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Abstract. In this research paper, the determination of the orientation of a linear interpolation in
an interconnected graph can be achieved by measuring its distance from a group of sonar stations
strategically positioned within the graph. The study utilizes the metric dimension of toeplitz graphs.
Several indices play a crucial role in analyzing motivating activities within such complex structures.
The indices covered in this study include the general connectivity index of the toeplitz graph, zagreb

indices, symmetric division degree index and randic indices, among others.

1. Introduction and Preliminaries

Let p, by, bo, b3, ..., by, are different 4+ve integers, with 0 < by < by < b3 < ... < by, < p. The
finite (undirected) toeplitz graph 7,(b1, bo, bs, ..., bm) is a graph with
Vi={0,1,2,....,p—1} E'={ij: |i—j| € B}
The toeplitz graph becomes infinite when |V’| is infinite[generalization of toeplitz graph paper se]. The
name of that kind of graph class is based on the fact that a toeplitz matrix is its adjacency matrix,
i.e. each of its downwards diagonals is constant, from left to right. Toeplitz matrix is also known
as constant matrix. Obviously, the first row of, such graph, adjacency matrix determines this graph

uniquely, i.e. by a sequence of 0 — 1 where the first element is 0. In general, in the toeplitz graph
Tp(blv b21 b31 RN bm)
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No of vertices = |V/(T)| = p
No of edges of 7= |E'(T)| =>",p— b =Ch = p(pz_l)

A topological index (or descriptor of a molecular structure) is a chemical structure-associated
numerical meaning for the association of just a chemical structure with different physical properties,
biological activity or chemical reactivity. It is used to evaluate the quantitative structure-activity
relationships (RSARs) and was proposed by Harlod wiener in 1947. In 1972, Gutman and Trinajstic
established the first and second zagreb indices of graph operations, and in 2016, V.R.KULLI described
the multiplicative hyper-zagreb indices of graphs. In 1975, milan randic proposed the randic index
and Ernesto Estrada described the atom-bond connectivity index. Recently in 2015 Furtula and
Gutman established forgotten index or F — index and corresponding polynomial. Shuxian defined two
polynomials related to the first zagreb index. There are two types of general connectivity index. The
general randic index (or product-connectivity index) was proposed by Bolloba and Erdos and Zhou
and Trinajstic obtained the general sum-connectivity index [On the general sum-connectivity index of
trees]. Now, in this thesis we derived some results on all these "Degree-Based Topological Indices"

for "Teoplitz Graph"

1.1. Teoplitz Matrix. The toeplitz matrices are basically those constant matrices that are parallel
to the main diagonal throughout all diagonals. Since every diagonal has identical elements, a toeplitz
matrix is defined uniquely and therefore easy to memorize from its first row and first column. A matrix
of order p x p is known as teoplitz matrix if V1 < k,/ < p — 1, such that hg41/41. This matrix was

introduced by Otto Teoplitz. Below, an example of a toeplitz matrix is shown.

o 1 0 2 -2 0
1 0o 1 0 2 -2 0
o 1 o0 1 0 2 =2
T = 3 0 1 0 1 0 2
-13 0 1 0 1 ©O
-1 3 0 1 0 1
o 0 -1 3 0 1 O

From its 2p — 1 leading row and column entries, a toeplitz matrix is defined.For a 7 toeplitz matrix,
there are two ways to obtain a binary matrix from 7. One is by considering a binary matrix where
entries are the binary indicator values of the corresponding T entries, and the other one is whose binary
variables are the entries providing the parities of the corresponding T entries. The binary matrix of
the predictor and the binary matrix of parity of this toeplitz matrix can be seen below. Notice that
the binary matrix indicator only substitutes 1 for each non-zero entry and the binary parity matrix
substitutes its parity for each entry, indicating that if the entry of 7 is even then it is substituted by 0
and if entry of 7 is odd then it is substituted by 1.
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The indicator binary matrix of 7 is

—
I
O O~ Rk O R O
O B KRB O KB O
R P O B, O = O
= O = O B O =
O = O = O = =
= O B O = = O
O = O = = O O

The parity binary matrix of 7 is

T

I
© O~ — O - O
_ O R O O O

SO = = O = O =
= = O = O = O
_ O = O B O O
_ O —r O O O o
o =B O O O O O

0

The indicator matrix / of 7 is symmetric matrix although it is not obtained from a symmetric teoplitz
matrix.

Example In this example we see how a teoplitz matrix is shown by an array of length 2p — 1.

2 3456
7 2 3 45
A= 8 7 2 3 4
9 8 7 2 3
10 9 8 7 2

Let us observe that in this matrix all the elements in the all diagonals are same. The matrix A has
elements such as;

Alk, Il = Alk +1,1+1].
Sufficient elements of matrix A are 2p— 1. A toeplitz matrix A can be determined by its 2p— 1 leading

entries of row and column. Now we take an array of size 2p — 1. We use it to represent the teoplitz

matrix. According to matrix A the size of array is 9.

R=2 3 45 6 7 8 9 10

The elements of upper triangular matrix of A are represented in first row and elements of lower
triangular matrix of A are represented in first column. For identifying the elements of teoplitz matrix

Ain array R, we use formula.



4 Int. J. Anal. Appl. (2023), 21:111

Case 1

if k <1

index= 1 — k

fork=2and /=4

Al2][4] =4 — 2 =2 = index

Which means that A[2][4] entry is equal to entry of array R at index 2. At index 2 entry is 4. In the

same way, we can find all the elements of upper triangular matrix of A.

Case 2

if k>

index=p+/1—5—1

fork=4and /=2

Al4][2] =5+4-2-1=6

Which means that A[4][2] entry is equal to entry of array R at index 6. At index 6 entry is 8. In the

same way, we can find all the elements of lower triangular matrix of A.

1.2. Teoplitz graph. Let H be a toeplitz binary symmetric matrix with all 0 entries in the main diag-
onal. The column numbers with the leading entry 1 are denoted by hy, ha, ..., hp,. Then (undirected)
teoplitze graph is symbolized as T,(h1, ho, hs, ..., hm). Which essentially means that the toeplitz
graph, which is undirected, T,(h1, h2, h3, ..., hy) has a vertex set V/(7). If V/ = {1,2,3,...,p}, so
that a vertex k which is contiguous with the vertices k+ h;, 1 =1,2,3,..., m for k+ h; < p. In Figure

1, the toeplitz graph of adjacency matrix [ is shown.

Let p, h1, ho, hs, ..., hy,, are different +ve integers, with 0 < h;y < hy < h3 < ... < hy, < p.
The finite (undirected) toeplitz graph 7,(h1, ho, h3, ..., hm) is a graph with
V(1) =11,2,3,...,p}
E'(t) ={kl:|k—1 € D}

The toeplitz graph becomes infinite when |V’| is infinite.(generalization of toeplitz graph paper se)

The name of that kind of graph class is based on the fact that a toeplitz matrix is its adja-
cency matrix, i.e. each of its downwards diagonals is constant, from left to right. Toeplitz matrix is
also known as constant matrix. Obviously, the first row of, such graph, adjacency matrix determines
this graph uniquely, i.e. by a sequence of 0 — 1 where the first element is 0. In general, in the toeplitz

graph T,(h1, ho, hs, ..., hm),
No of edges = 37" 1 p — hx

No of Vertices = |V/(T)| = p
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Next we discuss the topological indices

42 Balaban et al. included M;(G) and M,(G) among topological indices in a review article and
named them "zagreb indices of the group". Some clarification is required with regard to this. First,
only a handful of topological indices were recognized in the early 1980s and as many of them as possible
were required by the writers of the study. Second, both authors of the paper were representatives of
the theoretical chemistry department of the zagreb institute at that time. The term "zagreb group
index" was soon abbreviated as "zagreb index" and M1 G) is now known as the "first zagreb index"
while M»(G) is known as the "second zagreb index". In 1972, the first and second zagreb indices were
established by Gutman and Trinajstic which are the past degree based topological indices of graph. It
is an important molecular descriptor and has been closely correlated with many chemical properties.
Thus, it attracted more and more attention from chemists and mathematicians. The first and second
zagreb indices of graph are important molecular descriptors and have attracted more attention from
chemists and mathematicians.[Degree based topological indices]

The first zagreb index M1(G) is equal to the sum of the squares of the degrees of the vertices for
the (molecular) graph G[1]. It can also be considered as the sum over the edges of G, and M;(G) is
defined as:[The first and second zagreb indices of some graph operations]
Mi(G)= ) [deg(v')+deg(v")] (1.1)
Vv' EE(G)
The second zagreb index M»(G) is equal to the sum of the products of the degrees of the adjacent
vertices for the pair of vertices for the (molecular) graph G, and M(G) is defined as resently A.
Asghar et.al[14]:[The first and second zagreb indices of some graph operations]
Ma(G)= Y [deg(v')deg(v")] (1.2)
Vv €E'(G)
In 1972, the first zagreb index, a very old topological index, was launched and several variants of the
zagreb index were subsequently proposed, e.g. Shirdel et al. described a novel index in 2013 under the
title of "hyper-zagreb index' and then it was identified as[2]: [A note on hyper-zagreb index of graph

operations]
HM(G)= Y [deg(V) + deg(v")]? (1.3)
VIV EEN(G)
E. Deutshi and S. Klavzar, in 2015, defined a new polynomial, M-polynomial in the following way, based
on the degree of the vertex[3]:[COMPUTING HYPER ZAGREB INDEX AND M-POLYNOMIALS]
Mi(G,y, z) = Z y[deg(v/)]z[deg(\/” )] (1.4)
VIV EEN(G)
In Shuxian defined two polynomials related to the first zagreb index as in the form resently Zaib Hassan
Niazi et.al[15]:

Mi(Gy)= Y deg(v').yeo) (1.5)
(VEVI(G)
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Mo(G,y)= Y ydest) (1.6)
(V)eV'(G)

Two zagreb type polynomials are defined as follow resently Mukhtar Ahmad et.al[16]:

M, 5(G, x) = Z xaldeg(v))+b(d(v")) (1.7)
VIV EE(G)

p(Gox)= Y x(atdes(v(brdeg(v) 1.8)
v'v' €E(G)

Two updated models of the zagreb index, the first multiplicative zagreb index PM1(G) and the second
multiplicative zagreb index PM>, were introduced, by Todeshine et al. for molecular graph G. Certain
characteristics of both the PM;(G) and PM,(G) indices of particular chemical structures have been
investigated[4].[MULTIPLICATIVE ZAGREB INDICES OF TREES] First multiplicative zagreb index
for molecular graph G defined as follows resently Mukhtar Ahmad et.al[17]:
PMi(G) =[] [deg(v))+deg(v")] (1.9)
Vv eE(G)
Second multiplicative zagreb index for molecular graph G defined as follows:
PMy(G)= ] [deg(v')deg(v")] (1.10)
viv' €E'(G)
First multiplicative zagreb polynomial for molecular graph G defined as follows:
PMi(G,y) = H y[deg(V’)+deg(V”)] (1.11)
VIV €E'(G)
Second multiplicative zagreb polynomial for molecular graph G defined as follows:
PMy(G,y) = H y[deg(V’)deg(V" )] (1.12)
vV eE'(G)
The first degree-based topological index was proposed by Milan Randic in 1975[5]:[Degree-Based

Topological Indices]

1
R(G) = 1.13
@)= 2., Voearaeatr) (42)

Atom-bond connectivity index (ABC) is a topological index used in chemistry, environmental sciences

and pharmacology[6]: [Estrada, Torres, Rodriguez, and Gutman, 1998]

deg(v') + deg(v") —2
ABC(G)= > , . (1.14)
iz | dealvideg(v)

First, second and third reduced zagreb indices[7] are described as follow:

MRi(G)= >, [(deg(v)—1)+ (deg(v') - 1)] (1.15)
vVIv'eE!(G)
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MR:(G)= ) [(deg(v') ~1)(deg(v") —1)] (1.16)
vV eE'(G)
MR3(G)= > |[(deg(v') —1) - (deg(v") - 1)| (1.17)
Vv eE!(G)
RR(G) = Y L (1.18)

S ) V(deg(v)) — 1)(deg(v") — 1)

The reduced reciprocal randic index[8] is defined as:

RRR(G)= > /(deg(v') — 1)(deg(v") — 1) (1.19)

Vv €E'(G)

Recently in 2015 Furtula and Gutman [8] introduced another topological index known as forgotten
index or F — index. For more detail on the F — index, we refer to the articles [9]. The forgotten
index of a graph G is defined as[10, 11, 12]:

F(G) = > [(deg(v))*+ (deg(v")’] (1.20)
(V'v")EE(G)
The forgotten polynomial of a graph G is defined as:
F(G,y)= Z y[(deg(v/))2+(deg(V”))2] (1.21)
Vv €E(G)

The symmetric division degree index of a connected graph G is defined as:

SDD(G) = Y. mini(deg(v'), deg(v")) , maxi(deg(v'). deg(v")

)
Vv EEN(G) max(deg(v'), deg(v")) = mini(deg(v'), deg(v")) (1.22)

There are two types of general connectivity index. The general Randic index (or product-connectivity

index) was proposed by Bolloba and Erdos and is defined as follows:

PCING)= > (deg(v))deg(v"))* (1.23)
uveE'(G)
where A is a real number. If A = —%, then Zhou and Trinajstic modified the randic index to create

the general sum-connectivity index:[On the general sum-connectivity index of trees]
SCla(G) = > (deg(V') + deg(v")) (1.24)
vV €E'(G)

where « is a real number. If @ = 1, then the general sum connectivity index becomes the first zagreb

index.
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2. Main Results

In this section, we established some results on degree based topological indices of toeplitz graphs.

Theorem 2.1. Let 7 = 7,(b1, b, b3, ..., bm), be the toeplitz graphs. Then, for p > 2, zagreb
indices are
Mi(T) = p> —2p* +p
Mo(r) = 2z

Proof: The toeplitz graphs 7 = 7,(b1, b2, bs, ..., bm) appears in figure( graph ). The toeplitz graph
T = Tp(b1, ba, b3, ..., bm) contains p no of vertices and C5 no of edges. The degree of each vertex in
V'(T)is p—1, i.e.
V(1) = p.
|E'(T)] = €8 = 221 and
deg(v') =p—1,vW € V(1)
Now, by using equations (4.1) — (4.5), we have

Mi(G) =Xy ep(c)ldeg(V') + deg(v")]
Mi(T) =30 cemyldeg(v') + deg(v")]
Mi(T)=IE"(T)[(p—1+p—1)

My () = EEr) (2p — 2)
M () = 2B (2(p - 1))
My (1) = p(p — 1)

Mi(T) = p(p* —2p +1)
My(T) = p* = 2p* +p

Ma(G) =3 v ceriey(deg(v')deg(v™))
Ma(T) =22 ceriry(deg(v))deg(v™))
Mz (1) = [E/(T)I(p— 1)(p — 1))
M(r) = 252 (p — 1)?

My(7) = B

Theorem 2.2. Let 7 = 7,(b1, by, b3, ..., bm), be the toeplitz graphs, for p > 2. Then
HM(T) = 2p(p — 1)°
HM(T, y) = PE) 4oty
Proof: The toeplitz graphs 7 = 7,(b1, bo, bs, ..., bm) appears in figure( graph ). The toeplitz
graphs 7 = Tp(b1, bo, b3, ..., by) contains p no of vertices and C5 no of edges. The degree of each
vertex in V/(1)is p—1, i.e.
V(1) = p,
|E/(7)] = C§ = Bz
deg(V')=p—1,WW e V(1)
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|E'(T)| = C5 — r, where r = |E'(T)| = C}

E'(T)|=C5—CF

|E'(T)| =0

Now, from equation (4.) — (4.), we have HM(T) = >_,1,» cpr(ry[deg(v') + deg(v'")]?

HM(T) = |E'(T)[(p = 1+ p —1)?
HM(T) = 2L (2p — 2)2
HM(T) = 22 (4(p - 1)2)
HM(T) = 2p(p — 1)°

HM(T,y) = 3 ey y1@e9 ) HeaE
HM(T,y) = |E'(T)|y(P~1+pP=1)
H/\//(’r,y) — @)/(pra2
HM(T,y) = wyél(pfl)?

Theorem 2.3. Let 7 = 7,(b1, bo, b3, ..., bm), be the toeplitz graphs. Then, for p > 2 zagreb
polynomials of Toeplitz graphs are
My(r,y) = 220D
Ma(T,y) = P (P17
Ms(T,y) = @

Ma(T,y) = Bl 20 =tp+2

Ms (7, y) = 22 2(p=1)"

Mi(1,y, z) = 2 y(p — 1)z(P~D)
Mi(T.y) = p(p — 1ytP~H

Mo(T,y) = pyP~Y)

Mo p(T,y) = @y[(ﬁb)(pfl)]
/V/;’b(’T,y) _ wy(ab+(pfl)(a+b+pfl).

Proof: The toeplitz graph 7 = 7,(b1, b2, b3, ..., bm) appears in figure( graph ). The toeplitz graphs
T = Tp(b1, b2, b3, ..., bym) contains p no of vertices and Cg no of edges. The degree of each vertex in
Vi(t)isp—1,ie.,
V'(T) = p.
|E'(T)] = C8 = 2ZL) ang
deg(v') =p—1,vW € V(1)
Now, by using equations (4.) — (4.), we have

Mi(T. ) = Yy eprry y €9 Tdes()
My(T,y) = |E'(T)|yP~1HP1
Ml(’r, y) _ P(P2—1)y(2p—2)
My (7, y) = BB y2(-1)
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M2(T' y) = Zv’v”eE/(T) ydeg(v’)deg(vn)

Mo(T,y) = |E'(T)|yP~ (P~
Mo(T,y) = |E'(T)|yP~ 1)
My(T,y) = @y(;ﬂf&wl)

M3(T'y) = Zv’v”GE/(T) y‘deg(vl)fdeg(‘/”)\
Ms(T,y) = |E'()|y!(P~D=(p=1)]

Ma(T,y) = ZV,V”EE,(T)ydeg(V’)[deg(v/)ereg(V”)]
Ma(T,y) = |E'(7)lyP~Dlp=1+p=]
Ma(T,y) = @y(p—l)(b—ﬁ
Ma(T,y) = PEr 2 y2(p=0)"
Ma(T, y) = PE2y2( =20+ 1)

My(T,y) = @y2p2—4p+2)

Ms(T,y) = Sy ey y oot Ieol I dea)
Ms(T,y) = |E'(T)|yP~Dlp—1+p—1]
Ms(T,y) = wyﬂpflf

Ml(T' Y, Z) = Zv’v”GE’(T) y[deg(v/)]z[deg(v” )]
My(T,y, z) = |E'(T)|y(p — 1)z(P~D)
Ml('T,y, Z) — @y(p _ 1)Z(P—1)

Mi(T.y) = Xvevi(r) deg(v').y e
Mi(T,y) = [V(7)](p — 1)yP~D
Mi(7.y) = p(p — 1ytP~Y

MO(Tv Y) - Z(V/)EV/(T) ydeg(V')
Mo(r, y) = [V/(7)]y =D
Mo(T,y) = pyP~ Y

Mab(T,Y) = Xy criry 7SN HLAD)

Map(T,y) = |E'(T)|ylap~D+b(p-1)]
M, (T, y) = 222y l(a+b)(p-1)]
M, (T, y) = 202y l(@+b)(p-1)]
Mo (T, y) = 22y (atb)(p-1)]

My (T2 Y) = Xy ey YA dea()
M. o (T,y) = |E/(7)|y a1 (b+p=1)
M, (T y) = |E' (1) |y ab+ap—atbp+p*—p—b—p+1)
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/\//; b(T y) = |E’(T)|y(ab+ap+bp—a—b+p2—2p+l)
/\//; W(Ty) = |E’(T)|y(ab+p(a+b)—(a+b)+(P—1)2)
M. (T, y) 4”(”2*1)y(ab+(a+b)(p—1)+(p—1)2)
M, (T, y) = 4"(”;1)y(ab+(P—1)(a+b+P—1)_

Theorem 2.4. Let 7 = 7,(b1, bo, bs, ..., bm), be the toeplitz graphs, for p > 2. Then
PM;(T) = [2(p — 1)) 5"
PMa(T) = [p — 1170
PMy(7,y) = yP(P=17’
PMo(r,y) = ylBle 1"
Ma(r,y, 2) = y "5 225

Proof: The toeplitz graphs 7 = 7,(b1, ba, b3, ..., bm) appears in figure( graph ). The toeplitz
graphs 7 = 7,(b1, b, b3, ..., bym) contains p no of vertices and Cé’ no of edges. The degree of each
vertex in V/(1)is p—1, i.e.

V(1) = p.

|E/(7)] = €& = 252 and
deg(vV')=p—1,VW € V(1)

|E'(T)| = C5 — r, where r = |E'(T)| = C}
E/(T)| = €5~ C8

|E'(T)| =0

Now, by using equations (4.) — (4.), we have

PMI(T) = ]._[v/v”EE’(‘r) [deg(vl) + deg(v”)]
PMi(T) = [p— 1+ p—1]IFD
PMy (1) = [2p — 2]
PMy(T) = [2(p — 1)]

p(p 1)

PMa(T) = 1y cr(ryldeg(v))deg(v™)]
PMa(T) = [(p— 1)(p— 1)) E'™)
PM(T) = [(p — 175
PM(T) = [p — 1]P(P~D)

PMy(T,y) = Hvlv.,EE,(T) ldeq(v) +deg(v")]
PMi(T,y) = y[P—1+p—1]\E’(r)|
PMy (7, y) = y2p-2)x 2
PMi(T,y) = yp(p_l)Z

PMo(T,y) = Tlvveer(r) yldea(v)deg(v)]
PMo(7,y) = yle=Die-DIIE (D!
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PMs(T,y) = yl(p—1)2)x 22D
PMy(r,y) = yl2e1°

Ma(T,y.2) = T]yny ey Y1900 2100907
Ma(1,y,7) = ylo=1IE Dl lp-nE )
Ma(T,y,z) = y[P—l]

p1>3 <p1)3
Z 2 .

P(P 1) [D ]_]X P p(p—1)
Mo(T,y,z) =

Theorem 2.5. Let 7 = 7,(b1, bo, bs, ..., bm), be the toeplitz graphs, for p > 2. Then

ABC(T) = p\/ 252,

Proof: The toeplitz graphs 7 = 7,(b1, bo, bs, ..., bm) appears in figure( graph ). The toeplitz
graphs 7 = T,(b1, bo, b3, ..., byy) contains p no of vertices and Cg no of edges. The degree of each
vertex in V/(1)is p—1, i.e.

V(1) = p,
|E'(1)] = CB = 22D and
deg(V') =p—1,vW € V(1)

Now, by using equation (4.), we have

deg(v')+d 2
ABC(T) = €E(T) \/ egeg(v’)deei]((vv)

(p—l)(p—l)
ABC(r) = 271, /o)
— 2(p—2
ABC(r) = P V26D

ABC(r) = BV
ABC(T) = p x /252,

Theorem 2.6. Let 7 = 7,(b1, b2, bs, ..., bm) be the toeplitz graphs, for p > 2. Then
R(T)=5.

Proof: The toeplitz graphs 7 = 7,(b1, ba, b3, ..., bm) appears in figure( graph ). The toeplitz
graphs 7 = 7,(b1, b2, b3, ..., bym) contains p no of vertices and Cg no of edges. The degree of each
vertex in V/(1)is p—1, i.e.

V'(T)| = p.
|E'(T)| = CE = 21 and
deg(v') =p—1,vW € V(1)

Now, from equation (4.), we have

— %
R(T) = 2vveenn) Jaeatraeatr
p— ! %
R(T) = |'f (73| (P—1)(p—1)
p(p—1 1
R(T) = X Jo-1p
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R(T) = % X (pil)
R(T) = 5.
Theorem 2.7. Let 7 = 7,(b1, by, b3, ..., bm), be the toeplitz graphs. Then, for p > 2,
MR1(T) = p*> —3p* 4+ 2p
MRo(T) = P(P—1)2(P—2)2

MRs(T) =0
RR(1) = 52=3

RRR(‘T) — D(P—12)(P—2) )

Proof: The toeplitz graphs 7 = 7,(b1, bo, bs, ..., by) appears in figure( graph ). The toeplitz
graphs 7 = 7,(b1, b, b3, ..., bym) contains p no of vertices and Cg no of edges. The degree of each
vertex in V/(1)is p—1, i.e.

V(1) = p.

|E'(1)] = €& = 221 and
deg(V')=p—1,VW € V(1)

Now, by using equations (4.) — (4.), we have

MR1(T) = > eenml(deg(V') = 1) + (deg(v") — 1)]
MRi(T) = E'(DIl(P—1-1) +(p—1-1)]
MR () = 21 x (2p — 4)
MRy(7) = 2B (2(p - 2))
MR1(7) = p(p—1)(p - 2)
MRy (T) = p(p*> —2p — p+2)
MR1(T) = p® —3p% +2p

MRo(T) =3 ce(ry(deg(v) — 1)(deg(v") — 1)
MRx(1) = |E'(T)I(p—1-1)(p—1-1))
MRy(T) = B2 5 (p — 2)2
MR () = Pe=1)(e= )?

2
MR3(T) = Xy e 1(deg(V) — 1) = (deg(v") — 1))
MR3(1) = |E'(NII(p—1—1) — (p— 1 — 1)
MRs(T) = 222 (0)
MR3(T) =0

_ 1
RR(T) = Lovw ce(n) Jaegtrr—a)(aeatr)=D)
1

RR(r) = 23 x
RR(r) = 2l s
RR(T) = 52=3
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RRR(G) = X, eena) V/ (deg(v') — 1)(deg(v") — 1)
RRR(1) = |E'(T)|\/(p—1—-1)(p—1—1)
RRR(T) = 221 5\ /(p—2)?

RRR(‘T) — P(P—12)(P—2) )

Theorem 2.8. Let 7 = 7,(b1, ba, b3, ..., bm) be the toeplitz graphs, for p > 2. Then
F(r)=p(p—1)°
F(r,y) = 2B (=17,

Proof: The toeplitz graphs 7 = 7,(b1, ba, b3, ..., bm) appears in figure( graph ). The toeplitz
graphs T = Tp(b1, b, b3, ..., bm) contains p no of vertices and C5 no of edges. The degree of each
vertex in V/(1)is p—1, i.e.

V(1) = p.
|E'(1)] = C& = 221 gng
deg(V')=p—1,VW € V(1)

Now, by using equation (4.), we have

F(T) =X eemldeg(v))? + (ded(v"))?]
F(r)=|E(MI(p—1)*+(p—1)7]
F(r)=2C D52 41 —2p+p? 41— 2p]
F(r) =202 — 4p 4 2]
F(r) = BERR(p — 20+ 1)
F(1) = p(p—1)(p—1)
F(r)=p(p—1)°

F(T.Y) = Lo crn yI@e0 )+
F(7,y) = |E(T)|yl(P~1*+(p-1)°]
F(t,y)= |E(7-)|y[p2+1—2p+p2+1_2p]
F(r,y) = |E(T)|y[2p2—4p+2]
F(t,y)= @y[2(p2—2p+1)]
F(r,y) = 2 yR(-1)7],

Theorem 2.9. Let 7 = 7,(b1, bo, bs, ..., bm), be the toeplitz graphs, for p > 2. Then
SDD(7) = p(p—1).

Proof: The Toeplitz graphs 7 = T,(b1, bo, b3, ..., byy) appears in figure( graph ). The toeplitz
graphs 7 = Tp(b1, bo, b3, ..., by) contains p no of vertices and C5 no of edges. The degree of each
vertex in V/(1)is p—1, i.e.

V(T)l = p.
|E'(1)] = CB = 22D and
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deg(v')=p—1,VW € V(1)

Now, by using equation (4.), we have

ini(deg(v'),deg(v" xi(deg(v'),d
SDD(1) = ZWV”EE’(T) Tqar;((d:g((\t')),d:g((r” )))) + rr:?m((deeg((vv')),dgg((:’

SDD(7) = |E'(r)| Zale-12Y) 1 p=1

SDD(1) = |E/(7)| 2=k + m2xlo-Lo-])
SDD(1) = 221 (2)

SDD(7) = p(p—1).

"))
)

Theorem 2.10. Let 7 = 7,(b1, bo, b3, ..., bm), be the toeplitz graphs, for p > 2. Then

_1\(14+a)
SCla(1) = Bt

Proof: The toeplitz graphs 7 = 7,(b1, ba, b3, ..., bm) appears in figure( graph ). The toeplitz
graphs 7 = 7,(b1, b, b3, ..., bym) contains p no of vertices and Cg no of edges. The degree of each
vertex in V/(1)is p—1, i.e. ,

V(1) = p.
|E'(T)] = CE = w and
deg(v') =p—1,v € V(1)

Now, by using equation (4.), we have

PCINT) = Y veerry(deg(v)deg(v'))*
PCIx(T) = |E'(T)Il(p — 1)(p - DI*
PCIN(T) = 252 (p — 1)
PCIx(T) = p(p712)2x+1

SCla(T) = X yvrep(n(deg(V') + deg(v"))™
SCla(r) = |E(T)lp— 1+ p— 1]°
SCly(T) = @(2/3 —2)

_1\(14+a)
SClg(1) = P ™

3. Numerical Examples

Let H be a toeplitz binary symmetric matrix with all O entries in the main diagonal. The column
numbers with the leading entry 1 are denoted by h1, ho, ..., hy,. Then (undirected) teoplitze graphs
is symbolized as 7,(h1, ho, hs, ..., hm). Which essentially means that the toeplitz graphs, which is
undirected, Tp(h1, ho, hs, ..., hym) has a vertex set V/(7). If V/ = {1,2,3,..., p}, so that a vertex k
which is contiguous with the vertices k+ hy, I =1,2,3, ..., mfor k+ h; < p. In Figure 1, the toeplitz

graphs of adjacency matrix / is shown.

Let p, h1, ho, hs, ..., hy, are different +ve integers, with 0 < hy < ho < hs < ... < hy, < p. The
finite (undirected) toeplitz graphs 7,(h1, h2, h3, ..., hm) is a graph with
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V() ={1,2,3,..., p},
E'(t) ={kl:|k—1l € D}

The toeplitz graphs becomes infinite when |V’| is infinite.

A toeplitz matrix is an adjacency matrix that determines the first row of a graph uniquely
i.e. by a sequence of 0 — 1 where the first element is 0. In general, in the toeplitz graphs
To(h1, ho, h3, ..., hm),

No of vertices = |[V/(T)| = p

No of edges = > 1 p — hx

Example 3.1. For the teoplitz graphs 7,(h1, h2, h3, ..., hy), let p = 3, then
V(1) =3
E/(7)| = Xiecr (P — hi)
E'(T)=p—h+p—ho
|E'(T)|=3—-1+3-2
|E'(T)|=2+1
[E(T)| =3
The adjacency symmetric teoplitz matrix of 73(1,2) is given below
011
1 0 1
1 10

Here, the degree of each vertex is "2".

The graph is given below:

Figure 1. Graph

Example 3.2. For the teoplitz graph 7,(h1, h2, h3, ..., hm), let p =5, then
V(1) =5
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|E'(T)] = k1 (P — hi)
[E'(T)|=p—hi+p—ho+p—hs+p—1s
|E'(1)|=5—-1+5-2+5-3+5—4
|E'(T)|=4+3+2+1

|E'(T)| =10

The adjacency symmetric teoplitz matrix of 75(1, 2, 3, 4) is given below

e )
_ =R = O
= = O = =
_ O R = B
O = = ==

Here, the degree of each vertex is "4". The graph is given below:

Figure 2.  Graph

Example 3.3. For the teoplitz graph 7,(hy1, ho, hs3, ..., hy), let p =10, then
V()] =10
E(7)] = 2k (p = i)
|[E'(T)=p—h+p—h2+p—h3+p—ha+p—hes+p—hs+p—hg+p—ho
|E'(T)]=10-1+10-2+10-34+10-44+10-5+10-6+10-7+10-8+10—-9
|E'(T)|=9+8+74+6+5+4+3+2+1
|E'(T)| =45

The adjacency symmetric teoplitz matrix of 110(1,2,3,4,5,6,7,8,9) is given below
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(0011111111 1]
1011111111
1101111111
1110111111
1111011111
1111101111
1111110111
1111111011
1111111101
(111111111 0|

Here, the degree of each vertex is "9".

The graph is given below:

Figure 3. Graph

Example 3.4. For the teoplitz graphs 7,(h1, ho, h3, ..., hm), let p = 25, then
V/(7)] =25
B = X2 (0 — o)
|E'(T)| = p—h14+p—ho+p—h3+p—hs+p—hs+p—hy+p—hg+p—ho+p—hig+p—hi1+p—hio+p—
hz+p—hia+p—his+p—hig+p—hiz+p—higt+p—hio+p—hoo+p—ho1+p—ho+p—haz+p—hos
|[E'(T)]=25—1425—24+25—-3+25—4+25—-5+4+25—-6+25—-7+25—8+25—9+425—
10+25—-11+25—-124+25—-134+25—-144+25—-15+25—-16+25—-17+25—-184+25—-19 +
25—204+25—-214+25—-22425—-23+25—-24
|E/()| = 2442322421420+ 19+ 18417+ 16415+ 14+ 13+ 12411+ 10-+9-+8+7+64+5+4+3+2+1
\E'(1)| = 300
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The adjacency symmetric teoplitz matrix of 725 (1,2,3,4,5,6,7,8,9,10,11, 12,13, 14, 15,16, 17, 18, 19,

20,21, 22,23,24) is given below

Here, the degree of each vertex is "24".

The graph is given below:

Ha)s

Figure 4. Graph
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4. Conclusion

The metric dimension of the crystal cubic carbon structure has been investigated and a formula for

its metric dimension has been derived. The metric dimension of specific families of toeplitz graphs

has been examined as well and it has been determined that these graphs exhibit a constant metric

dimension.
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