists an M*-open set V' such that x € V. C U. The family of
M*-neighborhoods of x € A is called the M*-neighborhood system of x and denoted by M*-Nj.

Theorem 2.3. [4] A subset U of a topological space (A, T) is said to be M*-open if and only if it is
M*-neighborhood for every point x € U.

Definition 2.5. [12] A mapping g : (A, T) — (A', T') is called M*-irresolute at element x € A if for
any M*-open set U in A" containing g(x) there exists an M*-open set V' in A containing x such that
g(V) CU.

Theorem 2.4. [12] Let g: A — A’ be a function. Then the following statements are equivalent.

(1) g is M*-irresolute.

(2) For each x € A and each M*-neighborhood U of g(x) in A’, there is an M*-neighborhood V/
of x in A such that g(V') C U.

(3) The inverse image of every M*-closed subset of A’ is an M*-closed subset of A.

(4) The inverse image of every M*-open subset of A’ is an M*-open subset of A.

Definition 2.6. [12] Consider two topological spaces (A, T) and (A’,T'). A functiong: A — A is
called:

(1) M*-continuous if g~*(U) is M*-open set in A for every open set U in A’.

(2) pre-M*-open if g(U) is M*-open set in A’ for every M*-open set U in A.

(3) M*-homeomorphism if g is bijective, M*-irresolute and pre-M*-open.

Definition 2.7. [12] Let (A, T) be a topological space. Then A is said to be M*-compact if each
of its cover by M*-open sets has finite subcover. A subset S C A is said to be M*-compact if each

cover of S by M*-open sets of A has a finite subcover.

Definition 2.8. [1] Let R be a ring and £ be an R-module, S C £ and Q CR. If Q.S C S, then
the subset S is called Q-stable.
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3. M*-lIrresolute topological rings

Definition 3.1. An M*-jrresolute topological ring (R,+,-,T) is a ring (R, +, -) endowed with some

topology T such that the following conditions are satisfied:

(C1) for each r1,r» € R and M*-open set U in R containing r1 + ra, there exist M*-open sets Uy
and U> in R containing ri and r» respectively, such that Uy + Us C U;

(C2) for each r € R and M*-open set U in R containing —r, there exists M*-open set Uy in R
containing r such that —U; C U;

(C3) foreach i, rn € R and M*-open set U in R containing r1.r», there exist M*-open sets U; and

U> in ‘R containing ri and r» respectively, such that U;.Us> C U.

Remark 3.1. It is easy to verify that conditions (C1) and (C2) are equivalent to the following condition:
For each ri, r» € R and each M*-open set U in R containing r, — r», there exist M*-open sets Uy and

U> in R containing ri and r», respectively, such that Uy — U C U.

Example 3.1. Consider Z4, the ring of integers modulo 4. Define topology T on Z4 as
7 = {0.{0},{1},{0,1},{1,3}.{0,1,3},{0,2}, {0, 1,2}, Za}, Tn» = {0.{0,2},{1.3},Zs}. Then,
(Zg, @4, ®4,T) Is an M*-irresolute topological ring.

Example 3.2. Consider the ring R = (Z3, ®3, ®3). Let 7 = {0,{0, 1}, Z3s}, then T+ = {0, Z3}.

Thus, (Z3, ®3, @3, T) is an M*-irresolute topological ring.

Example 3.3. Let (R,+,-) be any ring and suppose T be a discrete or indiscrete topology on R .

Then (R, +,-,T) is always an M*-irresolute topological ring.

Definition 3.2. Let (R,+,:,T) be an M*-irresolute topological ring. A left R-module £ is called
an M*-irresolute topological left R-module if on £ is specified a topology such that the following

conditions are satified:

(M1) for every m,n € € and M*-open set U in £ containing m + n, there exist M*-open sets Uy
and Us in £ containing m and n respectively, such that Uy + U> C U;

(M2) for every m € £ and M*-open set U in € containing —m, there exists an M*-open set Uy in
& containing m such that —Uy C U,

(M3) for every r € R and m € £ and M*-open set U in € containing r.m, there exist M*-open set
Uy in R containing r and M*-open set U, in £ containing m such that Uy.Us> C U.

Remark 3.2. In a similar manner, M*-irresolute topological right R-modules over an M*-irresolute
topological ring can be investigated. Any M*-irresolute topological ring R is both an M*-irresolute

topological left R-module and an M*-irresolute topological right R-Module.

Remark 3.3. Hereafter, by an M*-irresolute topological R-module (unless otherwise asserted), we

mean an M*-irresolute topological left R-module.
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Example 3.4. Consider the ring R = (Zg, ®4,®4) with  topology T =
{0, {0}, {1},{0,1},{1,3},{0,1,3}.{0,2}.{0, 1,2}, Z4}, then mn» = {0,{0,2} {13}, Zs}.
Therefore, R = (Z4, ®4, @4, T) Is an M*-irresolute topological ring (see Example 3.1). Let T' be the
indiscrete topology on the ring ({0,2}, @4, ®4), Ty = {0,{0,2}}. Then, left R-module {0, 2} with

7' is an M*-irresolute topological left R-module.

Note 3.1. By Z(R), we denote the set of all invertible elements in an M*-irresolute topological ring
R.

Theorem 3.1. Consider an M*-irresolute topological ring R, an M*-irresolute topological R-module

E,aeR, me&, and S be a subset in R, T a subset in £. Then the following statements are true:

(1) the mapping Q5 : € — &, where Q,(x) = a.x, x € &€, is an M*-irresolute mapping of the
topological space £ into itself.

(2) the mapping Q2 @ R — &, where Qn(x) = x.m, x € R is an M*-irresolute mapping of the
topological space R to the topological space £.

(3) (ST)e 2 (S)rAT)e.

Proof. (1) Let U be any M*-open set in £ containing Q,(x) = a.x, where x € £ is arbitrary. Then,
by Definition 3.2, there exist M*-open set U; in R containing a and M*-open set U, in £ containing
x, such that U;.U> C U. Thus, Q,(U,) = a.U> C U1.U> C U. This proves that €2, is an M*-irresolute
mapping.

(2) Let x € R and let U be any M*-open set in £ containing Q,(x) = x.m. Then, by Definition
3.2, there exist M*-open set Uy in R containing x and M*-open set U in £ containing m, such that
Up.U> CU. Thus, Qm(Up) = Up.m C Up.Us C U. This proves that Q,, is an M*-irresolute mapping.

(3) Let x € (S)r.(T)g and let U be an M*-open set in £ containing x. Then x = s.t, where
s € (S)gr and t € (T)g, and hence, there exist M*-open set U; in R containing s and M*-open set
U, in &€ containing t, such that U;.U, C U. By virtue of the fact that Uy NS # 0 and UoNT # 0,
elements s € Uy NS and t; € UoNT can be found. Thus, s;.t;1 € S.T and sy.t; € U;.U> C U, that
is (S.T)NU # (. Consequently, (5.T)g 2 (S)r-(T)e¢.

U

Theorem 3.2. Let R be an M*-irresolute topological ring, a € R, and let S and T be subsets in R.
Then the following statements are true:
(1) the mappings¥,: R — R and ¥, : R — R, where ¥ ,(x) = x.a and X/,(x) = a.x forx € R,
are M*-irresolute mappings of the topological space R into itself;
(2) the mappings T, : R — R and T, : R — R, where I 5(x) = x+ a and I',(x) = a+ x, for
x € R, are M*-irresolute mappings of the topological space R into itself;
(3) (STH)r 2 (S)rAT)®.
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Proof. The proof of statements (1) and (2) directly follows from the definition of an M*-irresolute
topological ring R (see Definition 3.1). Statement (3) is proved in the same manner as statement
(3) of Theorem 3.1. O

Theorem 3.3. Let S be an M*-open set in an M*-irresolute topological ring R. Then S.a(respectively
a.S) is M*-open set in R for every a € Z(R).

Proof. Let x € S.a be an arbitrary element. Then x = s.a for some s € S. Now s = (s.a).a ! =
x.a ! =¥ _1(x). By Theorem 3.2(1), £,1 : R — R is M*-irresolute. Thus for the M*-open set S
containing s = ) __ 1(x), there exists an M*-open set U, in R containing x such that ¥ ,-1(Ux) C S.
This results in Uy.a—! € S and hence Uy C S.a. Thus, S.a is an M*-open set in R. O

Corollary 3.1. Let S be an M*-open set in an M*-irresolute topological ring R. Then S+ a(respectively
a+S)is M*-open set in R for every a € R.

Remark 3.4. Theorem 3.3 and Corollary 3.1 do not hold for the choice of openness of S instead of

M*-openness of S.

Forinstance, let R = (Z4, @4, ©®4) with 7 = {0, {0}, {1},{0, 1}, {1,3},{0,1,3},{0,2},{0, 1,2}, Z4}.
Then, by Example 3.1, R is an M*-irresolute topological ring. Now, consider S = {0,1,2} € T and
3€R. Then S©43=1{0,2,3} ¢ Tps+. Similarly, S ®43=1{0,1,3} & Tpy-.

Theorem 3.4. Let H be an M*-closed set in an M*-irresolute topological ring R. Then H.a (respec-
tively a.H) is M*-closed in R for every a € Z(R).

Proof. Let x € (H.a)r and U be an M*-open set in R containing y, where y = x.a~'. Then, by

Definition 3.1, there exist M*-open sets U; and U, in R containing x and a~!

respectively such that
U1.Us C U. Since x € (H.a)gr, H.anUy # 0. Consider r € H.aN Uy, then r.a=* € HN(U;.U>) € HNU.
Consequently, HN U # 0, and, hence y € (H)r. Further, since H is M*-closed, we have y € H.
Therefore x € H.a. Thus (H.a)x C H.a and since H.a C (H.a)r is obvious. Hence H.a is M*-

closed. N

Corollary 3.2. Let H be an M*-closed set in an M*-irresolute topological ring R. Then H + a
(respectively a+ H) is M*-closed in R for every a € R.

Remark 3.5. Theorem 3.4 and Corollary 3.2 do not hold for the choice of closedness of H instead of

M*-closedness of H.

For example, let R = (Z3, ®3, ®3) with 7 = {0}, {0, 1}, Z3}. Then, by Example 3.2, R is an M*-
irresolute topological ring. Now, consider a closed set H = {2} in R and 2 € R. Then H ®32 =
H®s32={1} ¢ M*-C(R).

Corollary 3.3. Let S be an M*-open set in an M*-irresolute topological ring R. Then —S € Tp~.
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Theorem 3.5. Let R be an M*-irresolute topological ring with unity and a € Z(R). Let € be an

M*-irresolute topological R-module, then

(1) mapping Q, : € — & (see Theorem 3.1(1)) is M*-homeomorphism of the topological space
€ to itself;

(2) mappings £, : R — R and £, : R — R (see Theorem 3.2(1)) are M*-homeomorphism of
the topological space R into itself.

Proof. It is clearly evident that mappings Q,, ¥, and ¥/, are bijective mappings. Now, consider an
M*-open subset U of £, and x € Q,(U). Then x = Q,(u) = a.u for some u € U. From u = a~!.x and
Definition 3.2, follows the existence of an M*-open set U; in £ containing x such that a~t.U; C U.
Then, U; C a.U = Q,(U). This shows that Q,(U) is an M*-neighborhood of each of its points and,
hence, Q,(U) is an M*-open subset of £. Thus, Q, is pre-M*-open mapping.

Next, consider an M*-open set U in R. Then X ,(U) = U.a. By Theorem 3.3, U.a is an M*-open
set in R. Hence, X, is an pre-M*-open mapping. In a similar manner, it can be proved that ¥/, is also
an pre-M*-open mapping.

In view of the fact that mappings Q,, X, and ¥/, are M*-irresolute (see Theorem 3.1 and Theorem

3.2), the mappings Q,, X, and ¥/, are M*-homeomorphism. [l

Corollary 3.4. Let R be an M*-irresolute topological ring and a € R. Then, the following statements

are true:

(1) the mappings T, : R — R and T, : R — R (see Theorem 3.2) are M*-homeomorhisms of
the topological space R into itself.
(2) the mapping I : R — R, where '(x) = —x, are M*-homeomorphisms of the topological

space R into itself.

Theorem 3.6. For any subset S of an M*-irresolute topological ring R, (a.S)r = a.(S)r for every
acZ(R).

1

Proof. Consider x € (a.S)g and y = a~*.x. Let U be an M*-open set in R containing y. Then, there

exist M*-open sets U; and U, in R containing a—!

and x respectively such that U;.U> C U. Since
x € (a.S)r, a.SNUs # (). Suppose r € a.SN U, then a=t.r € SN(U1.Uz) € SNU. Thus each M*-
open set containing y intersects S. Hence, y € (S)g and so x € a.(S)r. Conversely, let x € a.(S)R,
then x = a.y for some y € (S)%. Consider an M*-open set U in R containing x. By hypothesis, there
exist M*-open sets U; and U, in R containing a and y respectively such that U;.U> C U. Asy € (S)r,
there exists some element r € SN U,. Then a.r € (a.5)N (U;.Uz) € (a.S)NU. Thus, (a.S)NU
is non empty which implies each M*-open set containing x intersects a.S. Therefore, x € (a.S)%.

Hence (a.S)r = a.(S)®. O

Corollary 3.5. For any subset S of an M*-irresolute topological ring R, (a+ S)r = a+ (S)r for
every a € R.
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Lemma 3.1. Let (A, 7) and (A', ') be topological spaces, let g : A — A’ be an M*-homeomorphism,
and let U C A. Then g({(U)a) = (g(U)) o'

Theorem 3.7. Let S and T be subsets of an M*-irresolute topological ring R. Then the following

Statements are true:
(1) (S+THr2(S)r+ (T)r:
(2) (=S)r = —(S)r/
(B) (S=T)r 2(S)r — (T)x.

Proof. (1) Let x € (S)r + (T ) and let U be an M*-open set in R containing x. Then x = s + t,
where s € (S)r and t € (T)x, and, hence, there exist M*-open sets U; and U in R containing s and
t respectively, such that U; + U, C U. By virtue of the fact that Uy NS # 0 and UoNT # B, elements
sieUinNSand t; € UonN B can be found. Then, s+t € S+ T and sy +t; € U; + Us C U, that
is (S+T)NU#®. Consequently, (S+ T)r D (S)r + (T)x.

(2) Since the mapping x — —x is an M*-homeomorphism of the topological space R onto itself (see
Corollary 3.4), and in view of Lemma 3.1, (—=S)r = —(S)x is valid.

(3) Inclusion (S = T)r 2 (S)r — (T )R results from (1) and (2). O

4. Characterizations of M*-irresolute topological rings

Theorem 4.1. Let R be an M*-irresolute topological ring with unity, a € Z(R) and x € R. Then the
following statements are equivalent:

(1) V is an M*-neighborhood of element x of R;

(2) V.a is an M*-neighborhood of element x.a of R;

(3) a.V is an M*-neighborhood of element a.x of R.

Proof. Consider the M*-homeomorphism £, : R — R (see Theorem 3.5). Since x.a = ¥ ,(x) and
V.a=1%,(V), then (1) = (2).

The mapping %, : R — R, where 9¥,(y) = a.(y.a™!) for y € R, is the composition of the
M*-homeomorphisms ¥,1 : R — R and ¥, : R — R (see Theorem 3.5), hence, it is M*-
homeomorphism. Since ¥,(x.a) = a.x and ¥,(V.a) = a.V, then (2) = (3)

By taking into consideration the M*-homeomorphism ©’_, : R — R, equalities ¥ _;(a.x) = x and
¥’ 1(a.V) = V are obtained. Then from Theorem 3.5, it follows that V' is an M*-neighborhood of
the element x. Thus, (3) = (1). O

Corollary 4.1. Let R be an M*-irresolute topological ring with unity and a € Z(R). Then the following
statements are equivalent:

(1) V is an M*-neighborhood of element 0 of R;

(2) V.a is an M*-neighborhood of element O of R,

(3) a.V is an M*-neighborhood of element 0 of R.
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Corollary 4.2. Let R be an M*-jrresolute topological ring and a € R. Then a subset V C R is an
M*-neighborhood of a if and only if V — a is an M*-neighborhood of 0.

Proof. Consider an M*-neighborhood V of a. Then there exists \V/ € Ty« such that a € V/ C V. Since
the mapping _,; : R — R is an M*-homeomorphism (see Corollary 3.4(1)), then I _,(V') =V’ —a
is an M*-open set containing zero. Furthermore, clearly V/ —a C V — a. Hence V — a is an M*-
neighborhood of zero.

By virtue of the fact that the mapping I'; : R — R, where ;(x) = x+a, is an M*-homeomorphism

(see Corollary 3.4(1)), the converse can be proved similarly. O

Definition 4.1. A collection U, of subsets of an M*-irresolute topological ring R is called a basis of
M*-neighborhoods of r € R if any subset of U, is an M*-neighborhood of r and any M*-neighborhood

of the element r contains some subset from U,.

Theorem 4.2. et Uy be a basis of M*-neighborhoods of zero of an M*-irresolute topological ring R.
Then the following conditions are satisfied:
(N1) 0 € Nyey, V-
N2) for any subsets U and W from Ug there exists a subset VV € Ug such that V CUNW,;
N3) for any subset V € Uy there exists a subset W € Ugy such that W + W C V,
N4) for any subset V € Uy there exists a subset W € Ug such that —\W C V/;
N5) for any subset V € Uy there exists a subset W € Uy such that WW C V;
(N6) for any subset V' € Uy and any element a € R there exists a subset W € Ug such that
aWCVandW.aCV.

(
(
(
(

Besides, if a€ R, then U, ={a+ U | U € Up} is a basis of M*-neighborhoods of the element a.

Proof. The definition of the basis of M*-neighborhoods of an element in a topological space results
in the fulfillment of conditions (N1) and (N2).

Consider an M*-neighborhood V of 0 = 0 + 0. Since R is an M*-irresolute topological ring, then
there are M*-open sets V; and V5 containing zero such that Vj +V, C V. Suppose that W =V N,
then W is M*-neighborhood of zeroand W +W CV; +W, C V.

In a similar way, the fulfillment of conditions (N4)-(N6) results from the fact that U is a basis
of M*-neighborhoods of zero in an M*-irresolute topological ring R, from conditions (C2) and (C3)
(see Definition 3.1) with regard to —0 =0, 0.0 =0 and 0.a =0 for any a € R.

If a € R, then the mapping I, : R — R is an M*-homeomorphism in view of Corollary 3.4, and,
hence U, = {a+ U | U € Up} = {I,(U) | U € Up} is a basis of M*-neighborhoods of the element
a. U

Theorem 4.3. Let R be an M*-irresolute topological ring and Ug be a basis of M*-neighborhoods of
zero of an M*-irresolute topological R-module £. Then conditions (N1) to (N4) of Theorem 4.2, are

satisfied together with the following conditions:
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(N5') for any subset V € Uy there exist a subset W € Uy and an M*-neighborhood U of zero in R
such that UW C V;

(N6&") for any subset V € Ugy and any element r € R there exists a subset W € Uy such that
rW CcvVv;

(NT") for any subset VV € Ug and any element a € £ there exists an M*-neighborhood U of zero in
R such that UaC V.

Proof. To prove these conditions, it is necessary to use Theorem 4.2, condition (M3) (see Definition

3.2), and to take account of 0.a=r.0 =0 forany r € R and a € £. ]

Theorem 4.4. [et S be a subset of an M*-irresolute topological ring R and Ug be a basis of M*-

neighborhoods of zero. Then (S)g = [\ (S + U).
Uely

Proof. Let x € (S)g and U € Ug. Thus, by condition N3 (see Theorem 4.2), there exists W € Ug

such that —W C U. Since x € (S)g, then (x + W) NS # 0. This gives x € S—W C S+ U.
Therefore, (S)r € S+ U, and, hence (S)r € ) (S+ V).

Uelp
Now, let y € () (S+ U) and let U; be an M*-neighborhood of zero in R. Let's choose an M*-
Uely
neighborhood U € Ug of zero such that —U C U;. Sincey € S + U, then SN(y+U;) 2 SN(y—U) # 0.
Thus N (S+U) C (S)xr. O
Uelp

Corollary 4.3. Let Uy be a basis of M*-neighborhoods of zero of an M*-irresolute topological ring R.

Then (\ U is an M*-closed set.
Uelyp

Proof. By Theorem 4.4, (1 U is an M*-closure of a subset {0} in R, and hence is M*-closed set in
Uelp
R. O

Corollary 4.4. Let U and W be M*-neighborhoods of zero of an M*-irresolute topological ring R such
that W +W C U. Then (W) C U.

Proof. It is obvious that the family Uy of all M*-neighborhoods of zero in R is a basis of M*-
neighborhoods of zero of R. By Definition 4.1, for M*-neighborhood W of zero, there exists V € Uy
such that V C W. In the view of Theorem 4.4,

Wig= N W+V)CW+VCW+WCU.
Vel

Thus, (W)x C U. O

Corollary 4.5. LetR be an M*-irresolute topological ring, £ be an M*-irresolute topological R-module,
N C &€ and let Up(E) be a basis of M*-neighborhoods of zero in £. Then following statements are

true:
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(1) (Me= N (N+U).
UElUy(E)

(2) (N U is M*-closed set in £.
UeUp(€)

Theorem 4.5. Let R be an M*-irresolute topological ring with unity, and let S be an M*-compact

subset in R. Then the following assertions hold:

(1) a.S is M*-compact for each a € Z(R),
(2) a+ S is M*-compact for each a € R;
Proof. Let A be an indexing set and let {Ug : 3 € A} be an M*-open cover of a.S. Then, 2.5 C |J Up

BeN

implies that S C | (a_l.Uﬁ). Since each Ug is M*-open subset of an M*-irresolute topological ring
BeN

R, then by Theorem 3.3, at.Us € M*-O(R) for each B € A. Further, since S is M*-compact,

therefore, S C | (afl.Uﬁ) for some finite subset A" C A. Consequently, 2.5 C (J Ug. Hence a.S
BEN BEN
is M*-compact.

Analogously, the second part of the theorem is proved. [l

Definition 4.2. Let R and S be an M*-irresolute topological rings. A mapping 2 : R — S is said
to be an M*-irresolute (pre-M*-open) homomorphism if €2 is a homomorphism of rings and an M*-
irresolute (pre-M*-open) mapping of the topological spaces. A homomorphism of rings, which is at

the same time M*-irresolute and pre-M*-open, is called an M*-topological homomorphism.

Proposition 4.1. Let R and S be an M*-irresolute topological rings, and 2 : R — S be a homomorphic
mapping of R to S. Then

(1) Q is an M*-irresolute homomorphism if and only if Q=*(V) is an M*-neighborhood of zero in
R for any M*-neighborhood V' of zero in S;

(2) Q is a pre-M*-open homomorphism if and only if Q(W) is an M*-neighborhood of zero in S
for any M*-neighborhood W of zero in R;

(3) Q is a M*-topological homomorphism if and only if for any M*-neighborhoods U and U; of
zero in R and S, correspondingly, Q(U) and Q~1(U,) are M*-neighborhoods of zero in S and
‘R respectively.

Proof. (1) Let V be an M*-neighborhood of zero in §. Then, there exists M*-open set V' in S
containing zero such that 0 € V/ C V. Since Q is an M*-irresolute homomorphism, then it is, in
particular, M*-irresolute at 0 € R. Further since Q(0) = 0, then by Definition 2.5, there exists
M*-open set U in R containing zero such that 0 € Q(U) C V’. Consequently, 0 € U C Q7 1(V). This
proves that Q~1(V) is an M*-neighborhood of zero in R.

Now let a € R and U’ be an M*-neighborhood of 2(a) in S. Then, due to Corollary 4.2, U' —Q(a)
is an M*-neighborhood of zero in §. Therefore, W = Q~1(U’' — Q(a)) is an M*-neighborhood of zero
in R. Consequently, W 4+ a is an M*-neighborhood of a € R, besides,
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QW + a) = QW) + Q(a) = Q (QH(U' — Q(a))) + Q(a) C U — Q(a) + Q(a) C U

Therefore, the mapping Q2 : R — S is M*-irresolute.

(2) Let W be an M*-neighborhood of zero in R. Then, there exists an M*-open set U in R
contaning zero such that 0 € U C W. Since Q is pre-M*-open mapping, then 2(U) is an M*-open
set in S. Besides, 0 = Q(0) € Q(U) C Q(W). Thus, Q(W) is an M*-neighborhood of zero in S.

Conversely, consider an M*-open subset V of R, and v € Q(V). Then there exists an element u € V
such that v = Q(u). Since V is M*-neighborhood of point v in R, then V — u is M*-neighborhood of
zero in R. By hypothesis, (V' — u) is an M*-neighborhood of zero in S and

QV — 1) = QV) — Q(u) = V) — v.

Thus, Q(V) = Q(V — u) + v is an M*-neighborhood of v in §. Hence, Q(V) is an M*-neighborhood
of each of its points. Therefore, Q(V) is an M*-open set in S. This proves that 2 is pre-M*-open
mapping.

(3) follows from statements (1), (2) and Definition 4.2. O

Definition 4.3. Let R be an M*-irresolute topological ring, £ be an M*-irresolute topological R-
module. A subset K of £ is called bounded if for any M*-neighbourhood U of zero in £ there exists
an M*-neighborhood U, of zero in R such that U;.K C U. An M*-irresolute topological R-module £
is called bounded if £ is bounded subset of the module £.

Definition 4.4. Let R be an M*-irresolute topological ring. A subset K C R is called bounded from
left(right) if for any M*-neighborhood U of zero in R there exists an M*-neighborhood U; of zero in
R such that Uy.K C U (correspondingly, K.U; C U). A subset K of an M*-irresolute topological ring
is called bounded, if it bounded from left and from right.

Theorem 4.6. Let R be an M*-irresolute topological ring, £ and &' be an M*-irrresolute topological
R-modules. Suppose Q2 : € — E' is an M*-irresolute homomorphism and a subset K is bounded in E.
Then the subset Q(K) is bounded in &'

Proof. Let U be an M*-neighborhood of zero in M*-irresolute topological R-module £'. Then, due
to Proposition 4.1, Q~1(U) is an M*-neighborhood of zero in M*-irresolute topological R-module &.
By boundedness of K, there exists an M*-neighborhood U; of zero in R such that U;.K € Q~1(U).
Then

Ur1.Q(K) = Q(Ui1.K) CQ(Q (V) C U,

i.e Q(K) is a bounded subset in &’ O
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Theorem 4.7. Let R and § be M*-irresolute topological rings, 2 : R — S be an M*-topological
homomorphism. Let a subset K be bounded from left (bounded from right, bounded) in the ring R,
then the subset Q2(K) is bounded from left (bounded from right, bounded) in the ring S.

Proof. Let U be an M*-neighborhood of zero in M*-irresolute topological ring §. Then, due to
Proposition 4.1, Q71(U) is an M*-neighborhood of zero in M*-irresolute topological ring R. Since
K is bounded from left in R, then there exists an M*-neighborhood U; of zero in R such that
U1.K C Q71(U). By Proposition 4.1, Q(U;) is an M*-neighborhood of zero in S. Then

Q(U1).Q(K) =Q(U1.K) CQ(QH(U)) C U,

i.e the subset Q(K) is bounded from left in S.

When the subset K of the ring R is bounded from right or bounded, the proof is analogous.
Theorem 4.8. Every M*-compact set in an M*-irresolute topological R-module £ is bounded.

Proof. Consider an M*-compact subset K of £. Let U be an M*-neighborhood of zero in £. Then,
by condition (M3) (see Definition 3.2), for any element n € K there exist an M*-open set V,, in R
containing zero and an M*-open set W, in £ containing n such that V,,,W,, C U. Since {W, | n€ K}

]
is an M*-open cover of K, then there exist elements nq, no, . .., ni € K such that K C | Wh,. Then
J=1

i
V = (1 V,, is an M*-neighborhood of zero in R and
j=1

i i
j=1 j=1
Thus, K is bounded subset of M*-irresolute topological R-module £. O

Theorem 4.9. M*-closure of any bounded subset of an M*-irresolute topological R-module £ is
bounded.

Proof. Let K be any bounded subset of £ and U be an M*-neighbourhood of zero in £. Then there
exists M*-closed neighborhood U; of zero in £ such that U; C U. Since K is bounded subset of &,
then there exists an M*-neighborhood U, of zero in R such that U,.K C U;. Then

U2 (K)e C (Ua)r.(K)e C (U2.K)g C (Ur)e = U1 C U.

Thus, (K)g is a bounded set in £.
O

Theorem 4.10. /f K is a bounded from left subset of an M*-irresolute topological ring R and N is a
bounded subset of an M*-irresolute topological R-module £, then K.N is bounded subset of £.



14 Int. J. Anal. Appl. (2023), 21:84

Proof. Consider an M*-neighborhood U of zero in £ and M*-neighborhood W of zero in ‘R such that
W.N C U. Since K is bounded from left subset of R, then there exists M*-neighborhood V' of zero in
‘R such that V.K C W. Then

V.(K.N) = (V.K).N C W.N C U.

Thus, K.N is bounded subset of £. O

Definition 4.5. Let (R,+,-,T) be an M*-irresolute topological ring. A subset S of R is called a
subring of an M*-irresolute topological ring R if S is a subring of R and S is endowed with the

topology T|s ={V NS |V € T}, induced by the topology T.

Definition 4.6. Let £ be an M*-irresolute topological R-module. A subset N of € is called a submodule
of the M*-irresolute topological R-module £ if N is submodule of R-module £ and R-module N is
endowed with the topology induced by the topology of R-module £.

Theorem 4.11. Every Subring of an M*-irresolute topological ring R is an M*-irresolute topological

ring.

Proof. Consider a subring S of an M*-irresolute topological ring R. Let r1,» € S and U be an
M*-open set in S containing r; — r,. Then U =V NS, where V is M*-open set in R containing
rn — r»>. By Definition 3.1, there exist M*-open sets U; and U, in R containing r; and r» respectively
such that Uy — U, C V. Then Wy = U1 NS and Wo = U> NS are M*-open sets in S containing ry

and r» such that
Wy —Wo C (U —Ux)NnSCVNS=U.

Now, suppose ri, r» € S and U be an M*-open set in S containing r1.ro. Then U =V NS, where
V' is M*-open set in R containing r;.r»>. By hypothesis, there exist M*-open sets U; and Us in R
containing r; and rpy respectively such that U;.U> C V. Then Wy = Ui NS and W, = U N S are

M*-open sets in S containing r; and r» respectively, besides
Wi W, C (U1U2) nNscvns=uU.
Hence, S is an M*-irresolute topological ring. [l

Remark 4.1. A Submodule N of an M*-irresolute topological R-module £ is an M*-irresolute topo-

logical R-module.

Theorem 4.12. [et Q be a subset of an M*-irresolute topological ring R, and S be a Q-stable subset
of an M*-irresolute topological R-module £, then (S)¢ is a (Q)r-stable subset.

Proof. Since S is Q-stable subset of &£, then Q.S C S (see Definition 2.8). From Theorem 3.1(3),
(Q)r-(S)e CT(R.S)e C(S)e. Thus, (S)g is a (Q)r-stable subset. O
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Proposition 4.2. Let R be an M*-irresolute topological ring and £ be an M*-irresolute topological
R-module. Let Q be a subring of R, and N be a Q-submodule of R-module £, then

(1) (Q)r is a subring R;
(2) (N)g is a (Q)r-module.

Proof. Let Q be a subring of an R. Thus Q —Q C Q and Q.Q C Q. By Theorem 3.7(3), (Q)r —
(Q)r C(R—Q)r C (Q)r. Since Q is a Q-stable subset of the M-irresolute topological R-module R,
then, due to Theorem 4.12, (Q)r is a (Q)r-stable subset of the M*-irresolute topological R-module
R, that is (Q)r.(Q)r C (Q)r. Hence (Q)x is a subring R.

Since N is Q-submodule of R-module &, then by Theorem 3.7(1) (N)e +(N)e C (N+N)e C (N)¢.
Also N is Q-stable subset of an M*-irresolute topological R-module &, then by Theorem 4.12, (N)¢
is a (Q)r-stable subset of the M*-irresolute topological R-module &, and since (Q)x is a subring R,
then (N)¢ is a (Q)r-module. O

Corollary 4.6. Let Q be a subring of an M*-irresolute topological ring R with (Q)r = R and N
be a Q-submodule of an M*-irresolute topological R-module & Then, (N)¢ is a submodule of the
M*-jrresolute topological R-module .

In particular, the M*-closure of any submodule of an M*-irresolute topological R-module is also an

M*-irresolute topological R-module.
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