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Abstract. In this paper, we consider a ring R and a monoid M equipped with a twisting map f :
Mx M — U(R) and an action map w : M — Aut(R). The main objective of our study is to investigate
the conditions under which the crossed product structure R x M is p.q.-Baer and quasi-Baer rings,
and how this property relates to the p.q.-Baer property of R and the existence of a generalized join
in I(R) for M-indexed subsets, where /(R) denotes the set of ideals of R. Additionally, we prove a
connection between R being a left p.q.-Baer ring and the CM-quasi-Armendariz property. Moreover,
we prove that for any element ¢? = ¢, there exist an idempotent element e?> = e such that ¢ = ce.
We then prove that R is quasi-Baer if and only if the crossed product structure R x M is quasi-Baer.

Finally, we present novel results regarding various constructions for crossed products.

1. Introduction

Throughout this paper, R denotes a ring with unity. Recall that a ring R is considered (quasi-)
Baer if, for every nonempty subset (or every right ideal) of R, the right annihilator of that subset (or
right ideal) can be generated by an idempotent element from R. In the publication [1], Kaplansky
introduced the concept of Baer rings as a means to abstract properties displayed by AW*-algebras
and von Neumann algebras.

This paper focuses on discussing several results related to the crossed product structure R x M
under specific additional conditions. To prove these results, we consider a ring R and a monoid M
with a twisting map f : M x M — U(R) and an action map w : M — Aut(R). Our main objective is to
investigate the conditions under which the crossed product structure R x M becomes a right p.q.-Baer
ring. We also explore the relationship between this property and the right p.q.-Baer property of R,
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as well as the existence of a generalized join in /(R) for M-indexed subsets (where /(R) represents
the set of ideals of R). Additionally, we prove a connection between R being a left p.q.-Baer ring
and the CM-quasi-Armendariz property. We prove that for any element ¢2 = ¢ in R, there exist an
idempotent element e2 = e such that ¢ = c.. Furthermore, we prove that R is quasi-Baer if and only
if the crossed product structure R x M also possesses the quasi-Baer property. Moreover, if R satisfies
both the M-compatibility condition and the CM-quasi-Armendariz property, we show that (R x M)
is a left p.g.-Baer ring if and only if, for any M-indexed subset H of R, there exist an idempotent
e € Ir(ZsemRws(H)) such that Ir(wy(LsepmRws(H))) = Rwy(e) for any u € M. Finally, we present
novel results regarding various constructions for crossed products.

In [2], Clark provided a definition for quasi-Baer rings and employed these rings to prove a criterion
for determining the isomorphism between a finite-dimensional algebra with unity over an algebraically
closed field and a semigroup algebra of twisted matrix units. In [3], the notion of principally quasi-Baer
rings was introduced as a generalization of quasi-Baer rings. A ring R is said to be left principally quasi-
Baer, or simply left p.q.-Baer, if the left annihilator of any principal left ideal of R can be generated
by an idempotent element. Similarly, we can define right p.q.-Baer rings. A ring is considered to be a
p.q.-Baer ring if it satisfies the property of being both a right p.g.-Baer ring and a left p.q.-Baer ring.
In other words, a ring is labeled as p.q.-Baer if it possesses the property that the left annihilator of
any principal left ideal can be generated by an idempotent, and at the same time, the right annihilator
of any principal right ideal can also be generated by an idempotent. Observe that biregular rings and
quasi-Baer rings are p.q.-Baer. For more comprehensive information and specific examples of left
p.q.-Baer rings, | recommend referring to the following sources [3], [4], [5], [6], [7] and [8]. A ring R
is classified as a left APP-ring if, for any element b in R, the left annihilator /r(Rb) is a right s-unital
ideal of R. This concept serves as a generalization that encompasses both left p.q.-Baer rings and
right PP-rings. It is evident that every left p.g.-Baer ring falls within the category of left APP-rings.
Consequently, the class of left APP-rings encompasses all biregular rings and all quasi-Baer rings.
A ring R is referred to as a right PP-ring (or left PP-ring) if the right (or left) annihilator of any
element in R can be generated by an idempotent element. If a ring satisfies both the right and left
PP conditions, it is termed a PP-ring. It is evident that every Baer ring falls under the category of
PP-ring.

Let Y be a nonempty subset of the ring R. The left annihilator of Y in R is denoted as Iz(Y'), while
the right annihilator of Y in R is denoted as rg(Y).

2. Crossed Products Type Construction

According to [9], a ring R is said to be M-Armendariz of crossed product type (M-quasi Armendariz,
respectively), or simply C M-Armendariz (CM-quasi Armendariz, respectively), if satisfies the following
condition, for any elements ¢ = >"7 ; ajg; and ¢ = Zj'll bjh; € Rx M, where a;, b; are elements of R
and g;, h;j are elements of M, if the product ¢ = 0 (¢(Rx M)y = 0, respectively), then ajwg,(b;) =0
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(aiRwg,s(bj) = 0) for all i and j. Ali's work [10], a ring R is said to be strongly M-reflexive of crossed
product type with respect to the given twisting map f and action map w (or simply, strongly CM-
reflexive) if for any ¢ = c1h + cobh+ -+ -+ calp and ¥ = ay1hy + axho + - - - + amhm € R x M satisfying
that (R x M)y = 0 implies that cjw;(wg(Raj)) = 0, then (R x M)¢ = 0 for each /,; and for all
g.li, hj € M. Consider a monoid M and a monoid homomorphism w : M — Aut(R), where Aut(R)
represents the group of automorphisms of the ring R. For any g € M, we denote the automorphism
w(g) as wy. The crossed product R x M over the ring R is defined as the set of all finite sums of the
form R x M = {xq9|xg € R, g € M}. The addition in this crossed product is defined component-wise,
and the multiplication is determined using two rules: the action rule and the twisting rule. Specifically,
for any h,g € M and x € R, we have the following definitions, gx = wg(x)h, which means that
multiplying an element x of R by g and in the crossed product yields the result hg = f(h, g)hg, where
f:MxM— U(R) is a twisted function and U(R) denotes the set of units (invertible elements) of
R. This rule implies that multiplying two elements h and g in the crossed product results in f(h, g)hg.
The twisted function f and the action w of M on R satisfy the following conditions:

wh(wg(x)) = f(h, g)wn(wg(x)f(h, 9)~) and wp(f(g, k))f(h. gk) = f(h g)f(h,gk), f(1,h) =
f(h,1) = 1. It is important to note that the crossed product construction is a general way of con-
structing a ring using a monoid and a ring. If the twisting function f in the crossed product R x M
is trivial, meaning that f(a, b) = 1 for all a, b € M, then the resulting structure is known as the skew
monoid ring. In this case, R x M coincides with the skew monoid ring construction.

On the other hand, if both the twisting function f and the action w are trivial, then the resulting
structure is a monoid ring denoted by R[M]. This monoid ring construction is obtained when both
the twisting function and the action are trivial, and it is referred to as R[M] in literature references
such as [11] and [12]. An ordered monoid is a monoid M in which its elements are linearly ordered
with respect to the relation <, satisfying the following conditions, for all a, b,z € M, if a < b, then
za < zband az < bz. In other words, the order on M is compatible with the monoid multiplication. It
is a well-known fact, as stated in [12], that torsion-free nilpotent groups and free groups are examples
of ordered groups. Therefore, any submonoid of a torsion-free nilpotent group or a free group is also
an ordered monoid. This means that if we consider a subset of elements from a torsion-free nilpotent
group or a free group and restrict the operation to form a monoid, the resulting structure will still
be an ordered monoid. A monoid M is referred to as a unique product monoid, or u.p.-monoid, if it
satisfies the following property: for any two nonempty finite subsets X and Y of M, there exists a
unique element h € M that can be expressed in the form h = uv with v € X and v € Y. According
to Hirano's work [13], it has been shown that if a ring R is quasi-Baer (or left principally quasi-Baer),
and M is an ordered monoid, then the monoid ring RM also possesses the quasi-Baer property (or left
principally quasi-Baer property). In their work [14], Nasr-Isfahani and Moussavi introduced a ring R

with an endomorphism w and defined it as w-weakly rigid if the condition cRt = 0 holds if and only if
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cw(Rt) =0 for any ¢, t € R. It is worth noting that the category of w-rigid rings and w-compatible
rings is a limited one, and it is evident that every w-compatible ring falls under the category of w-
weakly rigid rings. However, there exist several classes of w-weakly rigid rings that do not belong to
the category of w-compatible rings. By [15], R is a-rigid if and only if R is a-compatible and reduced.

According to [14], any prime ring that has an automorphism w is considered to be w-weakly rigid.
If a monoid homomorphism w : M — Aut(R) is weakly-rigid (compatible), it means that the ring R

is also weakly rigid (compatible) with respect to each g € M under the automorphism wy.

3. p.g.-Baer and Quasi-Baer Rings of Crossed Product Type

In this section, we discuss various constructions and extensions under which the class of quasi-Baer
and p.q.-Baer is closed over crossed product R x M, where R is a ring and M is a monoid with a
twisting map f : M x M — U(R) and an action map w : M — Aut(R). The following theorem
characterizes left p.q.-Baer is closed over crossed product R x M in terms of M-indexed subsets of
the coefficient ring R. An ideal / of a ring R is considered to be right s-unital if there exists an element
e € | for every t € | such that te =t. A ring is referred to as a left APP-ring if the left annihilator
Ir(Rt) is right s-unital as an ideal of R for any element t € R.

Lemma 3.1. [16, Lemma 1.1]. If M is a u.p.-monoid, then M is cancellative (i.e., for X\, k, u € M,
if uh = kX or A\ = Ak, then u = k).

Lemma 3.2. Let R be a ring, M be a strictly totally ordered monoid, with twisting f : Mx M — U(R)
and with action w : M — Aut(R) and R is M-compatible, then for any b € R,

I’R(bR X /\/l) = r(RxM)(Cb(R X /\/l))

Proof. Let ¢ = X[ a;ki and Y = XL, bih; € Rx M for a;, b € R, kj, h; € M satisfying p(Rx M)y =
0 which implies that ajwy, (wg, (Rbj))f(ki, hj)(kihj) = 0. In the following,we freely use the fact that
wkl.(R)f(k,-, hj) = Rf(k,, hj) = R for any k;, hj € M and any a;, bj €R. Lety € r(RNM)(Cb(R X M))

Then for every r € R,

(pcp)(s)= D baw(we(Rb))F (ki hy)(kihy) = bajwg,(wg. (Rby)) = 0.
(ai,b))EXs (ki.hy)
By Lemma 3.1, M is cancellative. Thus a;Rb; = 0 for every s € M and w is an automorphism. Hence
P € rr(bR x M).
Conversely, let ¢ € rr(bR x M). Since w is a map from M to Aut(R), there exist ¢1, ¢o, . . ., ch €R
such that bj = wp (¢;) forj = 1,2, ..., n.So ¢ € rr(wc(aiR)) for every ¢ € M. Thus by M-compatible
of R for every ¢ € (R x M),

aiwk, (wg, (Rb))f (ki, hj)(kih;) = ajwi (wg, (Rb;)) = 0.
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For any s € M,t € R, (cpd¥)(s) = cpaswi, (R)f(ks, c)wg,(bt)f(ksc, he)(kshs) = 0 and hence
cpaswi, (R)f(ks, C)wg, (bt)f(ksc, hy) = 0. Thus, cpaswi, (R)wg.. (bt) = 0 since wq, (R)f(gs, c) =
R. This shows that cpaswk, (Rwgc(br)) = 0 and so wy (csRwe(bt)) = 0, which implies that
co(csRwe(br)) = 0 since wg, is a ring automorphism. Therefore, ¢ € rrum)(cs(R x M)) and

the result follows. O
The following result appeared in Lemma 2 [17].

Lemma 3.3. Let R be a ring and (S, <) a strictly totally ordered monoid satisfying that 0 < s for all
s€S. Ifp € [[R>=]] is a left semicemtral idempotent, then $(0) € R is a left semicentral idempotent
and ¢[[R>=]] = cpo) [IR>=1].

Let /(R) be the set of all idempotents of R. G be a subset of /(R). We say that G is S-indexed if

there exists an artinian and narrow subset / of S such that G is indexed by / (see [18]).

Definition 3.1. [19] Let G be an S-indexed subset of I(R). We say that G has a generalized join in
I(R) if there exists an idempotent e € I(R) such that

(1) gR(1 —e) =0 forany g € G, and

(2) If f € I(R) is such that gR(1 — f) =0 for any g € G, then eR(1 —f) =0.

Theorem 3.1. Let R be a ring, M be a strictly totally ordered monoid, with twisting f : Mx M — U(R)
and with action w : M — Aut(R) and R is M-compatible satisfying the condition that 0 < s for all
s € M. If R x M is right p.q.Baer, then R is right p.q.Baer and any M-indexed subset of I(R) has a

generalized join in I(R).

Proof. Suppose ¢ = ¥ ,cik; and ¢ = Zj”;lajhj € Rx M for ¢;,a; € R, ki, hy € M. We remember
that, since M is a strictly totally ordered monoid, we have k1h; < kih; for i # 1 or j # 1 and M is
cancellative by Lemma 3.1. Let b be an element of R. Then, by Lemma 3.2, rrupm(cpR X M) =
rr(bR) x M. Alternatively, due to the right p.q. Baer property of R x M, a left semicentral idempotent
¢ € Rx M exists, satisfying the equation rrum(cpR x M) = R x M. Our aim is to demonstrate that
rr(bR) = ¢(0)R, where ¢(0)? = ¢(0). This result will prove that R satisfies the p.q.Baer property.
By Lemma 3.3, ¢(0) is an idempotent of R and ¢R x M = cyoyR x M. Thus, by compatibility for
any r € R, s,k € M, cpcrcgo) = bwi(ws(RP(0)))f(k, e)(kh) = 0 and bwk(ws(R$(0))) = 0 which
implies that bR¢(0) = 0. Hence ¢(0) € rr(bR).

Conversely, assume that d € rg(bR). Then for any g € R x M and any v € M, (cpgcq)(v) =
bwi(wg, (d))f(k, e)(k€) = 0 and bwy(wg,(d)) = 0 implies that bg(v)d = 0. Thus, cpgcy = 0. This
means that ¢y € rrum(csR X M). So cg = cy(oyh for some h € R x M, which implies that d € ¢(0)R.
Thus, rr(bR) = ¢(0)R. This means that R is right p.q.Baer.
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Suppose that G is an M-indexed subset of /(R). Then there exist an artinian and narrow subset /
of M such that G ={es € I(R) | s € I}. Define ¢ € R x M via

€s, sel;
o(s) =
0, sé&l.

Since Rx M is right p.q.Baer, there exist a left semicentral idempotent A € RxM such that rryp (PR X
M) = XRxM. By Lemma 3.3, X(0) is an idempotent of R and c)R*M = ARxM. Thus, rrxnm(¢Rx
M) = cx)R x M. Now for any r € R, (¢crca))(s) = aiwk (wg, (rA(0)))f(ki, e)(kix(0)) = 0 and
ajwy, (wg, (rA(0))) = 0. Therefore, ¢(s)rA(0) = 0. Thus, esrA(0) = 0, for all s € [ since w is an
automorphism. Let g =1—X(0). Then esr(1—¢) =0, for all r € R. Thus, esR(1 —¢) = 0. Suppose
that e is an idempotent of R such that esR(1 —¢e) = 0. Then esre = esr, for all r € R. Thus, for any
be R and forany ¥ € Rx M, any t € M,

(@vcrci-e)(t) = Y awi(we(b(1— e)))f (ki hy)(kihy) = ajw,(wg, (b(1 — €))) = 0.
(ai b))EXt(d.¥)

This means that cyc1—e € rrRum (PR x M) for all b € R. Thus, cyC1-e = Cp(0)ChC1—e, Which implies
that gb(1 — e) =0 for all b € R. Hence g is a generalized join of the M-indexed subset G. O

Corollary 3.1. [8, Theorem 3] Let R be a ring such that Sg(R) = B(R). Then R[[x]] is right p.q.-
Baer if and only if R is right p.q.-Baer and any countable family of idempotents in R has a generalized
Join in I(R).

Theorem 3.2. Assuming a ring R, a strictly ordered monoid M, a twisting map f : M x M — U(R),
and an action map w : M — Aut(R). If R is simultaneously M-compatible and C M-quasi-Armendariz,
then the following conditions are equivalent:
(1) (R x M) is left p.q.-Baer.
(2) For any M-indexed subset H of R there exist an idempotent e € Ir(XsepmRws(H)) such that
Ir(wy(sepmRws(H))) = Rw,(e) for any u € M.
(3) For any M-indexed subset H of R and for any u € M there exist an idempotent e €
Ir(ZsemRws(H)) such that Ir(wu(EsemRws(H))) = Rwy(e).
Proof. Set B=R x M and ¢ =% cikj, % =] a;h; € B for ¢;, a; € R, ki, hj € M.

(1) = (2) Let H be an M-indexed subset of R. By Lemma 2.5 [20] for some ¢ = ¥(_;v4zg € H
we have H C (M) C HU {0}. Since H is left p.q.-Baer, Ig(By) = BO for some § = 6% € B by
Lemma 3.2. Since B = Ig(By) is an ideal of B,0B C Bf and thus for any 6 = Zgzlbpﬂp for bp € R
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and £, € M,

0B(1 —0) = bpwy,[ciwi (wg,(rap))f(ki, hy)(kihj)[1 — (we,(bp))]]
= bpwe, (Ciwi, (wy, (ra;))f (ki hj)(kih;))
—  bpwy, (Ciwg, (wg, (ra;))f(ki, hy)(kihy))(we, (bp))
= bpwy, (Ciwk, (wg.(ra;))) — bpwe, (ciw, (wg, (ra;))(we,(bp))

= G (wg,(raj)) — ciwk (wg.(raj)) = 0.

Since w is an automorphism and R is CM-quasi-Armendariz, 6(1).(1 — 6)(1) = 0. Hence, it can be
deduced that e = 6(1) is an idempotent element in the ring R. Furthermore, again since 6B(1—60) =0
and R is CM-quasi-Armendariz for any t € M we have 0 = 6(t)w:((1 —0)(1)) = 0(t)(1 —w¢(e)), and
thus 6(t) = 0(t)ws(e) = (6ce)(t), which shows that 8 = 6c.. Hence Ig(By) = BO C Bce. On the
other hand, since 6By = 0 and R is CM- quasi-Armendariz, for any s,zg € M, vq € R, = 2(_1V4Zq
we have 0 = bpwy, (1)(ws(R(vg))f (Lp, 24)(€pzq) = bpw,(1)ws(R(vq)) = eRws(vg), which implies
Ce € Ig(By), and Ig(Byp) = Bc. follows. Note that since e is an idempotent of R, ¢, is an idempotent
of B.

We can demonstrate two things: Firstly, it is shown that e belongs to the left ideal
IrR(ZsemRws(H)), and secondly, we prove that /r(w,(XsepmRws(H))) = Rwy(e) for any u € M.

Consider any arbitrary element d € H. We can express d = ¢(x) for some x € M. Since c.Bp =0
and R satisfies the CM-quasi-Armendariz property, we have 0 = c.(1)Rws(p(x)) = eRws(d) for
all s € M. This implies that e belongs to Ir(XsepmRws(H)). Furthermore, it also implies that
Rwy(e) € Ir(wu(ZsemRws(H))).

To prove the reverse inclusion, consider an element y € Ip(wy(ZsepmRws(H))). Since (M) C
H U {0}, we can deduce that (;//lg(By) = Bce. Consequently, we have (j = (/ce. This implies
that y = (jJ(u) = (¢yce)(u) = ¢j(u)wu(ce(1)) = ywy(e). Therefore, we conclude that y € Rw,(e),
hence Ir(wu(EsemRws(H))) € Rwy(e).

(2) = (8) is obvious.

(3) = (1) Suppose ¢ € B and H = ¢(M). According to Lemma 2.5 [20], it can be concluded that
the set H is indexed by M.

By substituting v = 1 into (3), it becomes evident that there exists an idempotent element e € R
such that Ir(ZsepmRws(H)) = Re. It is evident that c. is an idempotent element of B. To complete
the proof, it is enough to show that /g(By) = Bce. Since e € Ir(XsepmRws(H)), it implies that Bee
is a subset of Ig(By).

On the contrary, if ¢ € Ig(By), then considering ¢ = X7, cik; and ¢ = Y 4—1VqZq, Where ¢;, k;,
Vg, Zq are elements of B, and R satisfies the CM-quasi-Armendariz property, we can observe that
$Byp = 0. Hence, for any k;, s, zg € M, we obtain cjwy,(Rws(vq))f(ki, z4)(kizq) = 0. As a result,

we conclude that cjwy, (Rws(vq)) = 0.
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Consequently, it follows that ¢ € Ig(wy(XsemRws(H))) for any u € M. Thus, according to
equation (3), for each u € M, there exists an idempotent element e, € Ir(XsepRws(H)) such that
o(u) € Rwy(ey). Since Ir(XsepmRws(H)) = Re, for any u € M, we have e, = e e, and consequently,
d(u) = d(v)wu(es) = d(v)wu(eve) = d(V)wu(ey)wu(e) = d(u)wu(e) = (¢ce)(u) since w is an
automorphism. Therefore, we can conclude that ¢ = ¢ce € Bce, which implies that /g(By) = Bce,

as required. |

Theorem 3.3. Assuming a ring R, a strictly totally ordered monoid M with a twisting map f :
M x M — U(R), and an action map w : M — Aut(R) that is compatible with the multiplication in
M. If R is a left p.q.-Baer ring, then R is CM-quasi-Armendariz.

Proof. The proof presented here is a modified version of the proof provided in Proposition 2.9 [21].
Consider the elements ¢ = c1ky + ¢oko + -+ + cpky, and ¥ = a1hy 4+ axho + -+ - + amhy, belonging
to R x M. Assume that ¢(R x M)y = 0. Given that M is a strictly totally ordered monoid, we can
make the assumption that k; = k; and h; < h; whenever | < j. Based on this assumption, we make
the claim that cjwy, (wg(Raj)) = 0 for all i and j.

To prove this claim, let r be an element of R. Then, we observe that ¢(re)y = 0since p(Rx M)y =

0. Thus, we have

0= @¢(re)y = crf(ky, e)arf(ki, hi)kih + -+ [carf(kn, €)am—2f (Kn, hm—2)Kknhm—2
+ cno1rf(kn—1,€)am-1f(kn—1, hm—1)kn—1hm—1 + Cn—orf(kn—2, €)kmf (kn—2, hm)kn—2hm]
+ [earf(kn, €)am—1f(kn, hm—1)knhm—1 + an—1rf(kn—1, €)amf (kn—1. hm)kn—1hm]
+ curf (k. €)amf (kn, him)knbim. (2.2)

Consequently, we can deduce that c,rf(kn, €)amf(kn, hm) = 0 because k,hn, has the highest order
among all the k,-hj’-s terms. As a result, we obtain ¢,rf(kp, €)a, = 0. This indicates that ¢, belongs to
Lr(Rf(kn, €)am) = £r(Ram). Therefore, we can conclude that £g(Ran) = Repn, for some idempotent
€em as assumed

By substituting r with re,, in Eq. (2.2), we arrive at the following expression.

0= ciremf(ky, e)aif(ki, h)kihi + -+ [chremf (kn, €)am—2f (kn, hm—2)knhm—2
+  Cn-1remf(kn-1, €)am-1f(kn—1, hm—1)kn—1hm-1]
+ cpremf(kn, €)am—1f(kn, hm—1)knhm—1. (2.3)
So cpremf (kn, €)am—1f(kn, hm—1) = 0, because k,hpm—_1 is of highest order in {kih;j|]1 <i<n, 1<

J < m} {kn—1hm, knhm}. Hence chremf(kn, €)am—1 = 0. Since Rep, is an ideal of R and e, € Rep,, we
have e, r € Rey and thus ey, r = emre, forall r € R. Furthermore, we can also observe that ¢, = ¢chem
since ¢, € Lr(Ram) = Rem. So cprf(kn, €)am—1 = chemrf(kn, €)am—1 = chemremf(kn, €)am—1 =
cnremf (kn, €)am—1
= 0. This implies that ¢, € £r(Ram + Ram—1). Consequently, we can conclude that £g(Ram, +
Ram-1) = Rem—1 for a certain idempotent e,,—1 € R, as R is a left p.q.-Baer. By substituting r with
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rem—1 in Eq. (2.3), we obtain the equation cyrem—1f(kn, €)am—af(kn, hm—2) = 0 using the same
reasoning as before. This demonstrates that ¢, € £g(Ram + Ram—1 + Ram—2). By continuing this
process, we can deduce that ¢,Rar =0 forallt =1,2,..., m. Therefore, we have (c1ki + coko +
o+ cpo1kn—1)(R x M)(arhy + asha + - -+ + amhm,) = 0. By utilizing induction on m + n, we can

prove that ciwy, (wg(Ra;)) = 0. As a result, we can conclude that R is C M-quasi-Armendariz. O

Corollary 3.2. [22, Corollary 2.4] Let M be a u.p.-monoid and R a right PP-ring or a left p.q.-Baer

ring. Then R is M-quasi-Armendariz.

In [23], it was proven that a ring R is quasi-Baer if and only if R[[S, w]] is quasi-Baer. Based on

this result, we can conclude the following.

Theorem 3.4. Assuming a ring R and a strictly ordered monoid M with a twisting map f : M x M —
U(R) and an action map w : M — Aut(R), we consider the case where R is both M-compatible
and CM-quasi-Armendariz. Additionally, given any element ¢> = ¢ in R, there exist an idempotent

element e = e such that ¢ = c.. Then R is quasi-Baer if and only if R x M is a quasi-Baer.

Proof. (=) Let U € R x M is a subset, since R is quasi-Baer, there exist €2 = e € R such that
rr(Cy) = eR, where CyR denotes generated by Cy subset of R. We want to show that rgup(U) =
CeR x M. Forany ¢ = XL cki, ¥ = X" ahj € R x M for ¢;,a; € R,s, ki,hj € M and ¢ =
P _brgreUforpe M
(pWCed)(s) > brwg, (ajwe. (ec)))F(gr. eki)(egrki).
(br,aj,c)EXs (0. %,0)

Because braj € CyR and ec; € eR, so (YCed)(s) = brwg, (ajwy,(eci)) = 0 since w is an auto-
morphism and M is cancellative by Lemma 3.1, therefore ¢ Ce¢p = 0. This means that rrxm(U) 2
CeR x M. Conversely, let ¢ € rryupm(U), @ € U, then p(R x M)¢ = 0. Because R is S-compatible
CM-quasi-Armendariz, we have bywg, (Rwp,(¢i))f(gr, ki)(grki) = 0 so, brwg, (Rw,,(ci)) = 0. This
means ¢; € rr(CyR). Therefore, there exist rs € R such that ¢(s) = ers. We have map 6 : M — R

as follows
Is, s € supp(d);
0(s) =
0, s €M —supp(p),
so because supp(6) = supp(¢p) we have 8 € R x M. Easy to show ¢ = C.0 € C.R x M, So
rrum(U) C CeR x M. Thus, rrxm(U) = CeR x M. Therefore, R x M is quasi-Baer.
(<) For any subset Q e R, let V={p € Rx M| ¢ € Q} and let VR x M denotes the subsets of

R x M, which is generated by V. Therefore, there exist e> = e € R such that

We can show that rgr(Q) = eR. For any ¢ € Q,b- € R, we have (C.,CcCp,)(0) =
ciwk, (ewp, (br))f (ki, 9r)(kigr) = ciwk (ewp,(br)) = cieb, = 0. So eR C rr(Q), and let a € rr(Q),
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because C, € rrum (VR x M), there exist ¢ € Rx M such that C, = Co9. So a = C.9(0) = eyp(0) €
eR, this means that rg(Q) C eR, so rr(Q) = eR. Therefore, R is quasi-Baer.

Corollary 3.3. Assuming a ring R and a strictly ordered monoid M with a twisting map f : M x M —
U(R) and an action map w : M — Aut(R). If R is M-compatible quasi-Baer, then R is CM-quasi-

Armendariz.

Proof. If R is a quasi-Baer ring, then it is a left p.q.-Baer ring, as shown in [24]. Therefore, the result

can be deduced from Theorem 3.3. O

Corollary 3.4. Assuming a ring R and a strictly ordered monoid M with a twisting map f : M x M —
U(R) and an action map w : M — Aut(R). If R is M-compatible quasi-Baer, then R is strongly
C M-reflexive.

Proof. If R is a quasi-Baer ring, it is a left p.g.-Baer ring, as stated in [24]. Consequently, R is
strongly CM-reflexive by [10]. O

Corollary 3.5. [24, Proposition 2.3] For any ring, we have the following implications:
(1) right PP = left APP.
(2) quasi-Baer = p.q.-Baer = left APP = quasi-Armendariz.
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