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Abstract. This paper is concerned with the concepts of upper and lower almost a-*-continuous mul-
tifunctions. Moreover, several characterizations of upper and lower almost a-x-continuous multifunc-
tions are investigated. In particular, the relationships between a-x-continuity and almost a-x-continuity

are established.

1. Introduction

It is well known that multifunctions play a very important role in the theory of classical point set
topology. Several different forms of continuous multifunctions have been introduced and studied over
the years. Many authors have researched and investigated several stronger and weaker forms of con-
tinuous multifunctions. Njdstad [19] introduced a weak form of open sets called a-sets. Noiri [20]
and Popa [23] investigated a class of functions called almost a-continuous or almost feebly continu-
ous. Popa and Noiri [22] extended the concept of almost a-continuous functions to multifunctions
and introduced the notion of upper (lower) almost a-continuous multifunctions. Moreover, Popa and
Noiri [21] obtained some characterizations of upper (lower) almost a-continuous multifunctions. Boon-
pok et al. [9] introduced and studied the concepts of upper and lower almost (71, T2)-precontinuous
multifunctions. Viriyapong and Boonpok [25] investigated some characterizations of upper and lower
almost (71, T2)a-continuous multifunctions. The concept of ideals in topological spaces has been stud-
ied by Kuratowski [18] and Vaidyanathaswamy [24] which is one of the important areas of research
in the branch of mathematics. Jankovi¢ and Hamlett [17] introduced the concept of .#-open sets in
ideal topological spaces. Abd El-Monsef et al. [1] further investigated .#-open sets and .#-continuous
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functions. Later, several authors studied ideal topological spaces giving several convenient defini-
tions. Some authors obtained decompositions of continuity. For instance, Acikgoz et al. [3] studied
the concepts of a-.#-continuous functions and a-.#-open functions in ideal topological spaces and
obtained several characterizations of these functions. Hatir and Noiri [16] introduced the notions of
semi-#-open sets, a-.#-open sets and B-.#-open sets via idealization and using these sets obtained
new decompositions of continuity. Furthermore, Hatir and Noiri [14] investigated further properties
of semi-.#-open sets and semi-.#-continuity. Hatir et al. [13] introduced and investigated the notions
of strong B-.#-open sets and strongly 3-.#-continuous functions. In [8], the author introduced and
investigated the concepts of upper and lower almost x-continuous multifunctions. Several character-
izations of almost a(x)-continuous multifunctions and almost B(x)-continuous multifunctions were
studied in [7] and [6], respectively. In this paper, we introduce the concepts of upper and lower al-
most a-+-continuous multifunctions. Moreover, several characterizations of upper and lower almost

a-x-continuous multifunctions are investigated.

2. Preliminaries

Throughout the present paper, spaces (X, 7) and (Y, o) (or simply X and Y') always mean topological
spaces on which no separation axioms are assumed unless explicitly stated. Let A be a subset of a
topological space (X, T). The closure of A and the interior of A are denoted by CI(A) and Int(A),
respectively. An ideal .# on a topological space (X, T) is a nonempty collection of subsets of X
satisfying the following properties: (1) A€ .# and BC Aimply B€ .#; (2) A€ . and B € . imply
AU B € .#. A topological space (X, T) with an ideal .# on X is called an ideal topological space
and is denoted by (X, T, .#). For an ideal topological space (X, T, .#) and a subset A of X, A*(.#) is

defined as follows:
AN(F)={xe X :UNAE.# for every open neighbourhood U of x}.

In case there is no chance for confusion, A*(.#) is simply written as A*. In [18], A* is called the local
function of A with respect to .# and 7 and CI*(A) = A* U A defines a Kuratowski closure operator
for a topology 7*(.#) finer than 7. A subset A is said to be x-closed [17] if A* C A. The interior of
a subset A in (X, 7*(.#)) is denoted by Int*(A).

A subset A of an ideal topological space (X, T, .#) is said to be semi*-.#-open [12] (resp. semi-.# -
open [16]) if A C CI(Int*(A)) (resp. A C CI*(Int(A))). The complement of a semi*-.#-open (resp.
semi-.#-open) set is said to be semi*-.#-closed [12] (resp. semi-#-closed [16]). For a subset A of
an ideal topological space (X, T,.#), the intersection of all semi-.#-closed (resp. semi*-.#-closed)
sets containing A is called the semi-#-closure [10] (resp. semi*-.%-closure [10]) of A and is denoted
by sCl#(A) (resp. s*Cl#(A)). The union of all semi-#-open (resp. semi*-.#-open) sets contained
in A is called the semi-#-interior (resp. semi*-.%-interior) of A and is denoted by sInt »(A) (resp.
s*Int #(A)).
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Lemma 2.1. [7] For a subset A of an ideal topological space (X, T,.%), the following properties hold:

(1) If Ais an open set, then s* Cl#(A) = Int(CI*(A)).
(2) If A is a x-open set, then sCls(A) = Int"(CI(A)).

Recall that a subset A of an ideal topological space (X, T, .#) is said to be a-x-closed [2] if
CI*(Int(CI"(A))) C A.

The complement of an a-*-closed set is said to be a-x-open.
For a subset A of an ideal topological space (X, T,.#), the intersection of all a-*-closed sets
containing A is called the a-x-closure [5] of A and is denoted by xaCI(A). The a-x-interior [5] of A

is defined by the union of all a-x-open sets contained in A and is denoted by xalnt(A).

Lemma 2.2. [5] For a subset A of an ideal topological space (X, T, %), the following properties hold:

(1) xaCI(A) is a-+-closed.
(2) A is a-x-closed if and only if A= xaCI(A).

Lemma 2.3. [5] For a subset A of an ideal topological space (X, T,.#), the following properties are

equivalent:

(1) Ais a-x-open in X;

(2) G C AC Int"(CI(G)) for some x-open set G;
(3) G C AC sCly(G) for some x-open set G;
(4) AC sClg(Int"(A)).

Lemma 2.4. [5] For a subset A of an ideal topological space (X, T, %), the following properties hold:

(1) A is a-x-closed in X if and only if sint s(CI"(A)) C A.
(2) sty (CF(A)) = CF(Int(CI(A))).

(3) «aCl(A) = AU CI(Int(CI(A))).

(4) *alnt(A) = AN Int*(Cl(Int*(A))).

By a multifunction £ : X — Y, we mean a point-to-set correspondence from X into Y, and we
always assume that F(x) # 0 for all x € X. For a multifunction F : X — Y, following [4] we shall
denote the upper and lower inverse of a set B of Y by F(B) and F~(B), respectively, that is,

Ft(B)={xe X | F(x) C B}

and F(B) ={x e X | F(x)N B # 0}. In particular, F~(y) = {x € X | y € F(x)} for each point
yeY. Foreach AC X, F(A) = UxeafF (x).
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3. Upper and lower almost a-x-continuous multifunctions

In this section, we introduce the notions of upper and lower almost a-*-continuous multifunc-
tions. Moreover, several characterizations of upper and lower almost a-*-continuous multifunctions

are discussed.

Definition 3.1. A multifunction F : (X, 7, .9) — (Y,0, #) is said to be:
(1) upper almost a-x-continuous at a point x € X if for each x-open set VV of Y such that
F(x) CV, there exists an a-x-open set U of X containing x such that F(U) C Int*(CI(V)),
(2) lower almost a-x-continuous at a point x € X if for each x-open set VV of Y such that
F(x)NV # 0, there exists an a-x-open set U of X containing x such that F(z)NInt*(CI(V)) #
) for every z € U;
(3) upper (resp. lower) almost a—x-continuous if F is upper (resp. lower) almost a--continuous

at each point of X.

Theorem 3.1. For a multifunction F : (X, T, %) — (Y,0, _#), the following properties are equivalent:
(1) F is upper almost ac-x-continuous at x € X;
(2) for any x-open set \/ of Y containing F(x), there exists an a-x-open set U of X containing x
such that F(U) C sCl z(V);
(3) x € xalnt(F*(sCl 4(V))) for every x-open set VV of Y containing F(x);
(4) x € Int"(Cl(Int*(F*(sCl #(V))))) for every x-open set V' of Y containing F(x).

Proof. (1) = (2): Let V be any x-open set of Y containing F(x). Then, there exists an a-x-open
set U containing x such that F(U) C Int*(CI(V)) and by Lemma 2.1(2), we have F(U) C sCl »(V).
(2) = (3): Let V be any x-open set of Y containing F(x). By (2), there exists an a-*-open set U
of X containing x such that F(U) C sCl »(V). Thus, U € F*(sCl 4(V)) and hence
x € xalnt(F(sCl #(V))).
(3) = (4): Let V be any x-open set of Y containing F(x). By (3), we have
x € xalnt(F(sCl #(V))) and by Lemma 2.4(4), x € Int*(Cl(Int*(F*(sCl »(V))))).
(4) = (1): Let V be any x-open set of Y containing F(x). Then by (4),

x € Int*(CI(Int"(FT(sCl #(V)))))

and by Lemma 2.4(4), x € xalnt(F*(sCl 4(V))). Therefore, there exists an a-x-open set U of X
containing x such that U C F*(sCl 4(V)); hence F(U) C sCl 4(V). Since V is x-open, by Lemma
2.1(2),

F(U) C Int*(CI(V)).
This shows that F is upper almost a-+-continuous at x. O

Theorem 3.2. For a multifunction F : (X, T,.%) — (Y,0, ¢ ), the following properties are equivalent:
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(1) F is lower almost a-x-continuous at x € X,

(2) for any x-open set V of Y such that F(x) NV # (), there exists an a-x-open set U of X
containing x such that F(z) NsCl (V) # 0 for each z € U;

(3) x € xalnt(F~(sCl #(V))) for every x-open set VV of Y such that F(x) NV # 0,

(4) x € Int*(Cl(Int"(F~(sCl #(V))))) for every x-open set \/ of Y such that F(x) NV # 0.

Proof. The proof is similar to that of Theorem 3.1. Il

Definition 3.2. [7] A subset A of an ideal topological space (X, T, %) is said to be:

(1) R*-A-open if A= Int"(CI(A));
(2) R*--closed if its complement is R*-.% -open.

Theorem 3.3. For a multifunction F : (X, T, %) — (Y,0, #), the following properties are equivalent:

(1) F is upper almost oe-x-continuous;
(2) for each x € X and each x-open set V' of Y containing F(x), there exists an a-x-open set U
of X containing x such that F(U) C sCl 4(V),
(3) for each x € X and each R*-_#-open set \/ of Y containing F(x), there exists an a-x-open
set U of X containing x such that F(U) C V/;
(4) FH(V) is a-x-open in X for every R*-_# -open set V of Y,
(5) F7(K) is a-x-closed in X for every R*-_# -closed set K of Y,
(6) FT(V) Cxalnt(F*(sCl 4(V))) for every x-open set V of Y,
(7) aCI(F~(sInt »(K))) € F~(K) for every x-closed set K of Y;
(8) xaCI(F~(CI'(Int(K)))) € F~(K) for every x-closed set K of Y,
(9) »aCI(F~(CI"(Int(CI"(B))))) € F~(CI"(B)) for every subset B of Y,
(10) CF(Int(CIr'(F~(CIl(Int*(K)))))) € F~(K) for every x-closed set K of Y,
(11) Cr(int(Cr(F~(sint #(K))))) € F~(K) for every x-closed set K of Y,
(12) FH(V) C Int*(Cl(Int*(F*(sCl #(V))))) for every x-open set V/ of Y.

Proof. (1) = (2): The proof follows from Theorem 3.1.

(2) = (3): The proof is obvious.

(3) = (4): Let V be any R*-_Z-open set of Y and x € FT(V). Then, F(x) C V and by
(3), there exists an a-x-open set U, of X containing x such that F(Uy) C V. Therefore, we have
x € Uy ©€ FH(V) and so FT(V) = Ugep+(v)Ux is a-x-open in X.

(4) = (5): This follows from the fact that FT(Y — B) = X — F~(B) for every subset B of Y.

(5) = (6): Let V be any x-open set of Y and x € F*(V). Then, F(x) CV C sCl (V). Thus,
x € Ft(sCl (V) =X = F~(Y =sCl 4(V)). Since Y —sCl »(V) is R*-_#-closed in Y and by (5),

F=(Y = sCl #(V))
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is a-x-closed in X. Thus, F*(sCl z(V)) is a-x-open in X and hence x € xalnt(F*(sCl »(V))). This
shows that F*(V) C xalnt(F*(sCl »(V))).
(6) = (7): Let K be any *-closed set of Y. Then, Y — K is x-open and by (6),

X—F (K)=F"(Y=K)
C xalnt(FT(sCl 4 (Y — K)))
= xalnt(FT(Y — sint »(K)))
= xalnt(X — F~(sInt #(K)))
= X —xaCl(F~(sInt #(K))).
Thus, xaCI(F~(sInt #(K))) € F~(K).

(7) = (8): The proof is obvious since sint s (K) = CI"(Int(K)) for every x-closed set K of Y.

(8) = (9):

(9) = (10): It follows from Lemma 2.4(3) that CI*(Int(ClI*(B))) € »aCl(B) for every subset B of

Y. Thus, for every x-closed set K of Y/, we have

The proof is obvious.

CI*(Int(CI*(F~(CI* (Int(K)))))) € +aCI(F~(CI*(Int(K))))
= +aCI(F~(C(Int(CI*(K)))))
C F(CI"(K))
= F~(K).

10) = (11): The proof is obvious since sint 4 (K) = CI*(Int(K)) for every x-closed set K of Y.
S
(11) = (12): Let V be any x-open set of Y. Then Y — V is x-closed in Y and by (11),

CI*(Int(CI*(F~(slnt 4 (Y = V))))) € F~(Y = V) = X — FH(V).
Moreover, we have
CI(Int(CI*(F~(slnt_# (Y = V))))) = CI(Int(CI*(F~ (Y = sCl #(V)))))
— CI(Int(CI*(X = FH(sCl s (V)))))
= X — Int* (CI(Int* (F*(sCl +(V))))).

Thus, FT(V) C Int*(Cl(Int"(F*(sCl #(V))))).
(12) = (1): Let x € X and V be any *-open set of Y containing F(x). By (12), we have

x € FH(V) CInt* (Cl(Int* (FH(sCl 4 (V)))))

and hence F is upper almost a-*-continuous at x by Theorem 3.1. This shows that F is upper almost

a-*-continuous. O

Definition 3.3. [5] A multifunction F : (X, T,.%) — (Y,0, 7 ) is said to be:



Int. J. Anal. Appl. (2023), 21:107 7

(1) upper a-x-continuous at a point x € X if for each x-open set \V of Y such that F(x) C V,
there exists an a-~-open set U of X containing x such that F(U) C V,

(2) lower a-x-continuous at a point x € X if for each x-open set V of Y such that F(x) NV # (),
there exists an a-x-open set U of X containing x such that F(z) NV # 0 for every z € U;

(3) upper (resp. lower) a-%-continuous if F is upper (resp. lower) a-x-continuous at each point
of X.

Remark 3.1. For a multifunction F : (X, 1, %) — (Y,0, 7 ), the following implication holds:

upper a-x-continuity = upper almost a-x-continuity.

The converse of the implication is not true in general. We give an example for the implication as

follows.

Example 3.1. Let X = {1,2,3} with a topology T = {0,{1,2}, X} and an ideal .# = {0,{3}}.
Let Y = {a, b, c} with a topology o = {0,{a, b},Y} and an ideal ¢ = {0}. A multifunction
F:(X,7..9) = (Yo, #) is defined as follows: F(1) = {c} and F(2) = {a} and F(3) = {a, b}.

Then, F is upper almost a-x-continuous but F is not upper a.-x-continuous.

Theorem 3.4. For a multifunction F : (X, T,.%) — (Y,0, ¢ ), the following properties are equivalent:

(1) F is lower almost a-x-continuous;
(2) for each x € X and each x-open set VV of Y such that F(x) NV # 0, there exists an a-+-open
set U of X containing x such that U C F~(sCl z(V)),
(3) for each x € X and each R*-_#-open set \/ of Y such that F(x) NV # 0, there exists an
a-x-open set U of X containing x such that U C F~(V);
(4) F~(V) is a-x-open in X for every R*-_¢ -open set VV of Y,
(5) FH(K) is a-x-closed in X for every R*-_¢ -closed set K of Y';
(6) F7(V) Cxalnt(F~(sCl z(V))) for every x-open set V of Y';
(7) »aCI(F*(sint 4 (K))) € FT(K) for every x-closed set K of Y,
(8) »aCI(FT(Cr(Int(K)))) € FT(K) for every x-closed set K of Y,
(9) xaCI(FT(CI(Int(CI"(B))))) € FT(CI'(B)) for every subset B of Y,
(10) CIF(Int(CIr(FT(Cr(Int(K)))))) € FT(K) for every x-closed set K of Y ;
(11) Cr(int(Cr(F*(sint »(K))))) € F*(K) for every x~closed set K of Y';
(12) F=(V) C Int*(CI(Int"(F~(sCl z(V))))) for every x-open set V of Y.

Proof. The proof is similar to that of Theorem 3.3. [l
Definition 3.4. A subset A of an ideal topological space (X, T, %) is said to be:
(1) pre‘,-open [11] if A C Int"(CI(A));

(2) pre‘,-closed [11] if its complement is pre’,-open;
(3) strong B--#-open [15] if A C CI'(Int(CI"(A)));
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(4) strong B-.#-closed [13] if its complement is strong 3-.% -open.

Theorem 3.5. For a multifunction F : (X, T,.%) — (Y,0, ¢ ), the following properties are equivalent:
(1) F is upper almost a-x-continuous;
(2) xaCl(F~(V)) € F~(CI'(V)) for every strong 3-_# -open set V of Y ;
(3) *aCI(F~(V)) C F~(CI(V)) for every semi-_# -open set V of Y;
(4) FH(V) C *alnt(FT(Int"(CI(V)))) for every pre:g—open setV of Y.
Proof. (1) = (2): Let V be any strong (3-_#-open set of Y. Then, CI*(V) is R*-_#-closed in Y. By
(1) and Theorem 3.3, we have F~(CI*(V)) is a-x-closed in X and hence
*aCI(F~(V)) C »aCI(F~(CI*(V)))
= F(CI*(V)).
(2) = (3): This is obvious since every semi-_#-open set is strong B-_#-open.
(3) = (1): Let K be any R*-_#-closed set of Y. Then, K is semi-_#-open in Y and by (3),
xaCl(F~(K)) C F(CI*(K))
= F(K).
Thus, F~(K) is a-*-closed in X and hence F is upper almost a-*-continuous by Theorem 3.3.
(1) = (4): Let V be any pre*/—open set of Y. Then, we have Int*(CI(V)) is R*-_#-open in Y. By
(1) and Theorem 3.3, FH(Int*(CI(V))) is a-x-open in X. Thus,
FT(V) C FH(Int*(CI(V)))
= xalnt(FT(Int*(CI(V)))).
(4) = (1): Let V be any R*-_#-open set of Y. Then, V is pre*/—open in'Y and by (4),
FH(V) C xalnt(F(Int*(CI(V))))
= xalnt(FT(V)).

This shows that FT(V) is a-x-open in X. It follows from Theorem 3.3 that F is upper almost

a-*-continuous. |

Theorem 3.6. For a multifunction F : (X, T,.%) — (Y,0, #), the following properties are equivalent:
(1) F is lower almost a-x-continuous;
(2) xaCI(FT(V)) C FT(CI'(V)) for every strong B-_# -open set V/ of Y,
(3) xaCI(FT(V)) C FT(CI'(V)) for every semi-_# -open set V of Y;
(4) F~(V) Cxalnt(F~(Int"(CI(V)))) for every pre}—open set V of Y.

Proof. The proof is similar to that of Theorem 3.5. Il
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Definition 3.5. A function f . (X, 7, %) — (Y,0, _#) is said to be almost a-x-continuous if f~1(V)
is a-x-open in X for every R*-_¢ -open set V of Y.

Corollary 3.1. For a function f : (X, T, %) — (Y,0, 7 ), the following properties are equivalent:

(1) f is almost a-x-continuous;
(2) for each x € X and each x-open set \/ of Y containing f(x), there exists an a-x-open set U
of X containing x such that f(U) C sCl z(V);
(3) for each x € X and each R*-_¢ -open set \V of Y containing f(x), there exists an a-x-open
set U of X containing x such that f(U) C V;
(4) for each x € X and each x-open set \V of Y containing f(x), there exists an a—x-open set U
of X containing x such that f(U) C Int*(CI(V)),
(5) F1(K) is a-x-closed in X for every R*-_# -closed set K of Y
(6) F~1(V) C *alnt(f~*(sCl 4 (V))) for every x-open set V of Y,
(7) xaCl(f~1(sint ;(K))) € f~1(K) for every x-closed set K of Y,
(8) xaCI(f~L(Cr(Int(K)))) C f~1(K) for every x-closed set K of Y;
(9) xaCI(F~L(Cr(Int(CI*(B))))) C f~1(CI(B)) for every subset B of Y;
(10) CF(Int(Cr(f=*(Cr(int(K)))))) C f~X(K) for every x-closed set K of Y ;
(11) Cf*(/nt(C/*(f_l(s/nt/(K))))) C f~Y(K) for every x-closed set K of Y,
(12) £H(V) C Int*(Cl(Int*(F~1(sCl 4 (V))))) for every x-open set V of Y.

Corollary 3.2. For a function f : (X, T, %) — (Y,0, 7 ), the following properties are equivalent:

(1) f is almost a-x-continuous;

(2) xaC(F~1(V)) C F=L(CI(V)) for every strong B-_# -open set V of Y,
(3) xaC(F~Y(V)) C F=L(CI(V)) for every semi- 7 -open set V of Y,

(4) F~Y(V) C xalnt(F~L(Int*(CI(V)))) for every pre’,-open set V of Y.
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