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Abstract. The complex dynamics of a predator-prey system in discrete time are studied. In this system,
we consider the prey's Gompertz growth and the square-root functional response. The existence of
fixed points and stability are examined. Using the center manifold and bifurcation theory, we found
that the system undergoes transcritical bifurcation, period-doubling bifurcation, and Neimark-Sacker
bifurcation. In addition, numerical examples are presented to illustrate the consistency of the analytical
findings. The bifurcation diagrams show that the positive fixed point is stable if the death rate of the
predator is greater than a threshold value. Biologically, it means that to prevent the predator population
from growing uncontrollably and stability of the positive fixed point, the predator’'s death rate should

be greater than the threshold value.

1. Introduction

In mathematical ecology, a predator-prey interaction is essential due to its significance and universal
existence. One of the foremost imperative subjects in mathematical ecology is the dynamic mutual
action between predator and prey populations, which aids in conserving species in a habitat. The first
predator-prey interaction was derived independently by Lotka [1], and Volterra [2], and it is known as
the Lotka-Volterra predator-prey system. Since then, numerous researchers have made much progress

considering different biological facts.
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The functional response is an essential component of predator-prey interactions within population
dynamics. It illustrates the link between the predator’'s consumption rate and the density of prey.
It denotes how much prey each predator consumes. Holling (1965) proposed three distinct types of
functional responses [3]. Subsequently, a number of functional responses were proposed by scholars
such as Crowley-Martin [4] and Beddington-DeAngelis [5, 6]. Later, several research studies investi-
gated models centered on predator-prey interactions, encompassing diverse categories of functional
responses [7—12].

Some prey populations exhibit herd behavior, where interactions between predators and prey occur
primarily at the boundaries of the prey population. The nature of this interaction is not sufficiently
explicable through Holling-type responses. It is noteworthy that a particular population of prey exhibits
collective behavior known as herd behavior. Therefore, the rate at which a predator captures its prey
differs from conventional models. As an example, the predation rate of zooplankton by fish in marine
ecosystems exceeds the predation rate of phytoplankton. The observed phenomenon entails the
manifestation of herding behavior among phytoplankton. The utilization of the square root of the
prey population was employed by Ajraldi et al. [13] as a method to investigate the herd behavior of
the prey population. This strategy facilitated the predator’s ability to interact with the prey in the
boundary region of the group. Numerous scholars have investigated the mechanisms of predator-prey
relationships by utilizing square-root functional responses [14-23].

We examine a predator-prey interaction when the prey exhibits group defense, which is represented

by the set of ordinary differential equations given as:

9 = xg(x, K) — yp(x), (1.1)

9 = —dy + q(x)y,

where x, y, K > 0, and d > 0 are the prey population density, predator population density, carrying
capacity, and predator’s death rate, respectively. In the absence of a predator, the function g(x, K)
indicates the particular growth rate of the prey. We employ Gompertz growth [24] of prey g(x, K) =
rIn(é), with a natural growth rate r > 0. The predator response function is represented by p(x),
and we assume it is of square root type, i.e, p(x) = my/x, where m > 0 represents the predator’s
search efficiency. Moreover, g(x) describes the conversion rate of prey. For some positive constant

¢, q(x) = cp(x) in Gauss’ model. Considering all assumptions, system (1.1) takes the following form:

% = rxln(g) — my/xy,

‘ (12)
G = —dy +cmy/xy.

Due to the square root term, the Jacobian of system (1.2) possesses a singularity. We utilize
the transformations x(t) = wu?(t) and y(t) = v(t) to understand it better. After applying this

transformation to system (1.2), we obtain
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du 1 K 1

S =sruln() —5my,

ddt 2 2 2 (1.3)
Gt = —dv+cmuv.

In cases where a population has no overlapping generations, discrete systems that are governed by
difference equations are comparatively more appropriate than continuous systems. Several species,
such as monocarpic plants and semelparous animals, exhibit distinct generations that remain different
from one another, and reproductive events occur at anticipated intervals during specific mating sea-
sons. Discrete-time mappings or difference equations are employed to depict their interrelationships.
Discrete-time dynamical systems have complicated and diversified dynamical properties [25—31]. The
system to be analyzed in this work is then obtained by using the forward Euler technique on the system
(1.3) as follows:

Uni1 = Up + g(run In(u—K%) —mvp), (1.4)

Vat1 = Vn + h(cmupvy, — dvy),
where h > 0 denotes the step size. The main contributions of this study are listed as follows:

e A discrete-time predator-prey system with Gompertz growth and herd behavior is proposed.

e The study investigates the existence and topological categorization of fixed points.

e The results of our study indicate that the system (1.4) undergoes transcritical, period-doubling
(PD), and Neimark-Sacker (NS) bifurcations.

The following outlines the format of the paper: Section 2 investigates the existence and stability of
fixed points in the system (1.4). In Section 3, we employ the center manifold theorem and bifurcation
theory to analyze local bifurcation analysis at fixed points of the system (1.4). Section 4 presents

some examples to verify our theoretical results. Some closing observations are added in Section 5.

2. Existence and stability of fixed points

The long-term behavior of dynamical system depends on fixed points. Stable fixed points cause
the system to converge, while unstable ones cause oscillation or chaos. The existence and stability
conditions for the fixed points of system (1.4) are investigated in this section. By simple algebraic com-
putations, the system (1.4) is found to have two fixed points: Py(V/K,0) and Po(Z, L2, In(kC§§72)).

The first fixed point P is a boundary point. Biologically, it indicates that when there are no predators

around, the number of prey approaches the square root of the carrying capacity. The second fixed

d2
cZm?-

point, P is the unique positive fixed point in the system (1.4) if K >
Now, we will look at the local stability of the fixed points in the system (1.4). The eigenvalues of
the Jacobian matrix computed at the fixed points define the local stability of the fixed points. At the

point (&, V), the Jacobian matrix of system (1.4) is
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1—hr+ hrin(%) _bm

J(a,v) = ~ -
chmv 1—dh+ chmi

(2.1)
We apply the following results to examine the stability of the fixed points:

Lemma 2.1. [32] Let P(q) = q° +Sq+ T be the characteristic polynomial of J(ii, V), and q1, q» be
the two roots of P(q) = 0.

(i) If|qi2| <1, then (4, V) is a sink (LAS),
(i) If|g12| > 1, then (&, V) is a source,
(i) iflgil <1 A |gzl > 1 (or|qi| > 1 A |q2| < 1), then (T, V) is a saddle point (SP),

(iv) if either |g1| = 1 or |qz| = 1, then (d, V) is a non-hyperbolic point (NHP).

Lemma 2.2. [32] Let P(q) = ¢> + Sq+ T and P(1) > 0. If g1, g2 are roots of P(q) = 0, then
(i) 2l <1ifP(=1)>0 A T <1,
(i) lail <1 A |g2| > 1 (or|a] >1 A |go| <1) if P(=1) <0,
(i) || >1 A lgal >1ifFP(=1)>0 A T>1,
(V) G1=—1 A |G| #1ifFP(~1)=0 A S#0,2,

(v) g1 N qo are complex, and |q1 | =1 ifS? —4T <0 A T =1.

The Jacobian matrix computed at the fixed point P;(v/K,0) is

J(Py) = 1— hr —%’7
Yo 1—dh+cmhV/K|

The following result describes the topological classification of Py (v/K, 0):

Proposition 2.1. The fixed point P (v K,0) is

(i) LAS if
d>cm\/73nd0<h<min{f,

2
d—cmx/?}’
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(ii) a source if any of the following is true:
(a) d<cmvVK and h> 2

(b) d>cmVK andh>max{2, 2 }

r'd—emvVK

(iii) a SP if any of the following is true:
(a) d<cm\/Remdh<2

2 2 2
(b) d>cmfandm|n{r i Cmf}<h<max{r,d }

—Ccm

BN

(iv) NHP if any of the following is true:
(a) h=2,
(b) d =cmVK,
__ 2
(C) h—m, d?éCm\/R

It is evident that if d = cmv/K, then one of the eigenvalues of J(P;) is 1. Consequently, a

transcritical bifurcation may occur if the parameters change in a close neighborhood of 7.

2
rlz{h,r,K,m,c,deWd:dlzcm\/ﬁ, h;«ér}.

Moreover, if h= 2 or h = ﬁ, d # cmv/K, then one of the eigenvalues of J(P;) is —1. So,

a PD bifurcation may occur if the parameters change in a close neighborhood of I, or I3, where

2 2
=<hrKmcdecR \h=m="h#—"— d cmx/?},
2 { 1 r 7& d—Cm\/R 7é
and
2
r3:{h,r,K,m,c,deR+h:h12— d#cmVK, h# = }
d—cmVK'
The Jacobian matrix at Pg(cm Cm2 In (kc2m2))
1— hr+ Bn(key  _mh
J(Pz) - [ dhr| (kc2m2) 1 )
The characteristic polynomial of J(P) is
P(q)=¢"+Sq+T, (2.2)
where
S=-2+Ah T=1-Ah+Ah,
and

r kc?m? dr kc?m?
A]_:I’—zln(dz),AQ 2|n<d2>

Through simple calculations, we obtain
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P(0) =1— Ath+ Al
P(1) = A>h® > 0,
P(—1) =4 — 2A1h + A-h?.

kc2m2 ))

Using the lemma (2.1), we acquire the local dynamics of the fixed point P2(Cm Cm2 In(=<;

Proposition 2.2. Assume that k > C;"—;z. The fixed point Ps(-9- ke )) of the system (1.4)

cm’ cm2| (
is

(1) LAS if any of the following is true:

(a) A1 >0, A2 —4A, <0, and0 < h< 5

(b) AL>0, A2—4A;, >0, and 0 < h < V0%

(2) source if any of the following is true:

(a) A1 <0,

(b) A1 >0, A2 —4A, <0, and h > 4

(c) A1 >0, A2—4A; >0, and h > AE/A4%

(3) SP if any of the fol/ow/ng is true:
AL >0, A2 —44; > 0, and VT o AV AL

(4) NHP if any of the following is true:
(a) A1 >0, A2—4A, >0, and h = /A
(b) A1 >0, A2 —4A, <0, andh—A—

2

The condition for J(P) eigenvalues to be unit-modulus complex is established when A; > 0,
A% —4A, < 0, and h = %. Thus, the NS bifurcation occurs at point P> in the system (1.4) when

the parameters are altered in the vicinity of €.

A
le{h,r,K,m,c,deR+ AL >0, A2 —4A, <0, h:h3=1}.

Az

/A2 —
Furthermore, if A1 > 0, A% —4A5, >0, and h= AliAiA;MQ, one of the eigenvalues of the matrix
J(P>) is —1, while the other eigenvalue A meets the condition that |\| # 1. If the parameters fluctuate

slightly around €, or Q3, a PD bifurcation may occur, where

, A1 +41/A? —4A;
A1 >0, A1—4A2>O,h:h21: },

Ao

ng{h,r,K,m,c,d€R+

and
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Ap— \[A2 — 4A,
—4A> >0, h=hy = }

Az

Q3:{h,r,K,m,c,d€R+ A; >0, A2

3. Local Bifurcation Analysis

The present section delves into various types of fixed-point bifurcations that could potentially man-
ifest in the system (1.4). Bifurcations in predator-prey systems manifest as a result of alterations
in the parameters. A slight modification in the parameter leads to a bifurcation. Bifurcations in
predator-prey systems play a crucial role in forecasting the dynamics of wild populations and formu-
lating viable approaches for sustainable management. Improper management of bifurcations can lead
to disturbances in population dynamics and the consequent destruction of ecosystems. For a detailed

bifurcation analysis, we recommend that readers refer to [31,33-39].

3.1. Transcritical Bifurcation at P;(v/K,0).
This section discusses transcritical bifurcation at the boundary fixed point P;(v/K,0) using cen-
ter manifold theory. Assuming that (h,r, K,m,c,d) € 'y, and «y be small perturbation in d, the

subsequent perturbation of the system (1.4) is taken into consideration:

Upt1 = Up + g(run In(uﬁg) —mvp), (3.1)

Vnt1 = Vo + h(cmupvy — (di + ) vi).
In order to translate fixed point P;(v/K,0) to (0,0), we define the translation map as follows:
a,,:u,,—\/R, b, = v,.

As a result of this translation map, the system (3.1) transforms to

dn+1 . 1—hr _hTm dn + _2%3%+%32+O((|3n|+|bn|+|’Y|)4) (3 2)
bnt1 0 1 bn —hyb, + chmanb, + O((|an| + |bn] + |'Y|)4)
Let
T
1 0
Under the following transformation
a e
l=11" (3.3)
bn fn

the system (3.2) becomes
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ent1| |1 0 én N Chm e2 + chmenf, — hepy + O((len| + |fal + |¥1)*) (3.4)
fn+1 O 1 — hl’ f-n F(env fn',Y) .
where
hm?(2cm + —=) hm?3 h 1 hm?
VK’ 2 m- 3 m 2
F f = — — —(— fa < fn
(€. fn. ) 812 &~ ekt (\/R )e” * ke
hr 2 hm ~, hr 5 hm 4
— enfy + —f1, f, .
2\/? 4K 6K o en7+o((|en|+| n|+|’Y|) )
Subsequently, the center manifold is obtained for the system (3.4). This can be defined by the
following:
we = {(en, fo.v) € R?|fy = cr€] + c2eny + 3y + O((Jenl + !7)3)}
where )
m*(2cm+ —=)
—_ VK __m
= 33 , G 52 C3 0.
Hence, the center manifold-restricted system (3.4) is
~ chm? chm®(2cm + =) chm?
F:ent1=6en— o e — hepy — 5,3 VK e,:'f Y= e,ffy.

Since F(0,0) = 0, Fe,(0,0) =1, F(0,0) =0, Fepe,(0,0) = =M™ 20, F, 1(0,0) = —h #0,
the system (1.4) experiences transcritical bifurcation at the fixed point P1(v/K,0).

The following theorem provides the parametric conditions for the presence and direction of trans-
critical bifurcation for system (1.4) at its boundary fixed point P;(v/K, 0).

Theorem 3.1. Assume that (h,r, K, m,c,d) € 'y, then the system (1.4) experiences transcritical
bifurcation at Py(v/'K,0) when d varies in a small neighborhood of di = cmv/K. Furthermore, if
d > di, then the system (1.4) has 2 fixed points, and if d < dy, then the system (1.4) has only one
fixed point P1(v/K,0).

3.2. PD Bifurcation at P;(v/K,0).
The PD bifurcation at the fixed point Pl(\/R, 0) in 'y is discussed in this section. For the domain
I3, a similar investigation can be done. Suppose that (h, r, K, m, ¢, d) € 5, and -y be minimal change

in h, the subsequent perturbation of the system (1.4) is taken into consideration:

Uns1 = Un + P37 (run In(%) — mva), (3.5)
Var1 = Vo + (h1 +v)(cmupvy, — dvy).
In order to translate the fixed point P;(v/K,0) to (0,0), we define the translation map as follows:

an:un—\/R, bn = vp.
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As a result of this translation map, the system (3.5) transforms to

an+1 . _1 _% an
bn+1 - 0 —2d+2cmvVK+r bn

(3.6)
—3byy = ragy — =ap — 5=y + s a + O((an] + |bal + [v])*)
(—d + Cm\/R)bn’Y + 2Cfmanbn + cmapbpy + O((|an| + |bn| =+ |'Y|)4)
Let
{1 - m
T = 2(—d4+cmvVK+r)
0 1
Under the following transformation
a e
=77 (3.7)
bn fn
system (3.6) becomes
e -1 0 e F(en, fn,
™ - —2d+2cmvVK+r ’ - ( n ,Y) ! (38)
fn+1 0 - fa G(en: fn, rY)

where

F(en, fa,7y) = Cre2 + Cael + Caenfy, + Cae2fy + Csf2 + Coenf? + Cof> + Cgeny + Coe2y + Cioenfyy

+ O((leal + Ifal + Y1),

2cm cm
Glen fo, ) = enfy — 2+ (—d + cmVK) fiy + cmesfry + O((len] + |fal + [Y)*),
(en o, Y) , CEnln r(—d—l—cm\/?—i—r)n ( )y nlnY (([enl + Ifal +17Y)7)
1 1 m(cmvK +r) m
G=—-——F7, G=5_, G= , Gy = 7 ,
JK 3K rVK(=d +cmvVK + 1) 2dK —2cmK3/2 — 2Kr
. m?(2cmvVK +r) B m? o m3
" AarVK(—d+emVK+r)2 T aK(—d+cmVK+r)2 T 24K(—d+ cmVK +r)?
- K
Com —r Com r m(cmv K +r)

e Cro = 2VK(—d+cmVK +r)

Subsequently, the center manifold WS for the system (3.8) is computed and characterized as
follows:

We = {(en, fo,v) € R3|f,, = cre? + caepy + c3v? + O((|en| + |’y)3)},

where

61:0, C2:0, C3:0.

System (3.8) when confined to the center manifold is expressed as follows:
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F:ep1=—e,— Le + ie3 resy — L62')'. (3.9
VK 3K VK"
For map (3.9) to experience PD bifurcation, we need the value of the following two expressions to
be non-zero:
h = /:_w/_:enen +2’Een’y v b= %(’:_enen)z + %/:_enenen
(0,0)

From simple computations, we obtain

8
/1 ——2!’, /2—37

The following theorem provides the parametric conditions for the presence and direction of PD
bifurcation for system (1.4) at its boundary fixed point P;(v/K,0).

Theorem 3.2. Assume that (h,r, K, m, ¢, d) € Iy, then the system (1.4) experiences PD bifurcation
at P1(vV/K,0) when h varies in a small neighborhood of hy = 2. Furthermore, the period-2 points that
bifurcate from P1(v/K,0) are stable.

3.3. PD Bifurcation at Py( 2, 19, |n(k<m)),
The PD bifurcation at the fixed point Pg(

section. For the domain €5, a similar investigation can be done. Suppose that (h,r,K,m,c,d) €

kcm

et sz In(<<z™)) for the domain Q3 is discussed in this
Q3, and <y be minimal change in h, the subsequent perturbation of the system (1.4) is taken into
consideration:

Up+1 = Un+/72%(run|n(u%)_mvn)v (3 10)

Vat1 = Vo + (ha + ) (cmupv, — dvy).

In order to translate fixed point P2(Cm Cm2 In (k )) to (0,0), we define the translation map as
follows:
d 2 2
an:Un_i, bn:Vn |( )
cm

As a result of this translation map, the system (3.10) transforms to

a 1—Ah, —hmil g F(an, bn,
sl I o R A (3.11)
bn+1 % 1 bn G(anx bn, ’Y)
where
m chomr cmr c2hym?r
Fan bn, ) = = by = — ap — >d any + o a, — Arany + O((lan| + [ba| + I7))*).

2
2A5 4
G(an, bn,7v) = chomayb, + cmanbyy + ?3n’Y + O((lan| + [bal + [¥])™).

For hy, = AV A A VAAE_4A2, the eigenvalues of J(P,) are A1 = —1 and Ao =3 — A1 hs.
Let
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m _ —A% m—+Aimy/ A§—4A2+2A2m
T = | —A+/AT—4A; 2Ax(—A1+/AT—4A;)
1 1

Under the following transformation

System (3.11) becomes

where

(3.12)

(3.13)

en+1 o - 1 O en
frs1 0 Xof |7

F(en, fa,7Y)
G(env fn,'Y) '

N 2AT — 2A3\/ AT — 4A; — 11AT A, + TAL Ao/ A — 4A, + 12A3
2= '

Ao(—A2 + A1/ A2 — 4A; + 4A))

F(en, fo,7y) = D162 + Doe> + Dsenfy + Dye>fy + Dsf2 + Dee,f? + D7f2 + Dgeyy + Doery + Digenfyy
+O((lea] + [fal + 1vDY),

G(en, fn,¥) = E1€2 + Ezey + Esenfy + Eseify + Esfiy + Egenfi? + Ezfyy + Egepy + Eofyy + Eroenfyy
+O((leal + Ifal + 1)),

Dy = -

D, =—

D3 = —

Dy =

D5:

Ds = —

D7

Dg =

cm?(—A2d + Ard\/AZ — 4A; + Ay(2d — 1))

Asd(—A2 + AL/AT — 4A; + 4A)

ccmtr

d2(—Ap + A2 — 4A)(— AT + A1/ A2 — 44, + 4Ay)
cm?(—A3 + Ai\/AZ — 4A; + 2A)(ATd — Ard /AT — 4A; + 2A2r)

2A3d(—A7 + A1\/AT — 4A; + 4A,)
2mrr(—A? + ALVA? — 44, + 24A;)

2Ard2(—A; + \/A2 —4A)(—A3 + AL AT — 4A; + 4Ay)
(2d + r Aly/ A2 4A2 — 2A2

A%d(—A% + Als /A2 —4A, + 4A,)

c2mtr(A? — Ai\/AZ — 4A; — 2A;)?

4AZA2(— Ay + /AT — 4AY) (A2 + A AT — 4A; + 4Ay)

C m I’ A2 Al\/A2 4A2 72A2)2

AR A2(— Ay + AT — AA) (= A2 + AL\JAZ — A, + 4Ay)

2mir(=A2 + Ar/AT — 4A; + 240)°

24A3A2(— Ay + /A2 — 4AL) (A2 + AL\ JAT — 4A; + 4A;)

2A2

—AL+ /AT —4A;)
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Dy — 2em?(—A3d + Ard\/AZ — 4A; + Ay(2d — 1))
d(—Ar + /A2 — 4A;) (= A2 + A\ JAZ — 4A, + 4A;)
Dy = — cm?(=A3 4+ A1\/A2 — 4A; + 2A2)(—ATd + Ard\ /AT — 4A; — 2A2r)’
2A2d(—A1 + /A2 —4A))(— A2 + AL\/AZ — 4A; + 4A,)
E - cm?(2d +r)
d(—A3 + AL /AT — 4A; +4Ay)
E, — c’mtr
3d2(— A1 + /AT — 4A2) (AT + A1/AT — 4A; + 4A))
cm?(2Axr — A2(d + r) + A1(d + r)\/A? — 4A,)
Aod (=22 + ALy/AZ — 4A; + 4Ay) '
E, = Pmtr(—A3 + AL/AT — 4A; + 2A)
2A0d2(—Ar + /A2 — AA)(— A2 + ALAT — 4A; +4A)
cm?(=2A2A5(d — 2r) + 2A1Ao(d — r)\/AZ — 4A; — Abr + A3r\/A2 —4A, +2A3(2d — 1))

Es =

E =
° 2A2d(—A2 + AL\/AZ — 44, + 4A)
£ 2mr(A — AL/AZ — 4A;, — 2Ay)°
O T AMAR(— AL+ A2 — AAL)(— A2 + AL\JAD — 4A; + 4A,)
E, — C2m4r(—A%+A1\/A%—4A2+2A2)3
T AMAR(— AL + A — AR (— A2 + AL AT — A, + 4Ay)
2A,cm?(2d + r)
Eg

- d(—Ap + /A2 = 4A5)(—A2 + AL\ AZ —4A; + 4A;)
£, = 2(—A% + A3\/AZ —4A) + 5A3A; — 3A1Ax\/AZ — 4A; — 4A§)v
(—A1 + VAT = 4A5) (A2 + AL/AZ — 4A; + 4A;)
_cmP(Aor = A(d + 1) + Au(d + 1) /A — 4Ay)
d(—A1 + /A2 = 4A)(—A2 + AL /AZ — 4A; + 4A;)

Eio =

Next, we derive the center manifold for (3.13), which may be characterized as follows:

wWe = {(en, fo,7y) € R®

o= cre? + coeny + cs7? + O((Jen] + m%},

where
Ascm?(2d +r)

2d(A} + A3\ /AZ — 4A; — BAZA; — 3A1A0\ /A — 4A + 4A3)

System (3.13) restricted to the center manifold is

C1 C2:0, C3=0.

D3E1 3
: 14
1 _ >\2 en (3 )

F:en1=—en+ Die2 + Doed + Dgeyy + Doe2ry +

For map (3.14) to experience PD bifurcation, we need the value of the following two expressions

to be non-zero:

"~ 1
/1 = F’YFenen +2 eny ’ /2 = E(

From simple computations, we obtain
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D3Ey )
11—
The following result is drawn from the calculations mentioned above:

h =2Dg, b =2(D?+ Dy +

Theorem 3.3. Suppose that (h,r,K,m,c,d) € Qs. The system (1.4) undergoes PD bifurcation
at the fixed point Po(-L kam ) if b # 0 and h differs in a small neighborhood of h, =

—yo 2 A1 —4A Moreover, if I, > 0 (respectively I, < 0), then the period-2 orbits that bifurcate from

cm’ cm2| (

Py (L )) are stable (respectively, unstable).

kc?
cm’ Cm2| (

3.4. NS Bifurcation at 'D2(cm Cm2 In (k ))

This section discusses the NS bifurcation at the fixed point Ps(-4- ke

ot sz In(~ )) for the domain

Q;. Suppose that (h, r, K, m, c,d) € Q1, and <y be minimal change in hs, the subsequent perturbation

of the system (1.4) is taken into consideration:

Unt1 = Up + Iﬁ%(run In(u—Kg) —mvy),

(3.15)
Vo1 = Vo + (hs + ) (cmupv, — dvy).
We define a, = up — %, by = v, — W' (k ) to translate fixed point Po(-Z, £ Cm2 In ( c 2))
to (0,0). As a result of this translation map, the system (3.15) transforms to
an+1 1- w ( +'Y) F(an, bn)
- DA +2Any + : (3.16)
bnt1 A=y 1 bn G(an, bn)

where

mr(% +7) szzr(ﬂé—i—fy)

B+ ———e——"a2+ O((Ianl + 1bal + 1)),

F(an, bp) = —

A
G(ap, by) = cm(A—; + ) anbn + O((|an| + |bal + 1¥)Y).

The characteristic equation corresponding to the linearized part of the system (3.16) at the origin

IS
X —a(mA+B() =0, (3.17)
where
A2
a(y)=2- Afl — A7,
2

B(y) =1+ Ay + A2

The equation (3.17) roots are complex that have the property |[A1 2| = 1, which are given by

Mo — AN EIVAB(Y) — (7).

2
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By computations, we obtain

A1l = [A2| = /B,

<d|>\1|> _ <d|>\2|> _A
Yy ) y=o Y Jy—o 2 '

Moreover, it is required that )x’i, Aé # 1 for i =1,2,3,4 at v = 0, which is equivalent to a(0) #
+2,0,1. Since A; >0, A2 —4A; <0 and a(0) =2 — ﬁ—i, therefore a(0) # +£2. We only need to

require that a(0) # 0, 1, which leads to A? # 2A,, As.
The canonical form at v = 0 of the linear part in (3.16) is achieved through the utilization of the

and

subsequent transformation:

_A]_m 0
i P e I 3.18
b - i% _A]_ 4A2—A§ f . ( ) )
n 2A; 2A; n
Upon application of the mapping (3.18), the system (3.16) transforms as follows:
e —v| |e F(en, f,
[n—i—l]zlﬂ ][n +[ (n n)] (3_19)
frs1 voou fn G(en, fn)
where
A2 Ap\/4Ar — A2
= 1 —_— -_—
H oA, Y 2A,
AZcm?r Adc?mtr
Flen fa) =~ s+ en + O((Jenl + [f] + 7)),

4A2d T 2aA3ae

 Alem?(2d+r) Atcimtr 3 Afcm?

G(ep, ) = e, + € = o
4R2d\Jamy — A2 24A3d2, [4A, — A2 5

The below-mentioned number L explains how the invariant curve appears in a system going through

enfn + O((lenl + ol + [¥])*).

the NS bifurcation.

1—2X1)A3 1
L= ([—Re ((1)277207711> - §|’f711|2 - |'f702|2 + Re(kznzl)])

1— X o

where

1 .
20 = g [Fenen - anfn + 2(;(i'nfrn + I(Genen - anfn - 2Fenfn)] '

1 .
Z [Fenen + anfn + I(Genen + anfn)] !

1 .
MNo2 = 3 [Fenen — Fhufy — 2Ge,f, +1(Gepe, — Gty + 2Fe,f,)]

mi =

1 .
21 = 1 [Ferenen + Fertify + Genenty + Ghatufy T 1(Genenen + Gentufy = Feneats = Frafu )]

From the calculations shown above, we can obtain the following result:



Int. J. Anal. Appl. (2023), 21:100 15

Theorem 3.4. Consider (h,r, K, m,c,d) € Q1 and A? # 2A5, A>. When the parameter h differs in
a small neighborhood of hs = %, the system (1.4) undergoes NS bifurcation at the fixed point P> if
L # 0. Additionally, if L > 0, a repelling invariant closed curve bifurcates from P, whereas if L < 0,

an attracting invariant closed curve bifurcates from Ps.

4. Numerical examples

This section will strengthen our theoretical investigations of the system by presenting some numer-

ical examples that illustrate its numerous qualitative properties.

4.1. PD bifurcation of the system (1.4) at P, by using h as bifurcation parameter.

Consider the following parametric values:
c=09 m=05,d=0.15r=15k=0.12,

and initial conditions ug = 0.5, vy = 0.05. For these values, the bifurcation value is h = 1.39251, and
the positive fixed point is obtained as P>(0.333333,0.076961). The eigenvalues of J(P») are obtained
as A1 = —1, A\» = 0.991606, confirming that the system (1.4) undergoes period doubling bifurcation
at P»(0.333333,0.076961) as h passes through hy = 1.39251. Figures (1a,1b) depict bifurcation
figures for h € [1.1,1.7]. The MLE is plotted in figure (1c).

The fixed point is a LAS for these parametric values if 0 < h < 1.39251. Figures (1d,1e,1f)
depict phase portraits of the system (1.4) for distinct values of h. From the figures, the
P»(0.333333,0.076961) is a LAS for 0 < h < 1.39251, but fails to retain stability at h = 1.39251,

where the system (1.4) experiences PD bifurcation.

4.2. NS bifurcation of the system (1.4) at P, by using h as bifurcation parameter.

Consider the following parametric values:
c=09 m=05d=0.15r=15k=0.5,

and initial conditions ug = 0.4, vo = 1.4. For these values, the bifurcation value is h = 2.19813, and
the positive fixed point is obtained as P»(0.333333, 1.50408). The eigenvalues of J(P) are computed
as A1 = 0.591212—0.806516/, A\, = 0.591212+40.806516/ with |1 »| = 1, confirming that the system
(1.4) is going through NS bifurcation at P(0.333333, 1.50408) as h passes through hg = 2.19813.
Figures (2a,2b) depict bifurcation diagrams for h € [2.1,2.8]. The MLE is plotted in figure 2c.

The fixed point P, is a LAS for these parametric values if h < 2.19813. Figures (2d-2k) depict
phase portraits of the system (1.4) for some values of h. From the figures, P> is a LAS for h < 2.19813
but loses stability at h = 2.19813, where the system (1.4) goes through NS bifurcation. A smooth
curve that is invariant emerges for values of h > 2.19813, with its radius increasing proportionally to

the increase in h. The sudden disappearance of the invariant curve and subsequent emergence of a
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Figure 1. Bifurcation diagrams, MLE graph, phase portraits for c = 0.9, m=0.5,d =
0.15,r=1.5k=0.12,up = 0.5, vy = 0.05.
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periodic orbit are observed upon increasing the value of h. Subsequently, the periodic orbit is replaced

by an invariant curve. The phenomenon persists until a strange attractor appears. See Figures (21-20).

4.3. NS bifurcation of the system (1.4) at P, by using d as bifurcation parameter.

Consider the following parametric values:
c=09 m=05r=15k=0.5 h=219813,

and initial conditions ug = 0.4,vy = 1.4. For these values, the bifurcation value is d = 0.15,
and the positive fixed point is obtained as P>(0.333333,1.50408). The eigenvalues of J(P») are
A1 = 0.591212 — 0.806518/, A» = 0.591212 + 0.806518/ with |A1 2| = 1, indicating that the system
(1.4) is experiencing NS bifurcation at P,(0.333333, 1.50408) as the bifurcation parameter d passes
through dp = 0.15. Figures (3a,3b) depict bifurcation diagrams for d € [0.14,0.17]. The MLE
is plotted in figure 3c. The bifurcation diagrams show that the positive fixed point is stable if the
death rate of the predator is greater than a threshold value. Biologically, it means that to prevent the
predator population from growing uncontrollably and stability of the positive fixed point, the predator’s

death rate should be greater than the threshold value.

4.4, Sensitive dependence on initial conditions.

Sensitive dependency on initial conditions implies that small changes in the initial populations of
predator and prey may result in drastically different long-term population dynamics. This phenomenon
highlights the importance of accurate and precise measurements of the initial conditions in ecological
investigations and the requirement for strong modeling tools that can account for data uncertainty
and variability. It also highlights the difficulties in forecasting the long-term dynamics of ecological
systems since even minor errors in the initial conditions may lead to considerable errors in predictions.

Figure (4) depicts 2 perturbed trajectories in blue and red colors to highlight the sensitivity of the
system (1.4) to initial conditions. The two trajectories are initially overlapping and identical, but the
divergence between them grows fast after a few repetitions. Figure (4) plots the u— and v—coordinates
of the two trajectories for the system (1.4) against the number of iterations, revealing a reactive
reliance on the initial conditions. The initial perturbation of 2 trajectories is 0.0001. The 2 trajectories
with initial points (ug, vo) = (0.4,1.4) (trajectory in blue color) and (ug, vo) = (0.4001, 1.4001)
(trajectory in red color) are calculated and plotted in figure (4), respectively. The trajectories of
the system (1.4) are depicted in figure (4) to be sensitively dependent on the initial conditions, i.e.,

complex dynamic behavior happens with an initial perturbation.
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Figure 2. Bifurcation diagrams, MLE graph, phase portraits for c =0.9, m=0.5,d =
0.15,r=15k=05,u=04, vy =1.4.
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Figure 4. Sensitive dependence on initial conditions of the system (1.4)

5. Conclusion

The nonlinear dynamics of a novel discrete-time predator-prey system with square root functional
response and Gompertz growth of prey, generated using the forward Euler discretization method, were
examined in this study. The system has a boundary fixed point (v/K,0) which always exists, and an

%, Cr—rgz/n( kcjé’#)) which exists only if the carrying capacity of prey is greater

interior fixed point (
than a threshold value. Using bifurcation theory and the center manifold theorem, it is shown that
the system’s fixed points have transcritical bifurcation, PD bifurcation, and NS bifurcation. The less
integral step size h can stabilize the positive fixed point. However, the large integral step size can
destabilize the positive fixed point, resulting in more complex dynamical behaviors, as depicted in the
figures. Moreover, we see that if the death rate of the predator is greater than a threshold value, then
the positive fixed point is stable; otherwise, it is unstable. This threshold value shows the lowest death
rate necessary to prevent the predator population from exploding and to maintain a stable equilibrium
between predator and prey populations. Moreover, it is demonstrated that the trajectories of the
system (1.4) are sensitive to the initial values. Slight variations in initial conditions can significantly

affect the long-term dynamics of ecological systems. The sensitive dependence on initial conditions
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emphasizes the importance of accurate and precise measurements and the need for robust modeling

techniques in ecological studies.
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