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Abstract. In this manuscript, we incorporate Caputo-Hadamard derivatives in impulsive fractional dif-

ferential equations to obtain a new class of impulsive fractional form. Further, the existence of solutions

to the proposed problem has been inferred under a state-dependent delay and suitable hypotheses in

phase spaces. Finally, the considered problem has been supported by an illustrative application.

1. Introduction

The modeling of several events in numerous branches of science and engineering can greatly benefit

from the use of fractional differential equations (FDEs) and fractional integral equations (FIEs).

In fact, there are many applications in electrochemistry, control, porous media, viscoelasticity, and

other fields. We can find basic mathematics and many applications of fractional calculus in the
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monographs [1,3–9,14]. FDEs involving the Caputo and Hadamard derivatives have recently received

a lot of attention in studies; for examples, see the publications [10–13].

Modeling scientific phenomena has long employed delay differential equations (DEs) or functional

DEs with or without impulse. The delay has frequently been thought of as either a fixed constant or as

an integral, in which case it is referred to as a distributed delay; for examples, see the books [15–17],

and the papers [18, 19].

In the study of both qualitative and quantitative theory for functional DEs, the idea of the phase

space (PS) Ω is crucial. A seminormed space that satisfies the appropriate axioms is a usual choice,

as described by Hale and Kato [19]. We recommend reading [11,20,21] for a more in-depth discussion

on this subject.

However, in recent years, modeling has been suggested for complex scenarios where the delay

depends on the unidentified functions; for example, see [22, 23] and the references therein. These

equations are usually referred to as state-dependent delay equations. Recently, among other things,

existence results for functional differential equations were developed when the solution to impulsive

situations depended on the delay over a finite interval. Many papers have addressed this purpose, either

by introducing the Caputo functional fractional operators or by introducing other fractional operators

with state-dependent delays. For more information, see [24–33]. According to our knowledge, there

are no works in the literature that discuss Caputo-Hadamard fractional (CHF) order functional DEs

with state-dependent delay and impulses. The paper’s goal is to get that study started.

In this study, we focus on the existence of solutions to the following initial value problems (IVPs)

for coupled Impulsive fractional differential equations (IFDEs):

CHD`=(τ) = χ
(
τ,=ρ(τ,=τ ), ξη(τ,ξτ )

)
, for a.e. τ ∈ K = [b,Q], b > 0, τ 6= τj , j = 1, 2, .., m, ` ∈ (0, 1],

CHDσξ(τ) = χ
(
τ, ξη(τ,ξτ ),=ρ(τ,=τ )

)
, for a.e. τ ∈ K = [b,Q], b > 0, τ 6= τj , j = 1, 2, .., m, σ ∈ (0, 1],

∆=|τ=τj
= Ij

(
=(τ−j )

)
, ∆ξ|τ=τj

= Ij

(
ξ(τ−j )

)
, j = 1, 2, .., m,

=(τ) = φ(τ), ξ(τ) = ψ(τ), τ ∈ (−∞, b],

(1.1)

where CHD` and CHDσ are CHF derivatives with order ` and σ, respectively, χ,χ : K × A × A → R
are given functions, φ,ψ ∈ Ω, the functions Ij : R → R are continuous, j = 1, 2, .., m. Further,

b < τ0 < τ1 < · · · < τm < τm+1=Q, ∆=|τ=τj
= =(τ+

j ) − =(τ−j ), =(τ+
j ) = limj→ε+ =(τj + ε),

=(τ−j ) = limj→ε− =(τj + ε), similarly ∆ξ|τ=τj
and Ω is an abstract PS.

2. Preliminaries

This part is devoted to present some preliminary facts that will be used in the sequel.

Assume that C (K,R) refers to the space of all continuous functions on the interval K. It is a

Banach space (BS) under the norm

‖=‖∞ = sup {|=(τ)| : τ ∈ K} .
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Assume also AC (K,R) refers to the space of all absolutely continuous functions = : K → R, and
ACnκ (K,R) = {ω : K → R : κn−1ω(τ) ∈ AC (K,R)}, where κ = τ d

dτ .

Definition 2.1. [4] For the function ω : [b, c ]→ R, the HF integral of order ` is described as

I`bω (τ) =
1

Γ (`)

τ∫
b

(
log

τ

s

)`−1 ω (s)

s
ds, b, c ≥ 0,

provided that the integral exists.

Definition 2.2. [34] Assume that ACnκ[b, c ] = {$ : [b, c ] → C : κn−1$(τ) ∈ AC[b, c ]}, 0 < b <

c < ∞, let ` ∈ C such that Re(`) ≥ 0. The CH derivative of fractional order ` for the function

$ ∈ ACnκ[b, c ] is defined as follows:

(i) If ` = n ∈ N, then (
CHD`b$

)
(τ) = κn$(τ).

(ii) If ` /∈ N, and n = [Re(`)] + 1, then

(
CHD`b$

)
(τ) =

1

Γ(n − `)

(
τ
d

dτ

)n τ∫
b

(
log

τ

s

)n−`−1
κn$(s)

ds

s
,

where [Re(`)] is the integer part of the real number Re(`) and log(.) = loge(.).

Lemma 2.1. [34] Suppose that = ∈ ACnκ[b, c ] and ` ∈ C, then

I`b
(
CHD`b=

)
(τ) = =(τ)−

n−1∑
j=0

κj=(b)

j!

(
log

τ

b

)j
.

3. Main assumptions

In this study, we will utilize an axiomatic definition of phase Ω that Hale and Kato introduced in [19]

and adhere to the language from [35], but we will also add some transformations. As a result, the

seminormed linear space of functions (Ω, ‖.‖Ω) will map (−∞, b] into R. Because we want a solution

to the problem (1.1) to be continuous on (τm, τm+1] and the left hand limit exists for every τm, the

first two axioms on Ω are necessary. The axioms that Ω must adhere to are as follows:

(S1) If =, ξ : (−∞, Q] → R, Q > 0, =0, ξ0 ∈ Ω, and =(τ−j ), =(τ+
j ), ξ(τ−j ), ξ(τ+

j ) exist with

=(τ−j ) = =(τj) and ξ(τ−j ) = ξ(τj), j = 1, 2, .., m, then for every τ ∈ [b,Q]\{τ1, τ2, · · · , τm}
the circumstances below are true:

(1) =τ , ξτ ∈ Ω; and =τ and ξτ are continuous functions on [b,Q]\{τ1, τ2, · · · , τm};
(2) there are constants X, Y > 0 such that |=(τ)| ≤ X ‖=τ‖Ω and |ξ(τ)| ≤ Y ‖ξτ‖Ω ;
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(3) there are two continuous functions B(.), C(.) : R+ → R+ independent of = and two

locally bounded functions D(.), E(.) : R+ → R+ independent of ξ, such that{
‖=τ‖Ω ≤ B(τ) sup {|=(s)| : s ∈ [b,Q]}+D(τ) ‖=0‖Ω ,

‖ξτ‖Ω ≤ C(τ) sup {|ξ(s)| : s ∈ [b,Q]}+ E(τ) ‖ξ0‖Ω .

Clearly,

‖(=τ , ξτ )‖Ω×Ω ≤ Λ(τ) sup
{
|=(s) + ξ(s)| : s ∈ [b,Q] + Λ∗(τ) ‖(=0, ξ0)‖Ω×Ω

}
,

where ‖(=τ , ξτ )‖Ω×Ω = ‖=τ‖Ω + ‖ξτ‖Ω , Λ(τ) = B(τ) + C(τ), Λ∗(τ) = D(τ) + E(τ).

(S2) The space Ω is complete.

Set

BQ = sup {B(τ) : τ ∈ [b,Q]} , CQ = sup {C(τ) : τ ∈ [b,Q]}

DQ = sup {D(τ) : τ ∈ [b,Q]} , EQ = sup {E(τ) : τ ∈ [b,Q]} ,

ΛQ = sup {Λ(τ) : τ ∈ [b,Q]} , Λ∗Q = sup {Λ(τ) : τ ∈ [b,Q]} .

Consider the following spaces:

AC′ (K,R) =


= : K → R, = ∈ ACµ

(
(τj , τj+1],R

)
, j = 1, · · · , m, and there exist

=(τ+
j ) and =(τ−j ), j = 1, · · · , m, with =(τ−j ) = =(τj),


and

AC
′′

(K,R) =


ξ : K → R, ξ ∈ ACµ

(
(τj , τj+1],R

)
, j = 1, · · · , m, and there exist

ξ(τ+
j ) and ξ(τ−j ), j = 1, · · · , m, with ξ(τ−j ) = ξ(τj).


The above spaces are BSs with norms

‖=‖AC′ = sup {‖=(τ)‖R : τ ∈ [b,Q]} and ‖ξ‖AC′′ = sup {‖ξ(τ)‖R : τ ∈ [b,Q]} ,

respectively.

Clearly, the product space
(
i = AC′ × AC ′′ ,R

)
is a BS with the norm

‖(=, ξ)‖i = ‖=‖AC′ + ‖ξ‖AC′′ .

Put

ΩQ = {=, ξ : (−∞, Q]→ R\ (=, ξ) ∈ i (K,R) ∩Ω} and K
′

= K\{τ1, τ2, · · · , τm}.

Definition 3.1. Suppose that the functions =, ξ ∈ ΩQ have `th and σth derivative on K
′
, respectively.

We say that the pair (=, ξ) is a solution to Problem (1.1) if = and ξ satisfy (1.1).

The next result will be helpful in the following as a result of Lemma 2.1.
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Lemma 3.1. Assume that `, σ ∈ (0, 1] and ρ, η ∈ i (K,R) . The pair (=, ξ) is a solution to the FIEs

=(τ) =



=b + 1
Γ(`)

τ∫
b

(
log τ

s

)`−1 ρ(s)
s ds, if τ ∈ [b, τ1],

=b + 1
Γ(`)

m∑
j=1

τj∫
τj−1

(
log

τj
s

)`−1 ρ(s)
s ds + 1

Γ(`)

τ∫
τj

(
log τ

s

)`−1 ρ(s)
s ds

+
m∑
j=1

Ij(=(τ−j )), if τ ∈ [τj , τj+1), j = 1, · · · , m,

and

ξ(τ) =



ξb + 1
Γ(σ)

τ∫
b

(
log τ

s

)σ−1 η(s)
s ds, if τ ∈ [b, τ1],

ξb + 1
Γ(σ)

m∑
j=1

τj∫
τj−1

(
log

τj
s

)σ−1 η(s)
s ds + 1

Γ(σ)

τ∫
τj

(
log τ

s

)σ−1 η(s)
s ds

+
m∑
j=1

Ij(ξ(τ−j )), if τ ∈ [τj , τj+1), j = 1, · · · , m,

if and only if = and ξ are a solution to the fractional IVP

CHD`b=(τ) = ρ(τ), for each τ ∈ K ′ ,

CHDσb ξ(τ) = η(τ), for each τ ∈ K ′ ,
∆=|τ=τj

= Ij

(
=(τ−j )

)
, and ∆ξ|τ=τj

= Ij

(
ξ(τ−j )

)
, j = 1, · · · , m,

=(b) = =b, and ξ(b) = ξb, τ ∈ (−∞, b].

It is necessary to present the following postulates.

(P1) The functions τ → φτ and τ → ψτ are continuous from

z(ρ−, η−) = {(ρ(s, φ), η(s, ψ)) : (s, φ), (s, ψ) ∈ K ×Ω, ρ(s, φ) ≤ 0 and η(s, ψ) ≤ 0}

into Ω and there is a bounded and continuous functions Mφ,Mψ : z(ρ−, η−) → (0,∞) so

that

‖φ(τ)‖Ω ≤ Mφ(τ) ‖φ‖Ω , and ‖ψ(τ)‖Ω ≤ Mψ(τ) ‖ψ‖Ω for every τ ∈ z(ρ−, η−).

(P2) The functions χ,χ : K × A× A→ R are continuous.

(P3) There exist u, v ∈ C(K,R+) and a continuous and nondecreasing function Φ : [0,∞) ×
[0,∞)→ (0,∞) such that
|χ (τ,=, ξ)| ≤ u(τ)Φ (|=| , |ξ|) , for each τ ∈ K, =, ξ ∈ Ω with

∥∥I`u∥∥∞ <∞,

|χ (τ, ξ,=)| ≤ v(τ)Φ (|ξ| , |=|) , for each τ ∈ K, =, ξ ∈ Ω with ‖Iσv‖∞ <∞.

(P4) There are positive constants L1, L
∗
1, · · · , Lm, L∗m so that

Lj
1

Γ(`+1) Φ
(
Lj , L

∗
j

)
(log(τ))` ‖u‖∞

> 1,

and
L∗j

1
Γ(σ+1) Φ

(
L∗j , Lj

)
(log(τ))σ ‖v‖∞

> 1, j = 1, · · · , m. (3.1)
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4. Main theorem

Now, we are able to formulate our basic theory in this part as follows:

Theorem 4.1. According to the hypotheses (P1)− (P4), the problem (1.1) has at least one solution

on (−∞, Q].

Proof. We split the proof into the following steps:

Step 1: Consider the problem below
CHD`=(τ) = χ

(
τ,=ρ(τ,=τ ), ξη(τ,ξτ )

)
, for a.e. τ ∈ K = [b, τ1],

CHDσξ(τ) = χ
(
τ, ξη(τ,ξτ ),=ρ(τ,=τ )

)
, for a.e. τ ∈ K = [b, τ1],

=(τ) = φ(τ), ξ(τ) = ψ(τ), τ ∈ (−∞, b].

Describe the operator W : Ωτ1 ×Ωτ1 → Ωτ1 as

W (=, ξ)(τ) =


φ(τ), if τ ∈ (−∞, b],

φ(b) + 1
Γ(`)

τ∫
b

(
log τ

s

)`−1
χ
(
τ,=ρ(s,=s), ξη(s,ξs)

)
ds
s , if τ ∈ [b, τ1],

and

W (ξ,=)(τ) =


ψ(τ), if τ ∈ (−∞, b],

ψ(b) + 1
Γ(σ)

τ∫
b

(
log τ

s

)σ−1
χ
(
s, ξη(s,ξs),=ρ(s,=s)

)
ds
s , if τ ∈ [b, τ1],

Assume that r(.), q(.) : (−∞, τ1]→ R are functions given by

r(τ) =


φ(τ), if τ ∈ (−∞, b],

φ(b), if τ ∈ [b, τ1],

and q(τ) =


ψ(τ), if τ ∈ (−∞, b],

ψ(b), if τ ∈ [b, τ1].

Then r0 = φ and q0 = ψ. For each h, ĥ ∈ Ωτ1 with h0 = 0 = ĥ0, we denote by v , v̂ the

functions defined by

v(τ) =


0, if τ ∈ (−∞, b],

h(τ), if τ ∈ [b, τ1],

and v̂(τ) =


0, if τ ∈ (−∞, b],

ĥ(τ), if τ ∈ [b, τ1].

If =(.) and ξ(.) fulfill the integral equations
=(τ) = φ(b) + 1

Γ(`)

τ∫
b

(
log τ

s

)`−1
χ
(
τ,=ρ(s,=s), ξη(s,ξs)

)
ds
s ,

ξ(τ) = ψ(b) + 1
Γ(σ)

τ∫
b

(
log τ

s

)σ−1
χ
(
s, ξη(s,ξs),=ρ(s,=s)

)
ds
s ,
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we can split up =(.) and ξ(.) into =(τ) = v(τ) + r(τ) and ξ(τ) = v̂(τ) + q(τ), τ ∈ [b, τ1],

which yields =τ = vτ + rτ and ξτ = v̂τ + qτ , for each τ ∈ [b, τ1] and the functions h(.) and

ĥ(.) satisfy
h(τ) = 1

Γ(`)

τ∫
b

(
log τ

s

)`−1
χ
(
s, vρ(s,vs+rs) + rρ(s,vs+rs), v̂η(s,v̂s+qs) + qη(s,v̂s+qs)

)
ds
s ,

ĥ(τ) = 1
Γ(σ)

τ∫
b

(
log τ

s

)σ−1
χ
(
s, v̂η(s,v̂s+qs) + qη(s,v̂s+qs), vρ(s,vs+rs) + rρ(s,vs+rs)

)
ds
s .

Set the product

R0 × R0 =
{(
h, ĥ
)
∈ Ωτ1 ×Ωτ1 : h0 = 0 = ĥ0

}
under the norm∥∥∥(h, ĥ)∥∥∥

0
=
∥∥∥(h, ĥ)∥∥∥

Ω×Ω
+ sup

{∣∣∣h(s) + ĥ(s)
∣∣∣ : s ∈ [b, τ1]

}
,

where
∥∥∥(h, ĥ)∥∥∥

0
= ‖(h)‖0 +

∥∥∥ĥ∥∥∥
0
and

∥∥∥(h, ĥ)∥∥∥
Ω×Ω

= ‖h‖Ω +
∥∥∥ĥ∥∥∥

Ω
.

Define the operator B : R0 × R0 → R0 by
B
(
h, ĥ
)

(τ) = 1
Γ(`)

τ∫
b

(
log τ

s

)`−1
χ
(
s, vρ(s,vs+rs) + rρ(s,vs+rs), v̂η(s,v̂s+qs) + qη(s,v̂s+qs)

)
ds
s ,

B
(
ĥ, h
)

(τ) = 1
Γ(σ)

τ∫
b

(
log τ

s

)σ−1
χ
(
s, v̂η(s,v̂s+qs) + qη(s,v̂s+qs), vρ(s,vs+rs) + rρ(s,vs+rs)

)
ds
s .

It is obvious that the operator B possessing a coupled fixed point (CFP) is equivalent to the

operator W having a CFP. So, we must demonstrate that B has a CFP, which is the solution

to problem (1.1). For this regards, the Leray-Schauder alternate will be employed as the

following claims:

Claim (i): Show that B is continuous. Assume that {hn} and {ĥn} are two sequences such that

hn → h and ĥn → ĥ in R0. Then∣∣∣B (hn, ĥn) (τ)− B
(
h, ĥ
)

(τ)
∣∣∣

≤
1

Γ (`)

τ∫
b

(
log

τ

s

)`−1 ∣∣χ (s, vρ(s,vns+rs) + rρ(s,vns+rs), v̂η(s,v̂ns+qs) + qη(s,v̂ns+qs)

)
−χ

(
s, vρ(s,vs+rs) + rρ(s,vs+rs), v̂η(s,v̂s+qs) + qη(s,v̂s+qs)

)∣∣ ds
s
,

and∣∣∣B (ĥn, hn) (τ)− B
(
ĥ, h
)

(τ)
∣∣∣

≤
1

Γ (σ)

τ∫
b

(
log

τ

s

)σ−1 ∣∣χ (s, v̂η(s,v̂ns+qs) + qη(s,v̂ns+qs), vρ(s,vns+rs) + rρ(s,vns+rs)

)
−χ

(
s, v̂η(s,v̂s+qs) + qη(s,v̂s+qs), vρ(s,vs+rs) + rρ(s,vs+rs)

)∣∣ ds
s
.



8 Int. J. Anal. Appl. (2023), 21:95

The continuity of χ and χ implies that∥∥∥B (hn, ĥn)− B (h, ĥ)∥∥∥→ 0, and
∥∥∥B (ĥn, hn)− B (ĥ, h)∥∥∥→ 0, as n →∞.

Claim (ii): Prove that B maps bounded sets into bounded sets in R0. In fact, it suffices to demon-

strate that for any λ > 0, there exists a positive constant Θ such that h, ĥ ∈ Ωλ ={
h, ĥ ∈ R0 :

∥∥∥(h, ĥ)∥∥∥
R0×R0

≤ λ
}
,

∥∥∥B (h, ĥ)∥∥∥ ≤ Θ and
∥∥∥B (ĥ, h)∥∥∥ ≤ Θ.

To achieve this, using hypothesis (P3), we get∣∣∣B (h, ĥ) (τ)
∣∣∣

≤
1

Γ (`)

τ∫
b

(
log

τ

s

)`−1 ∣∣χ (s, vρ(s,vs+rs) + rρ(s,vs+rs), v̂η(s,v̂s+qs) + qη(s,v̂s+qs)

)∣∣ ds
s

≤
1

Γ (`)

τ∫
b

(
log

τ

s

)`−1 [
u(s) + û(s)

∥∥(vρ(s,vs+rs) + rρ(s,vs+rs), v̂η(s,v̂s+qs) + qη(s,v̂s+qs)

∥∥
Ω×Ω

)
] ds
s

≤
1

Γ (`)

τ∫
b

(
log

τ

s

)`−1
u(s)

ds

s

+
1

Γ (`)

τ∫
b

(
log

τ

s

)`−1
û(s)

∥∥(vρ(s,vs+rs) + rρ(s,vs+rs), v̂η(s,v̂s+qs) + qη(s,v̂s+qs)

∥∥
Ω×Ω

)
ds

s

≤
(logQ)`

Γ (`+ 1)
‖u‖∞ +

(logQ)`

Γ (`+ 1)
‖û(s)‖∞

(∥∥=ρ(s,vs+rs), ξρ(s,vs+rs)

∥∥
Ω×Ω

) ds
s

≤
(logQ)`

Γ (`+ 1)
‖u‖∞ +

(logQ)`

Γ (`+ 1)
‖û(s)‖∞

(
ΛQ ‖(=, ξ)‖+ ΛQ |φ(b) + ψ(b)|+ Λ∗Q ‖φ,ψ‖Ω×Ω

)
≤

(logQ)`

Γ (`+ 1)
‖u‖∞ +

(logQ)`

Γ (`+ 1)
‖û(s)‖∞

(
ΛQλ+ ΛQ |φ(b) + ψ(b)|+ Λ∗Q ‖φ,ψ‖Ω×Ω

)
= Θ.

Similarly,∣∣∣B (ĥ, h) (τ)
∣∣∣

≤
(logQ)σ

Γ (ρ+ 1)
‖v‖∞ +

(logQ)σ

Γ (σ + 1)
‖v̂(s)‖∞

(
ΛQλ+ ΛQ |φ(b) + ψ(b)|+ Λ∗Q ‖ψ, φ‖Ω×Ω

)
= Θ,

where
∥∥I`u∥∥∞ < ∞,

∥∥I`û∥∥∞ < ∞,
∥∥I`v∥∥∞ < ∞, and

∥∥I`v̂∥∥∞ < ∞. The above

inequalities imply that∥∥∥B (h, ĥ)∥∥∥ ≤ Θ and
∥∥∥B (ĥ, h)∥∥∥ ≤ Θ.
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Claim (iii): Show that B maps bounded sets into equicontinuous sets in R0. For this, assume that

ε1, ε2 ∈ [b, τ1] with ε1 < ε2 and Ωλ be bounded set of R0 × R0 as in Claim (ii). Then

for h, ĥ ∈ Ωλ, we can write∣∣∣B (h, ĥ) (ε2)− B
(
h, ĥ
)

(ε1)
∣∣∣

≤
1

Γ (`)

ε2∫
ε1

(
log

ε2

s

)`−1 ∣∣χ (s, vρ(s,vs+rs) + rρ(s,vs+rs), v̂η(s,v̂s+qs) + qη(s,v̂s+qs)

)∣∣ ds
s

+
1

Γ (`)

ε1∫
0

((
log

ε2

s

)`−1
−
(

log
ε1

s

)`−1
)

×
∣∣χ (s, vρ(s,vs+rs) + rρ(s,vs+rs), v̂η(s,v̂s+qs) + qη(s,v̂s+qs)

)∣∣ ds
s

≤
‖u‖∞
Γ (`)

∣∣∣∣∣∣
ε2∫
ε1

(
log

ε2

s

)`−1 ds

s
+

ε1∫
0

(
log

ε2

s

)`−1 ds

s

∣∣∣∣∣∣
+
‖û‖∞

(
ΛQλ+ ΛQ |φ(b) + ψ(b)|+ Λ∗Q ‖ψ, φ‖

)
Γ (`)

×

∣∣∣∣∣∣
ε2∫
ε1

(
log

ε2

s

)`−1 ds

s
+

ε1∫
0

(
log

ε2

s

)`−1 ds

s

∣∣∣∣∣∣
≤

2 ‖u‖∞
Γ (`+ 1)

(log (ε2)− log (ε1))`

+
2 ‖û‖∞

(
ΛQλ+ ΛQ |φ(b) + ψ(b)|+ Λ∗Q ‖ψ, φ‖

)
Γ (`+ 1)

(log (ε2)− log (ε1))` .

Similarly,∣∣∣B (ĥ, h) (ε2)− B
(
ĥ, h
)

(ε1)
∣∣∣

≤
2 ‖v‖∞

Γ (σ + 1)
(log (ε2)− log (ε1))σ

+
2 ‖v̂‖∞

(
ΛQλ+ ΛQ |φ(b) + ψ(b)|+ Λ∗Q ‖φ,ψ‖

)
Γ (σ + 1)

(log (ε2)− log (ε1))σ .

The right-hand side of the above inequalities tends to zero as ε1 → ε2. Hence, B is

continuous and completely continuous (CC) as a result of Claims (i) to (iii) and the

Arzela-Ascoli theorem.

Claim (iv): A priori bounds. Assume that
(
h, ĥ
)
is a solution of the equations h = δB

(
h, ĥ
)
and

ĥ = δB
(
ĥ, h
)
, for some δ ∈ (0, 1). Then, for each τ ∈ [b, τ1], one has

B
(
h, ĥ
)

(τ) = 1
Γ(`)

τ∫
b

(
log τ

s

)`−1
χ
(
s, vρ(s,vs+rs ) + rρ(s,vs+rs ), v̂η(s,v̂s+qs ) + qη(s,v̂s+qs )

)
ds
s ,

B
(
ĥ, h
)

(τ) = 1
Γ(σ)

τ∫
b

(
log τ

s

)σ−1
χ
(
s, v̂η(s,v̂s+qs ) + qη(s,v̂s+qs ), vρ(s,vs+rs ) + rρ(s,vs+rs )

)
ds
s ,
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which yields from (P3) and (P4) that

|h (τ)| ≤
1

Γ (`)

τ∫
b

(
log

τ

s

)`−1 ∣∣χ (s, vρ(s,vs+rs) + rρ(s,vs+rs), v̂η(s,v̂s+qs) + qη(s,v̂s+qs)

)∣∣ ds
s

≤
1

Γ (`)

τ∫
b

(
log

τ

s

)`−1
u(s)Φ

(∣∣vρ(s,vs+rs) + rρ(s,vs+rs)

∣∣ , ∣∣v̂η(s,v̂s+qs) + qη(s,v̂s+qs)

∣∣) ds
s

≤
(logQ)` ‖u‖∞

Γ (`)
Φ
(∥∥vρ(s,vs+rs) + rρ(s,vs+rs)

∥∥ ,∥∥v̂η(s,v̂s+qs) + qη(s,v̂s+qs)

∥∥)
=

(logQ)` ‖u‖∞
Γ (`+ 1)

Φ (∆,∆∗) .

Similarly ∣∣∣ĥ (τ)
∣∣∣ ≤ (logQ)σ ‖v‖∞

Γ (σ + 1)
Φ (∆∗,∆) .

But, using (S1)(3), we have∥∥vρ(s,vs+rs) + rρ(s,vs+rs)

∥∥
Ω

≤
∥∥vρ(s,vs+rs)

∥∥
Ω

+
∥∥rρ(s,vs+rs)

∥∥
Ω

≤ BQ sup
s∈[b,τ ]

{h (s)}+DQ ‖h0‖Ω + BQ sup
s∈[b,τ ]

{r (s)}+DQ ‖r0‖Ω

≤ BQ sup{h (s) : s ∈ [b, τ ]}+DQ ‖φ‖Ω + BQ ‖φ(b)‖ = ∆

and ∥∥v̂η(s,v̂s+qs) + qη(s,v̂s+qs)

∥∥
Ω

≤
∥∥v̂η(s,v̂s+qs)

∥∥
Ω

+
∥∥qη(s,v̂s+qs)

∥∥
Ω

≤ CQ sup
s∈[b,τ ]

{
ĥ (s)

}
+ EQ

∥∥∥ĥ0

∥∥∥
Ω

+ CQ sup
s∈[b,τ ]

{q (s)}+ EQ ‖q0‖Ω

≤ CQ sup
{
ĥ (s) : s ∈ [b, τ ]

}
+ EQ ‖ψ‖Ω + CQ ‖ψ(b)‖ = ∆∗.

This implies that

‖h‖∞
1

Γ(`+1) (logQ)` ‖u‖∞Φ (∆,∆∗)
≤ 1 and

∥∥∥ĥ∥∥∥
∞

1
Γ(σ+1) (logQ)σ ‖v‖∞Φ (∆∗,∆)

≤ 1.

Then by axiom (3.1), there exist L1 > 0, L∗1 > 0 such that ‖h‖∞ 6= L1 and
∥∥∥ĥ∥∥∥

∞
6= L∗1.

Let V1 =
{
h, ĥ ∈ R0 : ‖h‖∞ < L1,

∥∥∥ĥ∥∥∥
∞
< L∗1

}
. The operator B : V1×V1 → R0 is CC.

From the choice of V1, there is no h and ĥ such that h = δB
(
h, ĥ
)
and ĥ = δB

(
ĥ, h
)
,

δ ∈ (0, 1). We conclude that B has a CFP
(
h, ĥ
)
∈ V1 × V1 as a result of the nonlinear

Leray-Shauder alternative, which is a solution to Problem (1.1).
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Step 2: Consider the following problem:

CHD`=(τ) = χ
(
τ,=ρ(τ,=τ ), ξη(τ,ξτ )

)
, for a.e. τ ∈ K = [τ1, τ2],

CHDσξ(τ) = χ
(
τ, ξη(τ,ξτ ),=ρ(τ,=τ )

)
, for a.e. τ ∈ K = [τ1, τ2],

=(τ+
1 )−=(τ−1 ) = I1

(
=b(τ−1 )

)
, ξ(τ+

1 )− ξ(τ−1 ) = I1
(
ξb(τ−1 )

)
,

=(b) = =b(τ), ξ(b) = ξb(τ), τ ∈ (−∞, τ1].

Let R1 =
{
=, ξ ∈ Ωτ2 : =(τ+

1 ) and ξ(τ+
1 ) exist

}
. Describe the operator W1 : R1 × R1 → R1

as

W1(=, ξ)(τ) =


=b(τ), if τ ∈ (−∞, τ1],

=b(τ−1 ) + Ib
(
=b(τ−1 )

)
+ 1

Γ(`)

τ∫
τ1

(
log τ

s

)`−1
χ
(
τ,=ρ(s,=s), ξη(s,ξs)

)
ds
s , if τ ∈ [τ1, τ2],

and

W1(ξ,=)(τ) =


ξb(τ), if τ ∈ (−∞, τ1],

ξb(τ−1 ) + Ib
(
ξb(τ−1 )

)
+ 1

Γ(σ)

τ∫
τ1

(
log τ

s

)σ−1
χ
(
τ, ξη(τ,ξτ ),=ρ(τ,=τ )

)
ds
s , if τ ∈ [τ1, τ2],

Let r(.), q(.) : (−∞, τ1]→ R be functions defined by

r(τ) =


=b(τ), if τ ∈ (−∞, τ1],

=b(τ−1 ) + Ib
(
=b(τ−1 )

)
, if τ ∈ [τ1, τ2],

and q(τ) =


ξb(τ), if τ ∈ (−∞, τ1],

ξb(τ−1 ) + Ib
(
ξb(τ−1 )

)
, if τ ∈ [τ1, τ2].

Then rτ1 = =b and qτ1 = ξb. For each h, ĥ ∈ R1 with hτ1 = 0 = ĥτ1 , we denote by v , v̂ the

functions described as

v(τ) =


0, if τ ∈ (−∞, τ1],

h(τ), if τ ∈ [τ1, τ2],

and v̂(τ) =


0, if τ ∈ (−∞, τ1],

ĥ(τ), if τ ∈ [τ1, τ2].

If =(.) and ξ(.) satisfy the integral equations
=(τ) = =b(τ−1 ) + Ib

(
=b(τ−1 )

)
+ 1

Γ(`)

τ∫
τ1

(
log τ

s

)`−1
χ
(
τ,=ρ(s,=s), ξη(s,ξs)

)
ds
s

ξ(τ) = ξb(τ−1 ) + Ib
(
ξb(τ−1 )

)
+ 1

Γ(σ)

τ∫
τ1

(
log τ

s

)σ−1
χ
(
τ, ξη(τ,ξτ ),=ρ(τ,=τ )

)
ds
s ,
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we can decompose up =(.) and ξ(.) into =(τ) = v(τ) + r(τ) and ξ(τ) = v̂(τ) + q(τ),

τ ∈ [τ1, τ2], which lead to =τ = vτ + rτ and ξτ = v̂τ + qτ , for each τ ∈ [τ1, τ2] and the

functions h(.) and ĥ(.) justify
h(τ) = 1

Γ(`)

τ∫
b

(
log τ

s

)`−1
χ
(
s, vρ(s,vs+rs) + rρ(s,vs+rs), v̂η(s,v̂s+qs) + qη(s,v̂s+qs)

)
ds
s ,

ĥ(τ) = 1
Γ(σ)

τ∫
b

(
log τ

s

)σ−1
χ
(
s, v̂η(s,v̂s+qs) + qη(s,v̂s+qs), vρ(s,vs+rs) + rρ(s,vs+rs)

)
ds
s .

Set the product

Rτ1 × Rτ1 =
{(
h, ĥ
)
∈ R1 × R1 : hτ1 = 0 = ĥτ1

}
.

Define the operator B1 : Rτ1 × Rτ1 → Rτ1 by
B1

(
h, ĥ
)

(τ) = 1
Γ(`)

τ∫
b

(
log τ

s

)`−1
χ
(
s, vρ(s,vs+rs) + rρ(s,vs+rs), v̂η(s,v̂s+qs) + qη(s,v̂s+qs)

)
ds
s ,

B1

(
ĥ, h
)

(τ) = 1
Γ(σ)

τ∫
b

(
log τ

s

)σ−1
χ
(
s, v̂η(s,v̂s+qs) + qη(s,v̂s+qs), vρ(s,vs+rs) + rρ(s,vs+rs)

)
ds
s .

By the same method used in Step 1, we can prove that B1 is continuous and CC, and if the

pair
(
h, ĥ
)
is a possible solution of the equations h = δB1

(
h, ĥ
)
and ĥ = δB1

(
ĥ, h
)
, for

some δ ∈ (0, 1), then there exist L2 > 0, L∗2 > 0 such that ‖h‖∞ 6= L2 and
∥∥∥ĥ∥∥∥

∞
6= L∗2.

Put V2 =
{
h, ĥ ∈ Rτ1 : ‖h‖∞ < L2,

∥∥∥ĥ∥∥∥
∞
< L∗2

}
. From the choice of V2, there is no h and

ĥ such that h = δB1

(
h, ĥ
)
and ĥ = δB1

(
ĥ, h
)
, δ ∈ (0, 1). According to nonlinear Leray-

Shauder alternative, we conclude that B1 has a CFP
(
h, ĥ
)
∈ V1 × V1, which is a solution to

Problem (1.1).

Step 3: We carry on with this method while keeping in mind that =m = =|[m,Q] and ξm = ξ|[m,Q] are

solutions to the problem

CHD`=(τ) = χ
(
τ,=ρ(τ,=τ ), ξη(τ,ξτ )

)
, for a.e. τ ∈ K = [τm, Q],

CHDσξ(τ) = χ
(
τ, ξη(τ,ξτ ),=ρ(τ,=τ )

)
, for a.e. τ ∈ K = [τm, Q],

=(τ+
m )−=(τ−m−1) = Im

(
=m−1(τ−m )

)
, ξ(τ+

m )− ξ(τ−m−) = Im
(
ξm−1(τ−m )

)
,

=(τ) = =m−1(τ), ξ(τ) = ξm−1(τ), τ ∈ (−∞, τm−1].

Following that, the solution to Problem (1.1) is defined by

=(τ) =



=b(τ), if τ ∈ (−∞, τ1],

=1(τ), if τ ∈ [τ1, τ2],

· · ·
=m(τ), τ ∈ (τm, Q],

and ξ(τ) =



ξb(τ), if τ ∈ (−∞, τ1],

ξ1(τ), if τ ∈ [τ1, τ2],

· · ·
ξm(τ), τ ∈ (τm, Q].

�
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5. An application

To strengthen and support our findings, in this section, we apply Theorem 4.1 to discuss the

existence of the solution to the following coupled IFDEs:

CHD`=(τ) = e−τ=(τ−%(=(τ)))ξ(τ−ζ(ξ(τ)))
1+=2(τ−%(=(τ)))ξ2(τ−ζ(ξ(τ)))

, for a.e. τ ∈ K = [1, e], ` ∈ (0, 1],

CHDσξ(τ) = e−2τξ(τ−ζ(ξ(τ)))=(τ−%(=(τ)))
1+=3(τ−%(=(τ)))ξ3(τ−ζ(ξ(τ)))

, for a.e. τ ∈ K = [1, e], σ ∈ (0, 1],

Ij
(
=(τj)

)
=
∫ τj
−∞(τj − s)=(s)ds, Ij

(
ξ(τj)

)
=
∫ τj
−∞(τj − s)ξ(s)ds, j = 1, 2, .., m,

=(τ) = φ(τ), ξ(τ) = ψ(τ), τ ∈ (−∞, 1],

(5.1)

where CHD` and CHDσ are CHF derivatives with order ` and σ, respectively, %, ζ ∈ C (R, [0,∞)),

(φ,ψ) ∈ Ω%×ζ, and

Ω =

{
=, ξ ∈ C ((−∞, 1,R) : lim

θ→−∞
e%θ=(θ) and lim

θ→−∞
eζθξ(θ) exist in R

}
.

The norm of Ω%×ζ is described as

‖=, ξ‖%×ζ = sup
θ∈(−∞,0]

{
e(%+ζ)θ |=(θ) + ξ(θ)|

}
.

Clearly,

‖=‖% = sup
θ∈(−∞,0]

{
e%θ |=(θ)|

}
and ‖ξ‖ζ = sup

θ∈(−∞,0]

{
eζθ |ξ(θ)|

}
.

We claim that Ω%×ζ is a PS. For this, we realize the following two steps:

(I) For (=τ , ξτ ) ∈ Ω% × Ωζ = Ω%×ζ, let =, ξ : (−∞, e] → R such that =0 ∈ Ω% and ξ0 ∈ Ωζ.

Then

lim
θ→−∞

e%θ=τ (θ) = lim
θ→−∞

e%θ=(τ + θ) = lim
θ→−∞

e%(θ−τ)=(θ) = e% lim
θ→−∞

e%θ=0(θ) <∞,

lim
θ→−∞

eζθξτ (θ) = lim
θ→−∞

eζθξτ (τ + θ) = lim
θ→−∞

eζ(θ−τ)ξτ (θ) = eζ lim
θ→−∞

eζθξ0(θ) <∞.

(II) A priori bounds. We show that

‖(=τ , ξτ )‖%×ζ ≤ Λ(τ) sup
{
|=(s) + ξ(s)| : s ∈ [1, e] + Λ∗(τ) ‖(=0, ξ0)‖%×ζ

}
.

Taking X = Y = Λ = Λ∗ = 1, it follows from (S1)(2),(3) that |=(τ)| ≤ ‖=τ‖%, |ξ(τ)| ≤ ‖ξτ‖ζ
and

‖(=τ , ξτ )‖%×ζ ≤ sup {|=(s) + ξ(s)| : s ∈ [1, e]}+ ‖(=0, ξ0)‖%×ζ .

Hence

|=τ (θ)| = |= (θ + τ)| and |=τ (θ)| = |ξ (θ + τ)| .

If θ + τ ≤ 1, we have

|=τ (θ)| ≤ sup{|= (s)| : −∞ < s ≤ 1} and |ξτ (θ)| ≤ sup{|ξ (s)| : −∞ < s ≤ 1},

If θ + τ > 1, we get

|=τ (θ)| ≤ sup{|= (s)| : 1 < s ≤ e} and |ξτ (θ)| ≤ sup{|ξ (s)| : 1 < s ≤ e}.
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For θ + τ ∈ [1, e], we can write

|=τ (θ)| ≤ sup{|= (s)| : −∞ < s ≤ 1}+ sup{|= (s)| : 1 < s ≤ e},

|ξτ (θ)| ≤ sup{|ξ (s)| : −∞ < s ≤ 1}+ sup{|ξ (s)| : 1 < s ≤ e}.

Thus, we have

‖=τ‖% ≤ sup{|= (s)| : 1 ≤ s ≤ e}+ ‖=0‖% , (5.2)

and

‖ξτ‖ζ ≤ sup{|ξ (s)| : 1 ≤ s ≤ e}+ ‖ξ0‖ζ . (5.3)

Combining (5.2) and (5.3), one has

‖(=τ , ξτ )‖%×ζ ≤ sup {|=(s) + ξ(s)| : s ∈ [1, e]}+ ‖(=0, ξ0)‖%×ζ .

It is obvious that
(

Ω%×ζ, ‖.‖%×ζ
)
is a BS. Thus, Ω%×ζ is a PS.

Next, set

ρ(τ, φ) = τ − %(φ (τ)), η(τ, ψ) = τ − ζ(ψ (τ)), for a.e. (τ, φ) , (τ, ψ) ∈ K ×Ω,

χ (τ, φ, ψ) =
e−τρ(τ, φ)η(τ, ψ)

1 + ρ2(τ, φ)η2(τ, ψ)
, χ (τ, φ, ψ) =

e−2τρ(τ, φ)η(τ, ψ)

1 + ρ3(τ, φ)η3(τ, ψ)
,

for a.e. (τ, φ) , (τ, ψ) ∈ K ×Ω%×ζ,

Ij
(
=(τj)

)
=

∫ τj

−∞
(τj − s)=(s)ds, and Ij

(
ξ(τj)

)
=

∫ τj

−∞
(τj − s)ξ(s)ds, j = 1, 2, .., m.

Then there exists a continuous and nondecreasing function Φ : [0,∞)× [0,∞)→ (0,∞) such that

|χ (τ, φ, ψ)| ≤ e−τ
|ρ(τ, φ)| |η(τ, ψ)|

1 + |ρ2(τ, φ)| |η2(τ, ψ)| = u(τ)Φ (|φ| , |ψ|) ,

|χ (τ, φ, ψ)| ≤ e−2τ |ρ(τ, φ)| |η(τ, ψ)|
1 + |ρ3(τ, φ)| |η3(τ, ψ)| = v(τ)Φ (|ψ| , |φ|) ,

where u(τ) = e−τ and v(τ) = e−2τ .

Since

Φ (|φ| , |ψ|) =
|ρ(τ, φ)| |η(τ, ψ)|

1 + |ρ2(τ, φ)| |η2(τ, ψ)| ≤ |ρ(τ, φ)| |η(τ, ψ)| ,

Φ (|ψ| , |φ|) =
|ρ(τ, φ)| |η(τ, ψ)|

1 + |ρ3(τ, φ)| |η3(τ, ψ)| ≤ |ρ(τ, φ)| |η(τ, ψ)| ,

then for each τ ∈ [1, e], `, σ ∈ (0, 1], there exist L1, L
∗
1, · · · , Lm, L∗m > 0 such that

Γ(`+ 1)Lj

Φ
(
Lj , L

∗
j

)
(log(τ))` ‖u‖∞

≥
Γ(`+ 1)Lj
LjL

∗
j e
−τ =

eτΓ(`+ 1)

L∗j
> 1, , j = 1, · · · , m,

and
Γ(σ + 1)L∗j

Φ
(
L∗j , Lj

)
(log(τ))σ ‖v‖∞

=
Γ(σ + 1)L∗j
LjL

∗
j e
−2τ

=
e2τΓ(σ + 1)

Lj
> 1, j = 1, · · · , m.

Hence, the hypotheses (P1) − (P4) of Theorem 4.1 are fulfilled. Therefore, the system (5.1) has at

least one solution on (−∞, e].
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6. Conclusion

Fractional DEs are considered a fruitful branch of nonlinear analysis. Impulsive DEs appear when, at

certain moments, they change their state quickly and have variant applications in medicine, engineering,

physics, dynamics, economics, pharmacology, etc. On the other hand, functional DEs via state-

dependent delay typically arise in applications as models of equations. As a consequence, work on

these types of equations has gained a lot of attention in the last few years by using several kinds

of fractional derivatives. In this work, by using a fixed point technique, we ensured the existence of

solutions to an IVP for a coupled FDE involving Caputo-Hadamard derivatives in PSs with a state-

dependent delay and an impulsive. Moreover, we illustrated the obtained results with a concrete

application where the suitable conditions are well applicable.
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