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Abstract. In this paper, we introduce and study the concept of vague bi-quasi-interior ideals of I-
semirings as a generalization of vague bi-ideals, vague quasi-ideals, vague interior ideals, vague bi-

quasi-interior ideals, and vague bi-quasi-interior ideals of [-semirings.

1. Introduction

In 1965, Zadeh [13] introduced the study of fuzzy sets. Mathematically, a fuzzy set in a non-empty
set X is a mapping u from X into the interval [0, 1]; for x in X, u(x) is called the membership of x
belonging to X. This membership function gives only an approximation for belonging, but it does not
give any information about not belonging. To counter this problem and obtain a better estimation
and analysis of data decision-making, Gau and Buehrer [7] have initiated the study of vague sets with
the hope that they form a better tool to understand, interpret and solve real-life problems.

Further, in 1995, Rao [10] introduced the concept of I'-semirings which is a generalization of -rings,
ternary semirings, and semirings, and after that, he introduced and studied the ideals of [-semirings.
Ideals play an important role in advanced studies and using algebraic structures. Generalization of ideals
in algebraic structures is necessary for further study of algebraic structures. Many mathematicians

proved important results and characterization of algebraic structures by using the concept and the
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properties of a generalization of ideals in algebraic structures. Rao et al. [9, 11, 12] introduced the
concepts of left (resp., right) bi-quasi-ideals and bi-interior ideals of -semirings and studied the
properties of left bi-quasi ideals. However, Bhargavi et al. [1-6, 8] developed the theory of vague sets
on [-semirings.

This paper is a sequel to our study. We introduce and study the concept of vague bi-quasi-interior
ideals of [-semirings as a generalization of vague bi-ideals, vague quasi-ideals, and vague interior ideals
and characterize the vague bi-quasi-interior ideals of [-semirings to the crisp bi-quasi-interior ideals of

[-semirings.

2. Preliminaries

In this section, we recall some of the fundamental concepts and definitions which are necessary for
this paper.
Throughout this paper, GSR stands for a '-semiring, VGSR stands for a vague -semiring, VBQI!

stands for a vague bi-quasi-interior ideal, and V/ stands for a vague ideal.

Definition 2.1. Let R and I" be two additive commutative semigroups. Then R is called a I'-semiring
if there exists a mapping R x I x R — R, (a,a, b) — aab for a,b € R and o € T, satisfying the
following conditions: Ya,b,c € R,a,B €T,

1. aa(b+ c) = aab + aac

2. (a+ b)ac = aac + bac

3. a(a+B)c = acc + aBc¢

4. aa(bBc) = (aab)Bc.

Definition 2.2. A non-empty subset B of a GSR R is said to be a bi-quasi-interior ideal of R if B is
a [-subsemiring of R and BTRITBI'RI'B C B.

Definition 2.3. A mapping w : X — [0, 1] is called a fuzzy set in a universe of discourse X.

Definition 2.4. A vague set ® in the universe of discourse X is a pair (te, fo), where tg : X — [0, 1],
fo : X — [0,1] are mappings such that te(Xx) + fo(x) < 1,Vx € X. The functions ty and fe are

called true membership function and false membership function, respectively.

Definition 2.5. For a vague set ® = (to, fo), the interval [te(X), 1 — fo(X)] is called the vague value
of x in ® and it is denoted by Vi (x), i.e., Vop(x) = [to(x), 1 — fo(X)].

Definition 2.6. Let ® = (to.fp) and £ = (tg, fg) be two vague sets of a universe of discourse
X. The intersection of ® and £ is defined as ® N & = (tong, fone), where tone = min{te, tg} and
fone = max{fe, f¢}. The union of ® and £ is defined as PUE = (toue, foue), where toue = max{te, te}
and foue = min{fe, fe}. A vague set ® is contained in another vague set £, ® C £ if and only if
Vo (x) < Ve(x), e, to(x) < te(x) and 1 — fo(x) < 1 — fe(X), VX € X.
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Definition 2.7. Let ® = (to, fo) be a vague set of a universe of discourse X. For o, 8 € [0, 1] with
a < (B, the (a, B)-cut or vague cut of ® is the crisp subset of X is given by ®,p5 = {x € X |
V(%) > [ B}, e, Pop) = (% € X | to(%) > & and 1~ fo(X) > B},

Definition 2.8. For any subset S of a GSR R, the vague characteristic set of S is a vague set
0s = (tss. fos) given by

Vi () [1,1] ifxeS,
X) =
% [0,0] otherwise.

Then és is called the vague characteristic set of S in [0, 1].

Definition 2.9. If ® = (te, fp) and & = (¢, f¢) are vague sets of a GSR R, then the product ®I¢ of
& and € is defined as follows:

sup{min{Vo(y), Ve(2)} | x = yvz, where y,z € R,y € '},

Vore(x) =
bre(x) { [0,0] if foranyy,z € R,y €, yyz # x.
Definition 2.10. A vague set ® = (to, fo) of a GSR R is said to be a VGSR if for all x,y € R and
yerl,

1. Vo (x +y) = min{Ve(X), Vo (¥)}

2. Vo (xyy) > min{Va (%), Vo (y)}.

Definition 2.11. A vague set ® = (to, fo) of a GSR R is said to be a left (resp., right) VI if for all
x,yeRandvyerT,

1. Vo (x +y) = min{Ve(x), Vo (y)}

2. Vo (xvy) = Va(y) (resp., Vo (Xxvy) = Vo (X)).

If ® is both a left and a right VI of R, then ® is called a VI of R.

Definition 2.12. A VGSR ® = (te, fo) of a GSR R is said to be a vague bi-ideal of R if for all
X, y,z€ Randa,B €T, Vo(xayBz) > min{Vp(X), Vo(2)}.

Definition 2.13. A vague set ® = (to, fp) of a GSR R is said to be a vague quasi-ideal of R if for all
X,y €R,

1. Vo(x +y) = min{Vs(X), Vo (y)}

2. (®ro)n(6re) C &, where d is a vague characteristic set of R.

Definition 2.14. A vague set ® = (t, fo) of a GSR R is said to be a vague interior ideal of R if for
allx,y,ze Rando,B €T,

1. Vo(x +y) = min{Vo(X), Vo (¥)}

2. Vo(xayBz) = Vo (y).
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3. Vague Bi-Quasi-Interior Ideals of -Semirings

In this section, we introduce and study VBQII as a generalization of vague bi-ideals, vague quasi-
ideals, and vague interior ideals of GSRs and characterize the vague bi-quasi-interior ideals of GSRs
to crisp bi-quasi-interior ideals of GSRs.

Throughout this section, R stands for a GSR with unity, and § stands for the vague characteristic

set of R unless otherwise mentioned.
Definition 3.1. A VGSR ¢ = (to, fo) of R is called a VBQII if dréTrdrore C o.

Every VBQIl of R need not be a vague bi-ideal, a vague quasi-ideal, a vague interior ideal, a

bi-interior ideal, and a bi-quasi-ideals of R in general.

Example 3.1. Let R be the set of all negative integers and I be the set of all negative even integers.
Then R and I are additive commutative semigroups. Define the mapping R x I x R — R by xouy
usual product of x, o, y,Vx,y € R;aa € . Then R is a GSR. Let ® = (t¢, fp), where te : R — [0, 1]
and fo : R — [0, 1] defined by

05 if x=—1 05 if x=-1
to(X) =< 0.6 if x=-2 andfp(x)=1{ 0.15 if x=-2
0.8 if x< -2 0.1 if x<-2.

Then & is a VBQII of R.
Theorem 3.1. Every vague bi-ideal of R is a VBQII of R.

Proof. Let ® = (tg, fo) be a vague bi-ideal of R. Then ® isa VGSR of R. Since ® is a vague bi-ideal
of R, we have ®I6Td C &. Thus Srorersred C erored C e. Hence, ® is a VBRI of R. O

Theorem 3.2. Every vague interior ideal of R is a VBQIIl of R.

Proof. Let ® = (ts, fo) be a vague interior ideal of R. Then ® is a VGSR of R. Since ® is a vague
interior ideal of R, we have §T®I§ C ®. Thus Grererored C §rersd € e. Thus ® is a VBQII of
R. O

Theorem 3.3. Every left VI of R is a VBQII of R.
Proof. Let ® = (to, f) be a left V/ of R. Let x € R. Then
Vorsrorsro(x) = sup{min{Viersre)(paq), Vora(r)}, where x = padBr;p, ¢t € R;a, B €T}
< sup{min{Ve(p). Vo (q), Voo (1) }}
< sup{Ve(pagBr)}

= sup{Va(x)}
= V().
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This implies ®rorerore C ¢. Hence, ¢ is a VBQI! of R. O
Theorem 3.4. Every right VI of R is a VBQII of R.

Proof. The proof is similar to the above theorem. O
Corollary 3.1. Every VI of R is a vague bi-interior ideal of R.

Theorem 3.5. The intersection of a VBQII and a right VI of R is always a VBQII of R.

Proof. Let ® be a VBQII and € be a right VI of R. Let C = ® N &, Obviously, C = dNEis a
VGSR of R. Now, CI8ICIorC C orérorord C & and CrorCrorcC C roreroré C €. Therefore,
Crércrorc C e né =C. Hence, Cis a VBQIIl of R. O

Theorem 3.6. The intersection of a vague bi-ideal and a vague interior ideal of R is always VBQII of
R.

Proof. Let ® be a vague bi-ideal and ¢ be a vague interior ideal of R. Let C = ® Né&. Now,
CIOTCrorC C orororord C drord C & and CrorCrorC C £rorerore C £r¢ C €. Therefore,
CrércrorCc C o né =C. Hence, Cis a VBQIIl of R. O

Theorem 3.7. A vague set & = (to, fo) is a VBQII of R if and only if its vague cut Dap) IS a

bi-quasi-interior ideal of R.

Proof. Suppose ® = (to, fs) is a VBQIl of R. Let x € Do p) RTP s RI® o). Then x =
aypnb(ldgec, where a, b, ¢ € Dap) P q.7 € R;v.,m ¢, e €. Now,

Vo (%) > Vorsrorsrao(X)

= sup{min{Vorsre(avpmb), Vsre(dec)}}

= sup{min{V(a), Voo (b), Voo ()} }
> o, ]
X € ®(op). Therefore, ® o g RID o 5 RIP (o 5) € P. Hence, (4 p) is bi-quasi-interior ideal of R.
Conversely, suppose ® (4 g) Is a bi-quasi-interior ideal of R. Obviously, ® is a VGSR of R. Suppose

if possible ®rErdrored ¢ &. This implies that there exists x € R such that Vi (%) < Vorsrorsre(X).
Let a,B € [0, 1] be such that

Voo (X) < [, B] < Vorsrorsre(X). (3.1)
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Now, suppose for any &, b, ¢, p, 4,7 € Rand «,(,m, € € T, x = ayp{bngec such that &, b, ¢ ¢ ®(4.3).

Thus Vo (a) < [a, B, Vo (b) <[, f], Va(¢) < [a,B]. Now,

Vorsrorsre(X) = sup{min{Versre (avpCh), Vore(gec)}}
= sup{min{V(a), Vq>(b), Vo (€)}}
< [, 8]

This implies Vorsrorsro(x) < [o, B], which is a contradiction to (3.1). Therefore there ex-
ist a,b,¢,p,d.F € R and 7v,(,ne € I, x = ayp{bnge¢ such that a, b, ¢ € ®qp)- Hence,
X € P RTP(0p RTP 5. Thus x € ®4p). But from (3.1), X ¢ P4, which is a con-
tradiction to Cb(aﬁ) is a bi-quasi-interior ideal of R. Thus ®rérerére C ¢. Hence, ¢ is a VBQII of
R. O

Theorem 3.8. Let B be a non-empty subset of R and o = (t(;B, f;;B) be a vague characteristic set
of R. Then B is a bi-quasi-interior ideal of R if and only if 65 is VBQII of R.

Proof. Suppose B is a bi-quasi-interior ideal of R. Obviously, dg is a VGSR of R. Since Bis a
bi-quasi-interior ideal of R, we have BTRTBI'RTB C B. Now, 85616506 s = Sprprarpers S Op-
Thus ég is a VBQII of R.

Conversely, suppose 6 is a VBQIl of R. Then clearly, x +y € B for all x,y € B. Since §p is a
VBQII of R, we have 5616501 6g C 6. Thus dgrprprars C 05 Therefore, BTRTBIRIB C B.

Hence, B is a bi-quasi-interior ideal of R. O

Theorem 3.9. If ® = (to, fo) and € = (t¢, f¢) are vague bi-quasi-interior ideals of R, then ® N ¢ is a
VBQII of R.

Proof. Let ® and £ be vague bi-quasi-interior ideals of R. Then ® N € is a VGSR of R. Let x € R.
Then

Vsr(ong) (%) = sup{min{V5(y), Vorg(2), x = yaz,where y, z € Ria € T}}
= sup{min{V5(y), min{V(2), Ve(2)}}}
= sup{min{min{V5(y), Voo(2)}, min{V5(y), V£(2)}}
= min{sup{min{V5(y), Voo(2)}}, sup{min{V5(y), Ve(2)} }}
= min{Vsro (), Vore(X)}

= Visro)n(sre) (X).
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This implies 6 (P N &) = (6T P) N (6rg). Also,

Viong)rsr(one)rsr(eng) (X)

= sup{min{Vane(p). Vsr(one) (4). Vsr(one) (F), X = padBF, where p, 4,7 € R;a, B € T}}
= sup{min{Vaone(p), Visroynre) (), Visraynere) (F) 1}

= sup{min{min{Ve(p), Ve (p)}, min{Vsre(d), Vore(g)} min{Vsra(r), Vore(£)}}}

= sup{min{min{Ve(p), Vore(d). Vore ()}, min{Ve(p), Vore(q). Vore(7)}}}

= min{sup{min{Ve(p), Vsro(a), Vsre ()}, sup{min{V&(p), Vsre(d), Vore(F)}}}

= min{Vorsrorsro(x), Versrersre (%)}

= Viorsrorsroyn(ersrersre) (X))

This implies (P NETOT(P NEMIN(P NE) = (Prordrore) N (rorérore). Therefore, (PN
ONSH(PNETEH(PNE) = (PTErPrard) N (Erdrersre) C dné. Hence, dNéisa VBQI of R. O

Theorem 3.10. If & = (to, fo) is a minimal left VI and € = (tg, f¢) is a minimal right VI of R, then
C = ®I¢ is a minimal VBQII of R.

Proof. Suppose ® is a minimal left V/ and € is a minimal right V/ of R. Let x € R. Then
Versrersre(X) = Vioreyrsrorerarore)(X) < Vore(x) = Ve(x). This implies CIOrcrorc c C.
Hence, C is a VBQII of R.

Let G be a VBQII of R such that G € C. Then 6I'G C 6IC = §Idré C €. Similarly, we can
prove GI'd C ®. Since ® and £ are minimal, we have 6I'G = £ and GI'd = &. Also, C = dI¢ =
GIorérG C GrérGrérG C G. This implies C = G. Hence, C is a minimal VBQI/ of R. O

Theorem 3.11. The intersection of a VBQII and a VGSR of R is also a VBQII of R.
Proof. Let ® = (to, f) be a VBQII and &€ = (f¢, fz) be a VGSR of R. Let x € R. Then
Vsr(oneyrs (X) = sup{min{V5(p), Vione)rs (dBF), X = padBi, where p, §, 7 € R, o, B € T}}
= sup{min{V5(p), sup{min{Vone(q). V5(7)}}}}
= sup{min{Vs(p), sup{min{min{Ve(q), Ve(q)} V5(r)}}}}
< sup{min{Vs(p), sup{min{Va(q), V5(7)}}}}
= Vorors(X).
This implies I (®NEIMS C orors. Also,
Viong)rsr(ene)rsr(ene) (X)
= sup{min{Vare(p), Vor(one) (). Vor(ene) (7). X = padBr, where p, 4, € Ry, B € T}}

= sup{min{Vonre(p), Visroynesre) (9), Visroynere) (F) 1}
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= sup{min{min{Ve(p), Ve(p)} min{Vsre(q), Vore(q)}, min{Vere (7), Vore(7)}}}
= sup{min{min{Ve(p), Vsre(q), Voro ()}, min{Ve(p), Vore(d), Vore(F)}}}
= min{sup{min{Ve(p), Vore(q). Vore ()}, sup{min{Via(p), Vere(d). Vore(r)}1}}

= min{Vorsrorsro(X), Versrersre(x)}

= Vlorsrorero)n(ersrerere) (X)

< Vorsrorsro(X).

This implies (P NEMOMN(P NEMAMN(PNE) C droreorored. Now, (dnéror(enéror(ené) C
Prororore C e. Moreover,

Viong)rsr(one)rsr(eng) (X)

= sup{min{V(ene) (). Vone (4), Vore(7)}, X = padBr, where p, 4,7 € R;a, B € T}}
= sup{min{min{V&(p). Ve(p)}, min{Ve(q), Ve(d)} {min{Ve:(r), Ve(£)}}}

< sup{min{V¢(p). Ve(d), Ve(r)}}

< sup{Ve(x)}

= Ve(x).

This implies (O NEMM (P NETIN(PNE) C £ Therefore, (PNEMTII(PNEMIMN(PNE) CdNE.
Hence, ® N & is a VBQII of R. O
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