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Abstract. The paper presents two novel subclasses of the function class ¥, which consists of bi-
univalent functions defined in the open unit disk D = {¢ : |¢| < 1}. The authors investigate the
properties of these new subclasses and provide estimates for the absolute values of the second, third,

and fourth Taylor-Maclaurin coefficients rz, r3, and ry for functions in these subclasses.

1. Introduction

Let A be the class of functions with the following form:
X(Q) =C+ Y nck (1.1)
k=2

which are analytic in the open unit disc D = {( : |[¢| < 1}.
x(0)x'(€)

Let Jy (7, b, ¢) where x € A with ¢

fallows [8]

# 0 denote the class of convex function in D defined as

st = -2 8] o 14 20

where 7y, b # 0 and ¢ # 0 are complex numbers. Further, by S we shall denote the class of all functions

in A which are univalent in D. It is well known that every function x € S has an inverse x !, defined
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by x 1 (x(¢)) =¢. (¢ € D) and x 1 (x(n) =n. (Inl < ro(x): ro(x) > 7) where

x Ym)=n—rn?+ 2k —r)n*— (53 —5nrs+r)n* + ... (1.2)

The class X consists of functions in A that are bi-univalent in D, meaning both the function and
its inverse are univalent in D. This class was introduced in a 1967 by Lewin [4].

Lewin's investigation of the bi-univalent function class > led to the result that the absolute value
of the second coefficient, denoted as r», satisfies the inequality || < 1.51.

In 1969, Netanyahu [6] showed that the maximum value of || among all functions in X is %.

In summary, Lewin showed that |r»| < 1.51 for functions in the class ¥, Netanyahu demonstrated
that the maximum value of |r>| in X is %, and Brannan and Taha introduced subclasses of ¥ akin to
the starlike and convex function subclasses.

Thus, following Brannan and Taha [1](see also [10]), a function x € A is in the class S5-(y) of strongly
bi-starlike of order y (0 <y <1),if x € L,

(G| emoaren

and

()T wemocrsy

where the function v is given by ¥(n) =n — rnn? + (2r3 — 3)n® — (513 — 5rar3 + ra)n* + ...
is the extension of x~! to D. Similarly, a function x € A is in the class Ky (v) of strongly bi-convex

functions of order y (0 <y < 1) if x € &,

x"(€) YT _
‘arg(1+ X’(C)> <5 (CeD;0<y<1)
and
ny"(n) ym :
arg(l—i— e ) <5 (meD;0<y<1)

where the function ¥ is extension of x~! to D.

The motivation for the current paper is derived from the groundbreaking work conducted by Brannan
and Taha [1], which has reignited interest in the exploration of analytic and bi-univalent functions in
the field of mathematics in recent years. The success of Brannan and Taha work has served as
inspiration and has generated an extensive number of subsequent research papers by other authors
(121, [31. 5], [9]. [11]. [12]).

The objective of the present paper is to introduce two novel subclasses within the function class
Y and provide estimates for the coefficients |r2|, |r3| and |ra| for functions belonging to these newly

defined subclasses. To achieve our main results, we need to revisit and state the following lemma.
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Lemma 1.1. [7] Let H be the family of all functions b that are analytic in the open unit disk D
and satisfy h(0) = 1 and R(h(¢)) > 0 for all { € D. If a function by € H is given by Hh({) =
14+ di+ doC?+--- for ( €D, then |dx| < 2 for all k € N.

2. Coefficient bounds for the function class Mx(vy, b, ¢, )

Definition 2.1. A function x(() given by (1.1) is said to be in the class Ms(vy, b, ¢, u) if the following

conditions are satisfied:

X € X and
1—n X x"(€) p
arg(c[c—l—i— NG ] +b[b+ O D <= (0<u<1,y>0b#0c#0,(€D)
(2.1)
and
-yl mlf’(n)] ’Y[ mlf”(n)] um
arg( . [c 1+ e +b b+ e <5 (0<pu<1,v>0b#0c#0mn€ED)
(2.2)
where the function 1 is given by
Y(n) =n—rn” + (2r5 — r3)n® — (515 — 5rars + ra)n* + ... (2.3)

By selecting specific parameter values, researchers have identified several significant subclasses that
have been extensively studied in previous papers. Here are some examples of these subclasses.
(1) For b= c =1, the class Ms (v, b, ¢, 1) reduces to the class My (y, ) studied by Xiao-Fei Li
and An-Ping Wang [5].
(2) Fory =0, b= c =1, the class Mx (v, b, ¢, u) reduces to the class S5 (u) studied by Brannan
and Taha [1](see also [10]).

Theorem 2.1. Let x(C) given by (1.1) be in the class Ms(y,b,c, ), 0 < u < l,and~y > 0,b #

0,c #0.Then
2
Il < —— - - 1 — (2.4)
-y 2y -y 2y
2+ ) e (2 )]
4u? 7
| < n 2.5
s -7 3 29
c +? c b
and
1—v by
3= T s
43 +2u 16 “( c b) 52
|ra] < =

< + - .
YUl 4 3 1oy A\ 1oy, 2v)' (1=, 2\ (1o 3
c b c +? c +? c b c b

(2.6)
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Proof:\We can express the inequalities stated in equations (2.1) and (2.2) in a simpler form as

follows.
M{C_lJer’(C)] +’r[b+Cx”(C)] — [m(O) 2.7)
x(¢) b X' (¢) '
1—7 ny'(n)] ny"(n)| 5
e ]+ bl Ty | = o @8)

respectively, where m(¢{) and n(n) satisfy the following inequalities:
R(m(¢)) >0 (¢ € D) and R(n(n)) >0 (n e D).

Furthermore, the functions m({) and n(n) have the forms

m(¢) =1+ ml+ ml® + msC® + ... (2.9)
n(n) = 14 mn+ mn” + nsn’ + ... (2.10)
By comparing the coefficients in equations (2.7) and (2.8), we obtain the following result.
1— 2
@(C'Y - g) = mp (2.11)
1—v 4y
2,2
pemp| ——— +
2(1 — 6 —1)m? < c b )
o (ZEE0) 00 iy B DML 5 (2.12)
c b 2 <1—’Y 27)
+ -
c b
3(1— 12 —)(p—2)m}
c b 6
3(1—2) 18y -y 8y
+rzr3( —+ —r3 —+5 ) (213)
and
1-—- 2
—r2< - Ty [j) = mpy (2.14)
3(1—2) 8y
2,02
wemi| =+
2(1—7) 6y p(p —1)n? ( c b
_ ) = — 2.15
r3< — + wno + 5 <1_7 27>2 (2.15)
+ -
C b
3(1— 12 —1)(u—2)n3
. -7 12y zu(u—l)n1n2+una+p’(“ )(k —2)n3
c b 6
12(1 — 42 10(1 — 32
—r2r3( (=) + bfy> +r23< =7, b”). (2.16)
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From (2.11) and (2.14), we find that

map — N1

c b c b
which implies
my = —m (218)
and )
1-— 2
212 <ny + Z) = p2(m? + ). (2.19)
Adding (2.12) and (2.15), we obtain
2(1 - 4 -1
r ((f” + g) = u(ma+m) + “(’Lz)(mf +n3). (2.20)
Now from (2.19) in (2.20), we obtain
2(mo+n
2= w2 (m + o) (2.21)

(1;%}2) [2u—(u—1)<1;7+2g>].

By utilizing Lemma 1.1 for the coefficients m» and n,, we can directly derive the following

2

(1:Y+2;Y> [2u—(u—1)<1;’7+2bw)]_

This gives the bound on || as asserted in (2.4).

| <

To determine the bound for r3, we can subtract equation (2.15) from equation (2.12), we get

2r3<2(1c_’” + 67) = r§<4(1 ), 127) = pu(mo — ) + M(mf —n). (222

b c b 2

By substituting the value of r22 from equation (2.19) and noticing that m% = n%, we get the following

rs=r2 + p(mz = o) (2.23)
(1 — 3fy>
4l —+=—
c b
'u'2(m% + n%) 'u'(m2 _ n2) (224)

I3 = > .
11—y 24 11—y  3v
- r, e 4 27
2< c * b ) < ¢ i b
By utilizing Lemma 1.1 for the coefficients mq, m, ny and n,, we readily get

4p2 n

+ .
-, 2v\* (l=7 37
c +? ¢ b

3] <
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To determine the bound on |ra|, subtracting (2.16) from (2.13) with m; = —n; gives

f4<6(lc_7) + 2?) = M(ﬂ - 1) (m1m2 + mlnz) + M(ms - ”3) + M(M — 12 (M —~ 2) 2u®
+ r2r3<15(1 —7) + 627) — rf(ll(lc_ ) + 4?7) (2.25)

substitute the values of r» and r3 from (2.17) and (2.24) in (2.25).

By utilizing Lemma 1.1 for the coefficients my, m> and ny, we get

‘u,3 ﬂ + 5l
4ud +2u 16 c b 5u?

Il < — 4 3 3T 71 27\ /1 3
o it 1=y 4\ (l=v, 2y it At A T A
C b c b c b C b C b

By setting b= c =1 in Theorem 2.1, we obtain the following corollary.

Corollary 2.1. Let x(() given by (1.1) be in the class Ms(w,«y) (0 < u < 1,7 >0). Then

2
| < a (2.26)
\/(1+f7)(u+ 1+ —yu)
and
4u? 7
3] < + . (2.27)
(1+ 7)2 (1+2)
Putting v = 0, in Corollary 2.1, we get the following corollary.
Corollary 2.2. Let x(¢) given by (1.1) and in the class SE(u) (0 < u < 1). Then
2
o] < ——= (2.28)
Vi+1
and
|r3l < 4p® + p. (2.29)

3. Coefficient bounds for the function class By (7, b, ¢, p)

A function x(¢) given by (1.1) is said to be in the class By (7, b, ¢, p) if the following conditions
are satisfied: x € ¥ and

1= XQOT1 L[, L X'(Q]
m(c {c 1+ X0 | +b_b+ x’(C)_) >p(0<p<1ly>0b#0,c#0,eD) (3.1)
and

11— ' (m)] [, , m"(n)]
m(c[c—w w(n)_+5_b+ w,(n)_)>p(O§p<1,'yzO,b7éO,C7é0,n€D) (3.2)
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where the function 1 is given by (2.3).
By selecting specific parameter values, researchers have identified several significant subclasses that
have been extensively studied in previous papers. Here are some examples of these subclasses.
(1) For b= c =1, the class By (7, b, ¢, p) reduces to the class By (u, p) studied by Xiao-Fei Li
and An-Ping Wang [5].
(2) Fory=0, b= c =1, the class Bx (v, b, ¢, p) reduces to the class S5-(p) studied by Brannan
and Taha [1](see also [10]).

Next, we find the estimates on the cofficients |r»|, |r3] and |ra| for function in the class Bx (v, b, c, p).

Theorem 3.1. Let x(¢) given by (1.1) be in the class By (y, b, c,p), 0 < p <1 and~y > 0.Then

Ira| < 12_(;_ p;,y (3.3)
( c b)
2
< c T b) ( c T b>
and
3(l—v b5y
<2 (1-p) 16 (1-¢) <c+b> . 5(1—p)°
HE31—q 4y 31— ay\/1—v 29\° [(1-7 27\(l-7 37\
R I G e R e e (G
(3.5)
Proof: It fallows from (3.1) and (3.2) that there exist m(¢{) and n(n) € H such that
1—v X, "] _ B
e S ]l S e 0w =
and
1—v '] v m’(m)] _ 3
e e e ] =e+ - slatm 57

where m(¢) and n(n) have the forms (2.9) and (2.10), respectively. Equating cofficients in (3.6) and
(3.7), we get

” (1;7 + 27) = mi(1-p) (3.8)
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3(1 - 12 3(1 — 18 1-— 8
r4<(C,Y)+ b’Y> = m3(1—p)+r2r3((CfY)+ bfy>—fz3( C’Y+[;Y> (3.10)

and

_r2<1;”+2[j) —m(1-p) (311)

—r3<2(1c_7)+6[;y) =m(1-p) — (3.12)

C b b c b
From (3.8) and (3.11), we find that

B r4<3(1 —) N 12’y> _ n3(1 —p) B r2r3(12(1c— ) N 42’y> +r23<10(1 —7) N 32,),)- (3.13)

1- —m(1—
pemizo) __—m=/) (3.14)
-7 2y -7 2y
c b c b
which implies
m =—-m (315)
and
1-v  27\? 2
2r3 (C + b> = (1—p)"(m3 + n3). (3.16)
Adding (3.9) and (3.12), we obtain
ms+no) (1 —
2= (ma + n2)(1 = p) (3.17)
7] [
c b
By utilizing Lemma 1.1 for the cofficients m, and np, we immediately have
2(1 —
| < Sl (3.18)

1—y 29\’
(=+%)
To determine the bound for r3, we can subtract equation (3.12) from equation (3.9) and substitute

the value of r2 from equation (3.16), resulting in the following expression.

L = () (=) (m —m) (3.19)

1—v  29\? I—v 37\
tl 4 —L 4+ =2
2< c * b > < ¢ i b
By utilizing Lemma 1.1 for the coefficients m1, m», n1 and no, we get

A1)’ (1-0)

=7 27\ (1=, 3r)
C b c b

|r3| <

(3.20)
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To determine the bound on |rg|, subtracting (3.13) from (3.10) and substitute the values of r» and
r3 from (3.14) and (3.19).

After Applying Lemma 1.1 for the cofficients my, my and n,, we get

2 (1-p) 16 (1_”)3(1;%}3) 5(1-p)°

3 + = + .
3(l=y 4\ 31—y 4\ 1-v 2v\® (1= 2v\(l-7 37
c b c ")\ T c b c b

By setting b= c =1 in Theorem 3.1, we have the following corollary.

Ira] <

Corollary 3.1. Let x({) given by (1.1) be in the class By (p,v) (0 <p < 1,v>0). Then

2| < 2(11;:)) (3.21)
and
2
PR Gl M Gl (3.22)

(1+74)?  (@+7)

Putting v = 0, in Corollary 3.1, we get the following corollary.

Corollary 3.2. Let x({) given by (1.1) and in the class Ky (p), (0 < p < 1).Then
| <4/2(1—p) (3.23)

and

3] < 4(1— ) + (1 - p). (3.24)

4. Conclusions

The primary focus of this paper is to introduce novel subclasses of bi-univalent functions in open
unit disc D. Furthermore, we present upper limits for the coefficients |r2| , |r3] and |r4| for functions
belonging to these new subclasses and their respective subclasses.

Conflicts of Interest: The authors declare that there are no conflicts of interest regarding the publi-

cation of this paper.
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