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Abstract. The paper is devoted to the study of steady-state transmission problem between two

Herschel-Bulkley fluids in a three dimensional thin layer.

1. Introduction

The rigid viscoplastic and incompressible fluid of Herschel-Bulkley has been studied and used by many
mathematicians, physicists and engineers, to model the flow of metals, plastic solids and a variety of
polymers. Due to the existence of the yield limit, the model can capture phenomena connected with
the development of discontinuous stresses. A particularity of Herschel-Bulkley fluid lies in the presence
of rigid zones located in the interior of the flow and as yield limit increases, the rigid zones become
larger and may completely block the flow, this phenomenon is known as the blockage property. The
literature concerning this topic is extensive; see e.g. [4,11,12,14,15]. The purpose of this paper is
to study the asymptotic behavior of the steady flow of Herschel-Bulkley fluid in a three-dimensional
thin layer. The paper is organized as follows. In section 2 we present the mechanical problem of the
steady flow of Herschel-Bulkley fluid in a three-dimensional thin layer. We introduce some notations
and preliminaries. Moreover, we define some function spaces and we recall the variational formulation.

In Section 3, we are interested in the asymptotic behavior, to this aim we prove some convergence
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results concerning the velocity and pressure when the thickness tends to zero. Besides, the uniqueness

of a limit solution has been also established.

2. Problem statement

Denoting by w the fixed region in plan x = (x1, x2) € R?. Introducing the function h: w — R such
that 0 < hg < h(x,y) < hy for all (x,y) € R?, where hg and h; are constants.

Considering the following domains

Q = {(x,y,2)eR?/ (x,y)Ewand 0 <z < h(x,y)},

Q= {(x1,x,x) ER?/ (x1,%) €wand 0 < x3 < eh(x1, %)},
Q = {(X,y,z)€R3/ (x,y) Ewand — h(x,y) < z <0}

Q5 = {(x1,xix) ER?/ (x1,%) €wand —eh(x1,x) <x3 <0},

where € > 0.

Remark that if (x1,x2;x3) € QF then (x,y,z) = (x1,x2, 2) € Q;. This permits us to define, for
every function ¢f : Qf — R, the function @ : Q; — R given by @(x,y, z) =5 (x1,x2,x3), 1 =1,2.

Let 1 < p <2, p’ the conjugate p, (% + % = 1) and f; = (fi1, fin, fi3) € LPi(2;)3 a given functions.
We define the functions £ € Lp’(Qf)3 such that 7? = f;, i = 1,2. We consider a mathematical
problem modeling the steady flow of a rigid viscoplastic and incompressible Herschel-Bulkley fluid. We
suppose that the consistency and vyield limit of the fluid are respectively wu;e”, gie where u;, g; > 0,
i = 1,2 and p represents the power-law index. The first fluid occupies a bounded domain 2§ C R3
with the boundary 8Q¢ of class C!. The second one occupies a bounded domain Q5 C R3 with the
boundary 8Q5 of class C. We denote by Q¢ the domain Qf U Q5 and we suppose that 8Q% = w U T
and 925 = w U I'5 the velocity is known and equal to zero, where w, ['§, 5 are measurable domains
and meas('§), meas(l'5) > 0. The fluids are acted upon by given volume forces of densities ff, f5
respectively. We denote by S3 the space of symmetric tensors on R3. We define the inner product

and the Euclidean norm on R3 and Ss, respectively, by
uv = uvy Vu,v e R® and 0.7 = 0/yTim Yo, T € Ss.
lu| = (u.u)% VueR® and |o| = (a.a)% Vo € S3.

Here and below, the indices / and m run from 1 to 3 and the summation convention over repeated

indices is used. We denote by 3? the deviator of o¢ given by
Uf = —pf/3 + /0\'/7-”,

where pf, i = 1,2 represents the hydrostatic pressure and /3 denotes the identity matrix of size 2.

We consider the rate of deformation operator defined for every vé € W Pi(Qf)3 by

D) = (Din(v)). Diml) = 5 (V)1 m + W, 1), 7= 1,2
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We denote by n the unit outward normal vector on the boundary w oriented to the exterior of 2§ and
to the interior of Q, see the figure below. For every vector field v& € W1 Pi(Qf)3 we also write v¢
for its trace on 925, i =1,2.

The steady-state transmission problem for the Herschel-Bulkley fluids in thin layer is given by the
following mechanical problem.

Problem P;. Find the velocity field uf = (v, u%, us) @ QF — R3, the stress field of =

(0%,0%,0%) : Qf — Sz and the pressure p¢ : Qf — R?, | = 1,2 such that

divei+f = 0in Qf. (2.1)
dive5+f; = 0in Q5. (2.2)
T _ p e\|P—2 £ D(uf) €
0§ = i€ ‘D(ul)‘ D(uf) + g:1€ L if |D(u1)] #0
i ()] in Qf, (2.3)
‘aﬁ’ < gi1€ if ‘D(uf)‘ =0
T _ p e\|P—2 € D(us) - €
05 = uoe? |D(us)|" " D(u§) + goergezr if [D(us)| # 0 _
— |D(s)] in Q5, (2.4)
‘ag < goe if [D(ug)| =0
divui =0in QfF, (2.5)
divus =0in 5 , (2.6)
uj=0onT%, (2.7)
u5 =0onT§, (2.8)
uj —u5 =0 on w, (2.9)
ofn—o5.n=0o0nw. (2.10)

Here, the flow is given by the equations (2.1) and (2.2). Equations (2.3) and (2.4) represents,
respectively, the constitutive laws of Herschel-Bulkley fluids where and are the consistencies and yield
limits of the two fluids, respectively, 1 < p < 2 are the power law index of the two fluids, respectively.
Equations (2.5) and (2.6) represents the incompressibility condition. (2.7), (2.8) give the velocities
on the boundaries I'{ and I'§, respectively. Finally, on the boundary part w, (2.9) and (2.10) represents
the transmission condition for liquid-liquid interface.

Let us define now the following Banach spaces

WEP(QE) = {vieWhP(Qf):vi=00nT¢}, (2.11)
WEE(QE) = {vie WhP(Q9)® : div(v,) = 0in QF}, (2.12)
Wdﬁv(Q,') = {V,‘ S Wl' p(Q,‘)3 . diV(V,') =0in Q,’} ) (2-13)

L) = {(pf € LP(QF): /QE ©%(x1, X2, X3)dx1dxadxz = O} , (2.14)

1
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LE(2) = {(p,- € LP(Q) : / wi(x,y,z)dxdydz = O} : (2.15)
Q;
6‘(,0,- .
W, () = <w;elLP(Q): 57 © LP(Q) ¢, i=1,2. (2.16)
W, = Wz () x W; ()7, (2.17)
we = ) () WG X W) v = e | (2.18)
onw,vi=00onTl§, w=0o0nTl}5

we = {(vl, v2) € Wik P(925)> x W P(95)° vy = v, on w} _ (2.19)

For the rest of this article, we will denote by ¢ possibly different positive constants depending only on
the data of the problem.

The use of Green's formula permits us to derive the following variational formulation of the me-
chanical problem (FP;), see [4,13,15].

Problem PV, . For prescribed data (ff,f5) € LP(Q5)% x LP(Q5)3. Find (u§, u§5) € WE, and
(K5, p5) € Lg/(Qﬁ) X Lg,(Qg) satisfying the variational inequality

[y €P /Q ID(uf)[P~2 D(uf).D(vy — ui)dxldedX3+gle/ |D(v1)] dxydxzdxs
i

£

—gls/ ID(u3)| dx1dxadxs + /J.2EP/ |D(u8)|P2 D(u§).D(vo — uS)dxydxodxs
Qs Q8

2

—1-926/ |ID(v2)| dx1dxodxs — 928/ |D(u5)| dx1dxadxs
Q5 Q5

> / ff.(v1 — uf)dxidxadxs +/ pi div(vy — uf)dxidxadxs
Qs Qf

1

+/ fy .(vo — u5)dxydxodxs +/ p5div(va — u5)dxidxodxs, V(vy, vo) € WE. (2.20)
Q3 o3

2
It is known that this variational problem has a unique solution (¢, u§) € WE,_ and (p€, p§) € LF (Q5) x
Lg/(Qg), see for more details [11, 13, 15].

3. Asymptotic behavior

In this section, we establish some results concerning the asymptotic behavior of the solution when

€ tends to zero. We begin by recalling the following lemmas see [1, 3,4, 8, 16].

Lemma 3.1. (1) Poincaré’s inequality. For every v; € erl-’p(Qf)3 we have
ovf
6><2

||V/§||LP(QI€)3 <e€ =12 (3.1)

Le(s)
(2) Korn's inequality. For every v; € WP(Q5)3 there exists a positive constant Co independent

on g, such that

||VV/'€||LP(Q,§)9 < CO ||D(V;€) ||LD(Q:;:)9 ) | = 1, 2. (32)
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Lemma 3.2 (Minty). Let E be a banach spaces, A : E — E’ a monotone and hemi-continuous
operator, J : E — ]—o00, +00] a proper and convex functional. Let u € E and f € E' . the following

assertions are equivalent:
1(Au; v —u)prxe+J(v) —J(u) > (fiv—u)pxe, YveEE
2(Av;v — uyprwe + J(v) — J(u)

V

(fiv—u)prxe. Vv EE

The main results of this section are stated by the following proposition.

Proposition 3.1. Let (uf, u5) € W§, and (pf, p5) € Lp (©27) x Lp (€25) be the solution of variational
problem (PV.). Then, there exists (y , (2) € W, (Q1)> xW, (2)° and (py . p3) € Lg (Ql)ng ()
such that

(U5, U8) — (1, B2) in Wz (Qu1)° x Wz (Q2)° weakly, (33)
AU, BLE, .

(af' af) —(0,0) in LP(Q1) x LP(Q) weakly, (3.4)
(PF. P5) = (i . B2) in LE (1) x LE (22) weakly (35)

Proof. choosing (v1, v2) = (0, 0) as test function in inequality (2.20), we deduce that
ta€® [ D) [Fiqere + Mae” ID(UE)IIFn )0
< /5 ff-de><1dX2dX3—I—/Q 5. u5dx1dxadxa,
1

€
2

this permits us to obtain, making use of Poincaré's and Korn's inequalities and by passage to variables

x,yandz
g € < 3.6
‘ul LP(Ql)3+‘U2 LP()3 < (3.6)
auE s
<
57 + o < c (3.7)
LP()3 LP(Q22)3
auE auE c
< = .
Ox + Ox - € (3.8)
LP(21)3 LP(2)3
TE TE
%“1 n %“2 < & (3.9)
Y leoauye M €

Moreover, we get using the incompressibility condition (2.5), (2.6) and Green's formula, for any
function (@5, ¢5) € W1 Q) x W:L P2(Q5)

dxdydz+
o 3 Q0 3

S, 0 —~ 0
= s/ (“f a‘pl + U, 6‘p1> dxdydz+€/ <u21 a‘P2 + U5, a‘p2> dxdydz.
Ql Q2

dxdydz
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Which gives, making use (2.16)

Oury Ouzs < ce (3.10)
0z , , - '
Wfl'p (91) w-1p (Qg)

We can then extract a subsequences still denoted by (uAf uAS) such that

(U, 08) — (0, @) in LP(Q1)® x LP(Q2)® weakly, (3.11)
BuE dus OUL OULY - | prey \3 . 1 pres \3
(82, az> — (62, 82) in L (Ql) x L (Qz) Weakly, (312)
AU, OUE, . )
<az, ? — (0, 0) in L (Q]_) x L (Qz) Weakly. (313)

Let now (v§, v5) € erl'p(Qﬁ)3 X erz'P(QgP , we obtain by setting (u§ — v, u5 — v§) as test function
in inequality (2.20), using the incompressibility conditions (2.5) and (2.6) as well as the Green formula
and Holder's inequality

/ Vps.vidxidxadxs + Vp5.vidxidxadxs
Q

€ €
1 QQ

1

o
< uq€P (/ |D(uf)|P dxldxde3> </
Qs Qs

1 1

1
p

|D(v)|P XmdXQdX3>

s
—I-glsiJrll\//eas(Qi)i (/ |D(v)|P XmdXQdX?,)
35

~

fe T 3 &
+5)f1 1 13 >

WE, P(u)? e )

1

rd
+uoeP (/ |D(u5)|P dX]_dXQdX3> (/ |ID(v5)|P dxldxde3>
Q5 Q5

2 2

1 1
+goe7 T Meas(Q5)7 </

LP(Q5)? LY (Q5)° WEP(922)

T =

p

|D(V§)|p XmdX2dX3> . (314)
%

On the other hand, it is easy to check that, after some algebraic manipulations, we find

P 1 o~
14 .
(/Q,g |D(vF)|P dxldX2dX3> <egr £ erl'p(Q/)3' i=1,2. (3.15)
Hence, from (3.7), (3.8), (3.9), (3.14) and (3.15) if follows that
Vps.vidxidxadxs + Vp5.vsdxidxadxs
£ 5
< % vE . 3.16
= e (‘ "1 Wk P (1) * ‘ V2 erép(szg)3> (3.16)
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Passing to the variables x, y and z in the left hand side of (3.16 ) we find the following estimates

, +’A’°‘ , c, 3.17
i " 1P21e @) (3.17)
%” i 4 ||%P2 < ¢ (3.18)
x w10 (Q) W-1 7 (Q2)
opt aps
% + % < ¢ (3.19)
llwes v Y llwr@y)
= =
% + op3 < egc. (3.20)
2 w1 v ) WL P ()

Consequently, we can extract a subsequence still denoted by (/;i‘ /:%) such that

(p}ﬁg) — (B, B) in LE (1) x LB (22) weakly, (3.21)
which achieves the proof. This proof permits also to deduce that limit pressure verify
(6 (0. 2). BB(x, 1. 2)) = (Bi(x. ). Ba(x. ). O

Proposition 3.2. The velocity limit given by (3.3) verifies
/’W (amx,y, 2) | dn(x.y. z)) e /0 <a@(x,y, 2) | oia(x.y. z>> )
0 Ox Oy —h(x.y) Ox Oy
= 0V(x,y) ew (3.22)

Proof. We know from incompressibility conditions (2.5) and (2.6) that

/Qg div(uf (x1, x2, x3))1(x1, x2)dx1dx2dx3 + /Qg div(us(x1, x2, x3) )2 (X1, x2)dx1dxodx3

1 2

= 0 forall (p;,9,) € D(w)>.

This implies, using Green's formula

dy do
/ Uf1— - dx, L(x1, x2)dx1dxadxs +/ U12d L(x1, %) dxidxodxs
Q1 Ql

dp do
+/ uS =2 (x1, X2)dx1 dxadxs +/ U§o—2 (X1, X2 ) dx1 dxodx3
 *dx o o dxo

ouf Ouss
&

E® 23 05 (x1, x2) dx1 dxodxs.
Qs X3

Hence, by passage to the variables x, y and z using Geen's formula, we can infer

hxy) (8. OUE. 0 Ous, s,
X, 1 12 dz—i—/ 2L L 22 ) g7 | dxd
/wtp( y) </o ( Ox oy —h(x.y) Ox Oy Y

= 0 ¢peDw).
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/h(x,y) %+% dz + /0 %+% dz =0.
A ax | By —h(xy) \ OX Oy

Moreover, the fact that ; = (J‘f\l@) e LP(1)?, 0, = (LEJS;) e LP(Qy)? and

foh(x'y) Uy(x,y,z)dz + ffh(xvy) U»(x,y,z)dz is continuous and linear, it is weakly continuous.

Then,

Thus, by passage to the limit when € tends to zero, taking into account the boundaries conditions
(2.7) ,(2.8) and (2.9) it follows that

hx<y) /8@ B 0 Oup1 O
4+ —= dz+/ <+>dz:O,VX, €w.
/o < Ox Oy ) —h(xy) \ OX Oy )

We derive in the proposition below the strong equation verified by the limit solution
(Uy, Up) = ((tn1, U12), (21, Un2)) € W,
and (p1, p2) € Lg (Q1) x Lg ().

Proposition 3.3. if( e Be ) # (0,0) then the limit point (uy, U,) and (p1, p2) given by (3.3) and
(3.5) verify the limit problem

0z \ 25| 6z oz o 9t oy 25| 0z oz > 9 ai,
0z 0z
=y — Vpi(x,y) + o = Vpa(x,y) in WL P (Q)2, (3.23)
Proof. Introducing the operator ¢ defined as follows
d:WeE W,
(O ), Dhweswe = e [ 1DWEP™ D(uf). D) dadrads
1

+Luo€P /Q |D(uS)|P~2 D(u§).D(vE)dx1 dxadxs.
2

It is easy to verify that ® is monotone and hemi-continuous (see for more details the reference [2,5,15]
). Moreover, we know that the functional

(vE,v8) evvmgls/

|D(vi)| dx1dxadxs + 926/ |ID(v5)| dx1dxadxs,
9 25

is proper and convex. Then, the use of Minty's lemma permits us to affirm that (2.20) is equivalent

to the following inequality
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uls”/ IDOA)IP~2 D(Vf)-D(Vf—UT)dxldX2dX3+91€/ [D(vi)l dx1dx2dxs
Qs Qf

1

—gle/ ID(u3)| dx1dxadxs + uzsp/ |D(V§)|P~2 D(vE).D(V§ — uS)dx1dxodxs
Qs Qs

1 2

—i—gze/ |ID(v5)| dxydxodxs — 925/ |D(u5)| dx1dxadxs
93 Qf

2/ fe.(vy —ul)dxldedX3—|—/

£
1

+/ 7‘26.(v2€—u§)dx1d><2d><3+/ p5div(va — u5)dxidxadxs, V(vi,
2 Q5

ps div(va — ui)dxydxodxs

vs) € We.

Our goal now is to pass to the limit when € tends to zero.To this aim, we use Proposition (3.3) and

the weak lower semi-continuity of the convex and continuous functional

(V6. v5) evvugls/

€

D)) dadrads + g2 |
Q5
We find the following limit inequality

|ID(v5)| dx1dxadxs,

p—2
% 86\/11 + 1 3V12‘2 2 lL (V11 U11) + 18V12 a(V12 U12)
/'Ll/ ) vz % 2 5V13 a(Vli ?l;) ’ dxdydz
o +|%7 Tz ez
1
[ 1 |om +16m‘2'2 1o | | 1 o |?
+ +gl/ 210 dxdydz — gl/ 2oz AZ oz dxdydz
2 | + % ] o + %
[ 1 8\72\12 1 3\72\22-%_2 1 8y O(v21 u) 10V O(Vop—i23) ]
1 + 2 ’ 10vy 21 21 _|_ V22 20— U2
—Hjlz/ o A2 ” x| 2 6\/23 a(V23 U;) o dxdydz
2 | + |z ] +or T ez |
5 5 o1 1
;aéa +;ag”25 2 ;65?1 +1 aqu 2
—l—gz/ 2|0z A2 ‘ dxdydz—gg/ 2| o dxdydz
z/)am—mwmwz+/ﬁmwm—mwmwz
Ql Q1
—i—/ 7?2.(@ — tp)dxdydz + +/ podiv(vy — Uh)dxdydz. (3.24)
Q2 QZ

Furthermore, from (3.3) and (3.4) we find
B3 Olna .
<£?8f>—mﬁ)mmx92
It follows, keeping in mind (3.22), that G1(x,y, z) = (t11(x,y, 2), t12(x, y, 2),0),

and 0a(x,y, z) = (t21(x,y, z), t2a(x,y,z),0) . This permits also to choose
(v13, v23) = (0,0) in ( 3.24).
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10
Considering now the operator @ such that
oW, - W,
o L ou, |P~2 au, av
(@ (U1, Bo) , (V1. Vo ))we xw, = 2—1 | B padxdydz
—~ 2 A~ —~
Ko Ou, P aﬂz %
—1-22 82 2 0s dxdydz.

It is clear that the operator ® is monotone and hemi-continuous and the functional
2
V2 *2 dxdydz,

(Vi Vo) eW, — 791
Q

o7,
8z

dxdydz + 92/
Q

is proper and convex. Hence, we deduce using again Minty's lemma

~ 2 A~ —~ ~
N«1 ouy |7~ oy O(vy —uy) Ve /
-2 82 a7 57 dxdydz + g o, dxdydz
f om, oL, |P~? 8, 8(V, — D)
—— dxdydz + — ————=dxdyd
> 9 o, | 0z Xy + 22 0z 0z 0z xayaz
2 v, f o,
+2gg/§22 dxdy dz—7gg o, 5, dxdydz
V(Vy,V,) €W,

> / (F1 = V1) (8 - G;)dxdydz + / (Fo = V52) (¥, — ) dxdydz
Ql Q2
(3.25)

(0,0) in (3.25), to obtain the following inequalities

(24, 2U5) and (Vq,V,) =

Setting (V;,V,) =
M*/} % dxdydz + 91/ L dxdydz
25 Jo, | 0z o,
o0
p% = dxdyd2+gz/ o0, dxdydz
23 Ja,| 0z Q
> / <f1 vPl) -L71dXdde+/ (fQ - Vﬁg) U,dxdydz,
2 Q0
and
P ol V2 ou,
—22 2L dxdydz — 22 =1
2% Jo |0z | DVIET 59 |y | XV
ou. 2
2 Uy 72
—22 [ 22| dxdydz — X2 dxdyd
25/92 5z | XYz 292/92 xdyaz

> - / (. - VA1) Gydxdydz - / (7. - V52) Bdxdydz.
Q4 o
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Consequently, we get by combining these two inequalities

o5
B % dxdydz+g/ Ll dxdydz
22 Jo, | 0z o
ol
TRy dxdydz+g/ O ydydz
22 Jo, | 02 o
(3.26)

(fg - Vﬁz) Uydxdydz.

— [ (7~ B) xayaz+ |
Ql QZ

Due to the fact that W P () is dense in W, (Q;), see [1, 6], we can take w, = ¥; — 4; and

W, =V, — U, in (3.25) we obtain
1 ou; aul ow; / Ow,
— —.—dxdyd — dxdyd
25 Bz 0z 0z ydz+ 91 o xdyaz
~ D=2 A~
Bo du, [P~ 6, ow, / ow,
+2§ 5, e dx dydz—l——gz o, dxdydz

> /91 (fl — Vﬁ1> widxdydz + /Q2 (£2 — Vﬁg) Wodxdydz

V(wy, wy) € WP (Q1)? x WP (Q2)°.

(3.27)

Changing (w;, w,) to (—wq, —w,) in (3.27), we obtain

V2
|F(wy, wo)| < -9 dxdydz + 92/
Ql Q2

*2 dxdydz ,

ow
6‘2

where
-~ 2 ~ |p—2 ~
_ K [ |OL |7 06 Ow, Mo [ |0G;|"" 0L, Ow,
F(wq,wy) = 28 o7 % 2 dxdydz +22 5 2 02 dxdydz
/ (fl —Vﬁl) .Wldxdydz/ <f2 —Vﬁg) Wodxdydz. (3.28)
Ql QQ
Now, utilising the Hahn-Banach theorem, 3 (m;, m,) € L>®(Q1)? x L*®(Qp)?, with
My [l lllmalllo < 1. such that
V2 ow V2 ow.
Fllwy wo)) = ——-a o ml-aledxdyd2~ 59 /Qsz-@;dxdde- (3.29)
In particular, from (3.26) and (3.28), we get
ULy dydz + m2.8“2dxc/ydz—/ Ouy dxdydz—i—/ OUa | 4udydz.  (3.30)
0z o, | 6z Q, | 0z

1
my.
o 0z Q,
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Rewriting (3.29) as

~ 2 ~ |p—2
Uy ou, P77 oty dwy ol Ol, Ow,
— — . —dxdydz+ — —.—=dxdyd
2% Jo,| 02| 0z oz v o e z
+gl/ m. ow, dxdydz—i—gg/ ms. *2dxdydz
—/ (fl—vb‘g) .Wldxdydz—/ (g—vb‘g) wydxdydz = 0. (3.31)
Ql QQ
Next using (3.30), we have
o | m ) oors [ (52 -m 52)
R m dxdydz+ | _ m dxdydz = 0.
/aauzl;,éo(az S o | \| 0z 5,
As [[lmy|llo . llmoll < 1, we deduce
ouy ouy 8u2 ou,
6z | Maz M ez | T Mz
ouy 8u2
Hence, if ( ) # (0,0), we get
ulog, P2eh, v2 &\ aw,
/ > |2 L+ Tog 92| —Ldxdydz
o, \ 22 | 0z 0z 2 % 0z
z

pP—2 A~ %
Oly \@ .—6£2dxdydz

/ Ho |0y

o \ 22

= / (fl - VpAl) wydxdydz —l—/ <£AQ — VpAz) Wodxdydz,
Q]_ Q2

V(wy, wo) € WE P (Q1)7 x WE; P ().

Consequenty, we get by using a simple integration by parts
a0,

0 [ |04, |P? o1, N
_/Q1 a2 | o2 |2z 2z dxdydz + 5 91 %Ql Wwidxdydz
z
U~ 1P~ au ol
0 [ ke au2 P2 Ou, V2 8;22
/92 8z | 22 | 8z dedydz + - 92 ‘%ﬁz Wodxdydz
z

:/Q1 (f Vp ) Wldxdydz+/92 (ﬁl—Vﬁz) Wodxdydz,

V(wy, wy) € WE P (Q1)” x Wi P (Q2)2.

Let us consider
wyin Qg

weW; Q) w= |
Wo in (2
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and
o [ |og|P%0n , o, B\ .
;o —az<2§azl @ Tz g | N th
0 in QQ
0 in Q1
éV2 - ai. p—2 Em oy .
~ f1—Vh in
by = _
0 in $2
~ 0 in Ql
by = ~ N _
£2 - sz n QQ
Then,

| (@ + ) waxaydz = |
Q

Q

:/ 51.W1dxdydz+/ ar.wodxdydz,
Ql Q2

(3 + %) widxdydz + [ (3 + &) wodxdydz,
192

—~ 1p— ~ ou.
8 (uwy |00, |P 200, V2 e
_ [ _O (B O V2 Bz | L axdyd
/Ql 9z \ 25 | oz 62+291% whaxayaz
V4
~ 1 p— ~ ou.
8 (o |0m,|P 200, V2 H2
- M _—< - < . ddd’
+/§22 8z \ 25 | 8z 0z 292% waaxaydz

:/ (fl—VpAl> wydxdydz —|—/ (EQ—Vﬁ\Q> Wodxdydz,
Ql QQ
:/ l;l.ﬂldxdy dz+/ 52.&2dxdydz,
Ql Q2

= /Q(El + by).wdxdydz Yw € WEP(Q)2.

Which eventually gives (3.23).
From now on we will denote by (U, U,) € W, and (p1, p2) € Lg/(Ql) X LSI(QQ) the solution of the

limit problem (3.23).

The following proposition shows the uniqueness of the limit solution (47, p1) and (U», p2).

O

Proposition 3.4. The limit strong problem (3.23) has a unique, solution (Uy, U,) € W, and (p1, p2) €

LF (Q1) x LF () with the condition ( 3.22) .

Proof. suppose that the limit problem (3.23) has at least two solutions (4, U,) € W, (p1,p2) €
LE(Q1) x LE () and (gﬁ Qj) A (E, E) € LZ(Q1) x LE (). In particular, (Gy, B1), (T, 2)
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and (EE) (Z E) are solutions of the weak formulation ( 3.25). Then

~ 2 ~ ~
p [ |04y |77 0, 8(V, — ) Ve /
N 82 T dxdydz + g o, Ll dxdydz
\@ oty o 0, P2 8, B8(V, — 1)
—791 o | 2z dXdde—l-zj e g_TdXdde
V2
+ 295 / v, dx dydz—gz/ o, dxdydz
2 QQ S-22

> [ (£-V6) G- B)dxdydz+ [ (o= VB) (B - Bo)dxdydz  (00.75) € Ws
Ql QZ

(3.32)
and
o, | o, o(v, — Ty) Y -
K1 Oy oty O\Vy — ) v2 vy
23 /91 8z e 57 dxdydz + 5 91 /Q1 57 dxdydz
_ PO B
V2 ou; 1y o1, P 5T, (v, - )
291 o, | 0z Xyz+22 9y e 37 xdydz
ﬂ ol,
+7g / ax dde ——9g / _—< dXdde
95} 2 7 o 0z

z/Q (z?l—v;ﬂ).(Vl—al)c/xdyc/z+/Q <f2 VE).(Qz—Z)dxdydz (Vy,7,) € W,
1 2
(3.33)

Setting (vy,V,) = (QT Z) and (V4,V,) = (U7, U,) as test functions in (3.32) and (3.33), respectively.

Subtracting the tow obtained inequalities, we can infer

p—2

p ouy| om,  |om [P ou; | O(u — i)
= =i =L = ) 2 S kdyd
25 /Ql 0z 0z 0z 0z 0z xayaz
" 0G,|" 2 6m, |66,P2 00, \ 0@, - i)
2 =2 =2 =2 =2 H2 T 22
+22 =21 =2 (222 =22 222 _2xdydz
27 Ja, \ | Oy Oy oy Oy Oy

< /Q1 v (ﬁl - E) . (E—Ql) dxdydz +/Q v (p} - E) | (Z—QQ) dxdydz. (3.34)

2

Observe that for every x, y € R”,

- _ x —y|?
XP2x = P2y ) (=) 2 (p-1) P 1< p<2
( CER)
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This leads, making use (3.34), to

—_— R p—2 —_ R 2
py(p—1) ouy | | |0uy o(uy — uy)
25 ol ( 0z 0z 0z dxdydz
-1 [ (|og]| , 108:\" 0@ - [
po (p — Ou,| | |0up Up — U
+ Y QQ( By By > oz dxdydz

< / (51—/371)/ Oty — ta) | Otz — ta) | dxdy
w 0 ox ay

L 0 7_ — 7_ —
+/ (/32—/?2)/ O(lo1 — 1) | Ol — I2) | dxdy.
w —h(x,y) Ox Oy

This use of (3.22) gives

—_— R p—2 —_ - 2
wi (p—1) ou, ou; o(u; — uy)
_ —_— —_— ————=2| dxdyd
25 o ( 0z 0z 0z xayaz
w-1 [ (loG|  [05:|\" " |60@ - &)|
Ko (P — (20) us Uy — Uy
T — — ——=—=2| dxdydz = 0. 3.35
* 25 Q2< Oy Oy ) oz xayaz (3.35)
On the other hand, the application of Holder's inequality leads to
—~ ~ p >~ —~ 4
(. — _
/ O =) | dyaz + / Ol — D)\ iy dz
Q 0z Q0 0z
— .2 5 "
o(uy—1y) ~ — =P
oG5 o, | |om |\ 2
< c — s— dxdydz X — —_— dxdydz
o} (Lﬁl " L@) P o, \| 8z 0z
0z 0z
P
B(E—Q}) 2 : 67 ~ p 2;2;3
0z
/ — s— dxdydz X / o + o dxdydz )
Qb (@ n ng) p Qb 0z 0z
0z 0z
Which gives, keeping in mind (3.35)
8@, - 0y) = 0ang 0@~ D) .
0z 0z
LP()? LP(2)?
using Poincare's inequality, we deduce
& - @), 0 =0 [& -, -

we deduce that (4, 0,) = (QT Z) a.e. in Q1 x Q.
Finally, to prove the uniqueness of the pressure, we use equation (3.23 ), with the two pressures

(p1, p1) and (P>, p»). We find
V(p1 — p1) =0 and V(p> — p2) = 0.
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o~ = / 2 o~ = / 2
Then, due to fact that (pl, pl) € (Lg (Ql)> and (,02, pg) € (Lg (Qg)) , the result can be
easily deduced. OJ
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